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PREFACE.




THE Theory of Numbers is a subject which has engaged the attention and exercised the talents of many celebrated mathematicians, both ancient and modern; under the first of which classes, may be reckoned Pythagoras and Aristotle, the former of whom is said to have invented our present multiplication table, or the Abacus Pythagoricus of the ancients; though what is alluded to under this designation was probably a much more extensive table than that now in common use: Pythagoras also attributed to numbers certain mystical properties, and seems first to have conceived the idea of what are now termed magic squares. Aristotle, amongst other numerical speculations, noticed the uniformity in almost all nations of dividing numbers into periods of tens, and attempted an explanation of the cause of this singular coincidence upon phi, losophical principles.

But the earliest regular system of numbers is that given by Euclid in the 7th, 8th, 9th, and
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10th books of his Elements, which, notwithstanding the embarrassing notation of the Greeks, and the inadequacy of geometry to the investigation of numerical propositions, is still very interesting, and displays, like all the other parts of the same celebrated work, that depth of thought and accuracy of demonstration for which its author is so eminently distinguished,

Archimedes likewise paid particular atten. tion to the powers and properties of numbers, as may be seen by consulting his tract entitled “ Arenarius,” in which some modern writers have thought they could perceive inculcated the principles of our present system of logarithms; but all that can be allowed on this head is, that the method by which he performed his multiplications and divisions bears a considerable analogy to that which we now commonly

ommonly employ in the multiplication and division of powers; that is, by the addition and subtraction of their indices,

Before the invention of analysis, however, no very extensive progress could be made in a subject, which required so much generality of investigation; and, accordingly, we find but little was effected in it till the time of Diophantus, whose treatise of algebra contains many interesting problems in the more









abstruse parts of this science. But here, also, its author had to encounter the difficulties of a complicated notation, and a very deficient analysis, when compared with that of the present period; and, therefore, it cannot be expected that his work should contain a complete investigation of the theory of numbers.

After Diophantus, the subject remained unnoticed, or at least unimproved, till Bachet, a French analyst of considerable reputation, undertook the translation of the abovementioned work into Latin, retaining also the Greek text, which was published by him in 1621, interspersed with many marginal notes of his own, and which may be considered as containing the first germ present theory. These were afterwards considerably extended by the celebrated Fermat, in his edition of the same work, published, after his death, in 1670, where we find many of the most elegant theorenis in this branch of analysis; but they are generally left without demonstration, an omission which he accounted for by stating, in one of his notes, page 180, that he was himself preparing a treatise on the theory of numbers, which would contain many new and interesting numerical propositions; but, unfortunately, this work never appeared, and most of his
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several papers




theorems remained without demonstration for a considerable time.

At length, the subject was again revived by Euler, Waring, and Lagrange, three of the most eminent analysts of modern times. The former, besides what is contained in the second volume of his “Elements of Algebra,” and his “ Analysis Iniinitorum,” has

in the Petersburg Acts, in which are given the demonstrations of many of Fermat's theorems. What has been done by Waring on this subject is comprised in chap. v. of his " Meditationes Algebraicæ;' and Lagrange, who has greatly extended the theory of numbers, by the invention of many new propositions, has several interesting papers on this head, in the Meinoirs of Berlin, besides what are contained in his ad. ditions to Euler's Algebra.

It is, however, but lately that this branch of analysis has been reduced into a regular system, a task that was first performed by Legendre, in his “ Essai sur la Théorie des Nombres;” and nearly at the same time Gauss published his “Disquisitiones Arithmeticæ:” these two works eminently display the talents of their respective authors, and contain a complete development of this interesting theory. The latter, in particular, has opened









a new field of inquiry, by the application of the properties of numbers to the solution of binomial equations, of the form

X" – 1=0, on the solution of which depends the division of the circle into n equal parts, as was before known from the Cotesian theorem. This solution he has accomplished in several partial cases, whence the division of the circle into a prime number of equal parts is performed, by the solution of equations of inferior dimensions; and when the prime number is of the form 2" +1, the same may be done geometrically, a problem that was far from being supposed possible before the publication of the abovementioned performance.

From the foregoing historical sketch, it appears that the writers on this subject are far from being numerous; but the well established celebrity of those, who have investigated its principles, would be of itself sufficient to stamp it with a degree of importance, and to render it worthy of attention. Few persons, it is conceived, will be disposed to consider that a barren subject, which has so much engaged the attention of the above named celebrated writers; in fact, there is no branch of analysis that furnishes a greater variety of interesting truths than the theory









of numbers, and it is therefore singular that it should have been so little attended to by English mathematicians. With the exception of what is contained in vol. ii. of Euler's Algebra, and the notes added to the second English edition of that work, there is nothing on this subject to be found in our language.

This circumstance, it is conceived, will be deemed a sufficient apology for the appearance of the present volume; in which, if I have, in certain theorems, availed myself of what others have done on the same subject, yet it is presumed, that it will be found to possess a sufficient degree of novelty, both in matter and arrangement, to exempt me from the imputation of being a mere copyist, 

With the exception of a few theorems, what is contained in the first six chapters may be considered as new: in the latter of which will be found a demonstration of Fermat's general theorem, on the impossibility of the indeterminate equation

2" + y"=", for erery value of n greater than 2; the leading principle of which I first demonstrated in the Appendix to Euler's Algebra, and afterwards completed in vol. xxvii. of the Philosophical Journal. I also consider as original what is contained in chapter x., with the exception
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of that part relating to the arithmetic of the Greeks, for which I have been indebted to the Essay of Delambre, subjoined to the French translation of the works of Archi, medes. The methods of solving indetermi nate equations of the first degree, and of as, certaining, a priori, the number of possible solutions, have likewise some claim to novelty. In the other parts of the work, there will also be found several new theorems, and many former ones differently demonstrated, where simplicity and perspicuity could be attained by such alteration: this is particularly the case in the last chapter relating to Gauss's celebrated theorein on the division of the circle. Perspicuity has, indeed, been one of my principal objects; for this treatise being intended for the instruction and amusement of those who may not possess a very extensive knowledge of analysis, it became necessary to make it as clear and intelligible as possible: but how far I may have succeeded in my design, or what merit may be otherwise due to the performance in general, must be left to the decision of the public.

It only remains now for me to mention a circumstance, that may probably be thought to stand in need of some explanation: it will be perceived that I have introduced two new









symbols, the necessity for which, however, will, I trust, appear upon a slight inspection of the work itself: the words of the form of recur very often, and the repetition of them would have been tedious and irksome to the reader, for which reason the double f (.)) is introduced instead of them, but, for the sake of uniformity, it is placed lengthwise thus, ; this, therefore, can scarcely be considered as an innovation of a very important rule laid down by modern analysts, “ Not to multiply without necessity the number of mathematical symbols.” And the same apology may be made for the introduction of the other sign, for the words. divisible by. These characters were adopted on the suggestion of Mr. Bonnycastle, Professor of Mathematics in the Royal Mili, tary Academy, to whose judgment and experience I have been greatly indebted for many important remarks relating to the

pre. sent performance, and on various other oc. casions,
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-;" read 




Page 20, line 2, for “factor," read fraction.

24, l. 2 from bottom, for “cor. 4,' read cor. 2. 
25, 1. 10, for “ of," read as. 
35, l. 5, for “2=4," read 2=5. 
 35, 1. 9, for “2.34.41=4608," read 2.39.54=11250). 
                        b+1-1 


                     n+1-1 
37, 1. 19, for « 


b-1 40, 1.7, add the sign =. 54, l. 22, for “10000," read 4000. 61, 1.8, 9, 10, 11, for “ If n=1,” &c., read If a=1, &c. 75, 1. 5, place a conima between a and Il. 85, 1. 9, for “ to the squares," read as the squares. 89, l. 18, for «

            y 
90, l. 5, for “ is not a complete nth power," read is a com- 


          plete nth power. 
 90, I. 8, for “ 212," read (3p+2)+2. 
 92, 1. 19 and 20, for “ Fiqua," read +5qu. 
 95, l. 2, for “ 7n'-6," reud 7 n' +6. 
 118, 1. 3 from bottom, for “ 2r2," read 2s2. 
126, I. 11, for “ of the same," read of the same form. 
158, 1, 2, for "r" - y",” read x"+y". 
178, I. 2 from bottom, for art. 89," read art. 91. 
179, I. 23, for “annunciation,” read enunciation. 
185, 1.21, for “x? Haxy," read ytaxy. 
185, l. 24, for " --62," read +62. 
187, l. 1 of prop. I, read If in the, &c. 
192, l. 15, for “prys," read pr-9 
260, I. 9 from bottom, for “ (n − 2)," read (n-2)». 
284, I. 8, for “u," read u. 





Explanation of the new Characters. 
 - To be read “ divisible by.” 


To be read “ of the form of.”
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DEFINITIONS.




1. An Unit, or Unity, is the representation of any thing considered individually, without regard to the parts of which it is composed.

2. An Integer, or Integral Number, is an unit, or an assemblage of units.

3. A Fruction, is any part, or parts, of an unit.

4. Factors, are those numbers from the multiplication of which another number is produced.

5. A Product, is that number, which is produced by the multiplication of two, or more, factors.

6. A Multiple of a number, is the product of that number by some integral factor.

7. An Even Number, is that, which can be divided, or separated into two equal integral parts.

8. An Odd Number, is that, which cannot be divided into two equal integral parts ; being greater or less than some even number by unity.

9. A Composite Number, is any number that is produced, by the multiplication of two, or more, factors; or, it is a number which may be divided into two, or inore, eqnal integral parts, each greater than unity.

10. A Prime lumber, is that which cannot be produced by the multiplication of any integral factors; or it is a number, that cannot be divided into any equal integral parts, greater than unity.




B









11. Commensurable Numbers, are such as have each the same common divisor; or that may be each exactly divided into the same mumber of equal integral parts.

12. Incommensurable Numbers, of Numbers prime to each other, are such as have no common divisor.

13. A Square, or 2d Power, is the product of two equal factors.

14. A Cube, or 3d Power, is the product of three equal factors.

15. The nth Porter of a number, is the product of n eqnal factors, n representing any integral number whatever.

16. The Exponent, or Index of a Power, is that mimber by which the power is expressed: thus,

, a” represents a raised to the nth power, where n is said to be the Exponent, or Index of the Power.

17. The Root of a Power, is that factor from the continued multiplication of which, a certain number of times into itself, the power is produced.

18. A Perfect Number is that, which is equal to the sum of all its divisors, or aliquot parts :

6 6 6 thus, 6=+ 3 + ő and is, therefore, a perfect number.

13. imicable Numbers, are those pairs of integers, each of which is equal to all the aliquot parts of the other: thus, 284 and 220 are a pair of amicable numbers, for

28.1 28. 
   + 


          = 220, and 
71 142 2S 
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28.




284




28.









+




+




220 220 220

             220 220 220 220 220 
+ 
              + + + 


+ 4 5 10 11 22 20 44 220 220 220

+ + -= 284.

55 110 220 20. Figurate Numbers, are all those, that fall under the general expression

n.(n+1)(n+ 2) (1 + 3) &c. n+m 
  1, 2 3 


&c. m +1 and they are said to be of the 1st, 2d, 3d, &c: order, according as m=1, 2, 3, 4, &c.: thus,

General term. Nat. series, 1

2 3 4.5 6, &c.




;
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3d ord. 1 5 15 35 70 126, &c.n.n+ 1.11 + 2.1 + 3

11 2 21. Polygonul Numbers, are the sums of different and independent arithmetical series, and are terined Lineal or Natural, Triangular, Quadrangular or Square, Pentagonal, Hexagonal, &c. Numbers, according to the series from which they are generated.

22. Lineal, or Natural Numbers, are formed from the sum of a series of units; thus, Units, .

1 1 1, &c. Natural numbers, 1

6 7, &c. 23. Triangular Numbers, are the successive sumns of an arithmetical series, beginning with unity, the cominon difference of which is 1; thus,




1




1




1
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2




3 









4




1




3 




10




15




21




28, &c. 




Arith, series, 1 2 3 

5 6 7, &c. Triangular

6 numbers,

24. Quadrangular, or Square Numbers, are the sums of an arithmetical series, beginning with anity, the common difference of which is 2; thus, Arith. series, 1 3 5 7

9 11, &c. Quadrang. or } 4 9 16 25 36, &c.




}




1




square numb.




1




4




10




12




22




35




25. Pentagonal Numbers, are the sums of an arithmetical series, beginning with unity, the common difference of which is 3; thus, Arith. series,

7 13 16, &c. Pentagonal 1 5

51, &c. numbers, 26. And universally, the m-gonal Series of Numbers, is formed from the successive suins of an arithmetical progression, beginning with unity, the cornmon difference of which is m-2.

27. The Forms of Numbers, or Formula, are certain algebraical expressions, under which those numbers are contained. Thus, 17 is of the form An+1, that is, when divided by 4, the remainder is 1; and, for the same reason, i9 is of the forin 4n+3, or 41- 1; and this is expressed by the character: thus 17=41 + 1, 194n-1.

28. A Modulus, is that number by which the forms of numbers are compared, thus, the forms 414 1, are compared by modulus 4, and 6n +1, by modulus 6.

29. Numbers of the same form, are all those that are contained under the same algebraical ex









pression, by changing the value of the indeterminate letter, or letters, that enter therein. Thus, 19 and 27 are of the same form, with respect to modulus 4; being each expressed by the same formula, 4n – 1.

30. A Function of a Quantity, is any algebraical expression, into which that quantity enters; and it is said to be rational, irrational, or integral, 'according as the expression is of either of those kinds.




A X I 0 MS.




1. Every Even Number is of the form 2n. 
2. Every Odd Number is of the form 2n+ 1. 


3. The Sum, Difference, and Product of any number of integer numbers, are integers,

4. A number cannot be a divisor of another number less than itself.

5. Any number (A) taken once, or one time, is equal to unity, or 1, taken a times. Or, the product 1 xA=Axl.














AN




ELEMENTARY INVESTIGATION,




&c. &c,










CHAP. I,




On the Sums, Differences, and Products of 

Numbers in general. 




PROPOSITION I. 1. The sum, or difference, of any two even numbers, is an even number.

For all even numbers are of the form 2n (ax. 1), and, therefore, the sumns and differences of even numbers will be represented by

2n + 2n' = 2(n + n') #2n"; which is evidently an even number, being of the form 2n. 

Cor. The sum of any number of even numbers, is an even number,




Q. E. D.




PROP. II.




2. The sum, or difference, of two odd numbers, is even ; but the sum of three odd numbers, is odd.

For all odd numbers are of the form 2n + 1









(ax. 2.); and, therefore, the suin, or difference, of two odd numbers, will be represented by

(2n+1) + (2n' + 1) = (1 + n'+1)=21", which is evidently an even number, being of the




form 2n. 




But the sum of three odd numbers will be expressed by

(21 + 1) + (21°+ 1) + (211" + 1):

2(n+11° + 12" + 1) + 1*21"' + 1, and is, therefore, an odd number. - 2. E. D.

Cor. 1. The sum of any even number of odd numbers is even; but the sum of

any

odd number of odd numbers is odd.

Cor. 2. The sum or difference of an even and an odd number is an odd number, for

2n+(2n' +1)=2(ntin') + 1*21" + 1, which is, therefore, an odd number.




PROP. III.




3. The product of an even and an odd number, or of two even numbers, is eren. For 2n (2n' + 1) = 2( 2nn' I n ) = 2n1", and

2n x 2n' = 2(2nn') #2n"; which are both even forms. 2. E. D.

Cor. 1. If an even number be divisible by an odd number, the quotient is an even number.

Cor. 2. The product of any number of factors is even, if any one of them be even.

Cor. 3. An odd number cannot be divided by an even number. · For if 2n + 1

= m, any integer number, then 2n' 

2n' x m= 2n +1;









that is, an even number equal to an odd number, which is absurd ; therefore, an odd number cannot be divided by an even number.

Cor. 4. Any power of an even number is even; and, conversely, the root of any complete power is an even number, if the power be so.




PROP. IV.




4. The product of any two odd numbers is an odd number. For (2n + 1) (2n' + 1)= 4nn' + 2n+ 2n' + 1 =

2(2nn' +n + n') + 1*21"+1, which is evidently an odd number, being of the form 2n+1.

- Q. E. D. Cor. 1. If an odd number be divisible by any number, the quotient is an odd number.

Cor. 2. The product of any number of odd numbers is odd.:

Cor. 3. Every power of an odd number is odd ; and, conversely, the root of any complete power is an odd number, if the power

Cor. 4. Since every power of an even number is even (cor. 4, prop. iii.), and every power of an odd number is odd, by the foregoing corollary; therefore, the sum, or difference, of any power and its root, is an even number ; that is, if a be any number, and n the exponent of any integral power, then will a" + a be an even number.




be so.




PROP. V.




5. If an odd number divides an even number, it will also divide the half of it.
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For if an even number be divided by an odd number, the quotient is eren (cor. 1. prop.

iii.); we have, therefore,

21

= 21", and, consequently, 2n'+ 1

=n", an integer: 2n' + 1 therefore n, which is half the even number 21, is divisible by (2n + 1), if 2n be so.- A. E. D.

Cor. If an even number be divisible by an odd number, it will also be divisible by double that number.




PROP. VI. 




at 




6. If a number, p, divide each of two other members, a and b, it will also divide the sum and difference of those numbers; or the sum and difference of any multiples of them. For let

          b 
 = 7; and ==q, then will 
P 


       P 
  b 
+ 


                                      -=9+9', 
                       P P P 
and since q and q' are each integers by the hypo- 
thesis, therefore, q+q' is also an integer (ax. 3); 
and, consequently, a + b is divisible by p. Again, 
if ma, and nb, represent any multiples of a and b; 


                         b 
then, since 


   ==9, and =q', therefore, 
P 
        P 


     P 
nb 


                              ma + nb 
and na'; consequently 
    P 


                      P P P 
mg + ng'. 


And because both q and q', as also m and n, are integers, therefore my + nq' is likewise an




a 




та 
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= mq, 




na 




ma 
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integer (ax. 3), and, consequently, ma + nb, is divisible by p. -- Q. E. D.

Cor. 1. Hence, if a number divides the whole of another number, and a part of it, it will also divide




the other part.




Cor. 2. Hence, also, if a number consists of many parts, and each of those parts have a common divisor p; then will the whole number, taken collectively, be divisible by p. 




PROP. VII.




mon measure.




7. If a and l be any two numbers prime' to each other, then will their sum, a +b, be also prime to each of them.

For if (a + b) and a, had any common divisor p, then (a + b) – a and a, would also have the same common divisor (prop. vi.); that is, a and b would have a common measure, which is contrary to the supposition, because they are prime to each other; therefore (a + b) and a, cannot have a comAnd in the same manuer it

may

be shown, that (a+b) and b, can have no common measure ; and, consequently, if a and b be

any two numbers prime to each other, their sum a+b is prime to each of them. ---A. E. D.

Cor. 1. In the same manner it may be demonstrated, if a and b be any two numbers prime to each other, that their difference (a - b) is prime to each of them, if(a,b) >1.

Cor. 2. If a number, consisting of two parts, as (a+b), be prime to one of its parts a, it will also be prime to the other part b, if b> 1.

Cor. 3. If of two numbers, a and b, one of them









be divisible by a third number p, but the other part not divisible by it, then neither the sum nor difference of those numbers (a+b) is divisible by p. 

Cor. 4. If a number, consisting of many parts, have all those parts but one divisible by another number

p, but the other part not divisible by it, then the whole number, taken collectively, is not divisible by p. 




PROP. VIII.




8. If a and b be any two numbers prime to each other, then will their sum and difference, (a + b) and (a - b), be also prime to each other, or they will only have the common measure 2.

For if (a + b), and (a - b), have any common measure, their sum and difference, 2a and 2b, will have the same (prop. vi.); but since a and b are prime to each other, 2a and 2b can only have the common measure 2; therefore (a + b) and (a-b), can only have the same common measure 2: and, consequently, if one of those quantities, a or b, be even, and the other odd, then (a + b) and (a - b), being both odd, cannot have the common measure 2; therefore, in this case, they are prime to each other. --- 4. E. D.




PROP. IX. 9. The product of any two numbers is the same, which ever of the two is the multiplier; or axb =bxa. 

First, if a =b, then it is evident that ab= ba; but if these factors are not equal, one of them must be the greatest: let, then, a >b, and make a=b+a', 









in which a' is necessarily less than a, then

ab=bb + a'b, and

ba=bb + ba'; if, therefore, ab is different from ba, so also is a'b different from ba', for the equality of the products ab and ba, depends upon the equality of the products a'b and bu'. Now if in this last, (i=b, the equality is established, as it is also if d' = 1, because, Ixb=bx1 (ax. 5).

But if neither a=b nor d'= 1, then one of these factors is the greatest; let then b> a', and make b= a + b', where l'<b, and we have

a'b=a'a' + a'b' 

ba' = d'a' + b'u', and the equality of the products ab and ba' now depends upon the equality of the products a'b' and b'u', and, therefore, the equality of the first products ab and ba, depends also upon the equality of these last; and if in this, b'=ll', or b' = 1, the equality is established; bat if not, by proceeding as above, we may show, that the equality of these products depends upon others still less, and so on.

Now it is evident, that in the products ab, ba; a'b, bd; a'b', b'á', &c., in which we have a' <a, a" <a', b' <b, 6" <b', &c.; we must necessarily arrive at a case in which the terins of the product are equal, or in which one of them is equal to unity; and in either case the identity of the original products is established, from what is said above and by ax. 5; and, consequently, the product ab =ba. 

Cor. In a similar mannerit may be shown, that the product of any number of factors, abc d, &c., is the sáme, in whatever order they are multiplied together.




Q. E. D.









PROP. X.




to. If a and p be any two numbers prime to each other, then may either of these numbers, as a, be expressed by the formula

a= np +p, in which r shall be less than p, and also prime to it. For, first, if a< p, we may make n=0, or

a=oxptr, or a=r; and, since a< p, and r=a, therefore r<p. But if a>p, let a be divided by p, giving a quotient n, and remainder r, which makes a=mp+r; and since r is the remainder arising from a divisor p, it is evident that we may have r<p. 

Again, r is also primc to p; for if p and r had a common measure, then np + r and P 

would have the same common measure (prop. vi.), but a=np+r, therefore a and p would have a common measure, which is contrary to the supposition, because a and p are prime to each other; therefore, in the forinula, a= np +r, n may be so assumed, that r<p, and it is necessarily prime to it.-A. E. D.

Cor. Hence, also, it appears, that a and p being prime to each other as before, we may always make

a= np +r, so that r shall be less than p, and also prime to it. For, by the foregoing proposition, the formula

a=npt to is always possible, so that rep. And if at the same time r < p, it agrees with the enunciation of this corollary; but if , > 'p. then (p --- r) = x'<}P; and it is evident that









a= np+r=(n + 1)p-(p-r)= n'p -- r', by making n+1=n', and (p – r)=r', in which, as we have seen above, p-1, or ' <p: therefore, in the formula

a=np+?, n may always be so assumed, that r<\p; and that it is prime to it, is evident from what has been observed in the proposition.

Cor. 2. This formula, a= npr, is equally true of numbers not prime to each other, except that here p and r are not necessarily prime to each other, and r may also, in this case, become zero, which cannot be in the former,




PROP. XI.




11. If a and p be any two numbers prime to each other, there cannot be another number b, prime to p, that renders the product ab divisible by p. Or if a number, p, be prime to two other numbers, a and b, it will also be prime to their product ab. 

First, it is evident, that if there be such a number b, prime to p, it is either the only one, or there are others besides itself; in either of which cases, we may suppose

b to be the least of all those numbers that are prime to p, and that renders the product ab divisible by p. Now since b is prime to p, we may make

p=nb+b', in which fornula, b' <b, and also prime to both p and b (prop. x.); also lí cannot be o, because p is prime to b. Again, inultiplying both sides of this formula by a, we have

ap=nab + al'; or 
ap- nab=ab. 










And here it is evident, that if the product ab be divisible by p, the first side of the above equation, ap- nab, will be so likewise (prop. vi.); and, consequently, the equal quantity ab', will be divisible by p: but l' <b, and b is the least of all numbers that renders the product ab divisible by p; whereas we have now found a less, which is absurd. There cannot, therefore, be a number, which is the least of all those, that render the product ab divisible by p; but if there were any such numbers, one of them must necessarily be the least; therefore, there are no such numbers; and, consequently, if p be prime to two other numbers, a and b, it is also prime to their product ab.– 2. E. D.

Cor. 1. If a number p be prime to any number of quantities or factors, a, b, c, d, &c., it is also prime to their product, abcd, &c. And if p be prime to any number a, it is prime to every factor
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of a.




Cor. 2. Hence a product can only be divided by those numbers, or factors, from the multiplication of which it is produced; and, therefore, if ab be divisible by p, it is divisible by every factor of p. 

Cor. 3. If in cor. 1 the factors are equal, that is, if a=v=r=d, &c., then the continued product, abcd, becomes some power of a, as a"; and, therefore, if p be prime to a, it is prime to every power of a. 

Cor. 4. A power of any number, as a", can only have the same prime divisors as a. 

Cor. 5. If p be a divisor of the product ah, and! be prime to one of its factors, as a, it will be a divisor of the other factor b. And if there be any number of factors, a, b, c, d, the product of which abcd, be divisible by p, and of which quantities one









of them, as a, be prime to p, then will the product of the other factors bcd, &c., be also divisible by p. 

Cor. 6. If a be prime to p, and b less than p, then, whether b be prime or not to p, the product ab is not divisible by p.

Cor. 7. If there be any number of quantities a, b, c, d, &c., and also any number of other quantities, p, q, r, s, &c.; and of which all the former are respectively prime to each of the latter, then will the products of those sets of factors be prime to each other.

Cor. 8. If a product ab, be divisible by p, and one of those factors, as a, be prime to p, then will the qnotient be divisible by a. For, by cor. 5, if abi be divisible by p, and a prime to p; then is b divisible

b 

ab by p: let, therefore, -=9, then will

-= aq, and, р 

р consequently, the quotient aq is divisible by a.




PROP. XII.
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12. The coefficient of every term of the expanded binomial (a + b)", is an integer number, when n is an integer.

First, we know from the binomial theorem, that each of those terms is of the form n. (n-1)(n-2)(n-3) (n-r

(r + 1) Now n must be of one of the forms 2n', or 2n + 1; and, therefore, one of the first two factors is divisible by 2. Again, n must be of one of the forms 3n', 3n' + 1, or 3n' + 2; and, therefore, one of the first three factors, in the numerator, must have the form 3n'; that is, one of those terms is divisible by 3.




1




2
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Also n must be of one of the forms 4n', 4n' + 1, 
An' + 2, or 4n' + 3, and, therefore, one of the first 
four terms is of the form 4n'; that is, one of those 
terms is divisible by 4; and in the same manner it 
may be shown, that one of the first five terms is 
divisible by 5, and so on; and, there being as many 
terms in the numerator as in the denominator, and 
each term in the denominator being a divisor of 
some one term in the numerator; it follows, that 
the whole product of the former terms is a divisor 
of the whole product of the latter ; and, conse- 
quently, as the coefficient of each term is of the 
above form, it is an integer. - 


  Cor. 1. If n be a prime number, then each of the 
 coefficients, except the first and last, in the ex- 
 panded binomial (a + b)", is divisible by n. 
 being a prime number, it is prime to every factor 
in the denominator, these being all less than n, and, 
 consequently, n is prime to the whole product in 
 the denominator; that is, calling the product of all 
 the terms in the numerator, except the first, N; and 


                             NN 
those in the denominator d; we have =9, an in- 


D
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Q. E. D.




For n 




NN




D




teger: but since n is prime to d, the quotient 
9, is divisible by n (cor. 8, prop. xi.); that is, each of 
the coefficients, except the first and last, is divisible 
by n, when n is a prime number. And, therefore, 
in any case, where the nature of the investigation 
requires such a substitution, we may put for the co- 
efficients of the expanded binomial (x + y)", when n 
is a prime, the series 


1, n, na, nb, &c. nb, na, n, 1,









and in which we shall always have a, b, c, &c., integral numbers; but such a substitution cannot be generally made, if n be a composite number.




PROP. XIII.




as




A 




13. Neither the sum nor the difference of two fractions, which are in their lowest terms, and of which the denominator of the one contains a factor not common with the other, can be equal to an integer number.

6 Let-, and be two fractions in their lowest

Bt'

any terms, and of which the denominator of the one, b 

contains a factor t, that is not contained in A; Bt' then I say, that

   6 
+ =e, 


Bt an integer, is, in all such cases, impossible. For,

b abt + Ab +

Bt Alt and if this expression can be equal to an integer, the numerator abt + Ab, must be divisible by the denominator abt; and, consequently, by each of its factors A, B, and t (cor. 2, prop. x.); but it cannot be divisible by t, for if it was, † ab must be divisble by t, because the other part abt is divisible by it (cor. 1, prop. vi:): but since is in its lowest

Bt terms, b is prime to Bt, and, therefore, necessarily prime also to t, and a is likewise prime to t by the hypothesis, consequently Ab is not divisible by t 




a 




;









a 




А




Q. E. D.




(prop. xi.). Since, then, the numerator abt + ab is not divisible by the denominator, the factor abt + Ab 

6 or its equal + ABt

Bt' cannot be equal to an integer. –

Cor. 1. The same is also true, if the first fraction, be not in its lowest terms, providing

h the other fraction be in its lowest terms, and the

Bt factor t, of this last, not common with A; for we should still have, in this case, t prime both to a and b, and, consequently, also to the product ab, and likewise to the numerator abt + ab; and, therefore, abt + Ab

b or its equal -- + ABE

Bt an integer, is impossible.

Cor. 2. In the same manner it may be shown, if there be several fractions, as

a b c d 
A D 


&c.,

b and one of them, as be in its lowest terms, and contain a factor't, in its denominator, that is not common to all the other denominators; that these fractions cannot, however they may be combined, be equal to an integer ; that is,

b d + +

Bt an integer, is impossible, under the specified limitations.




A




Bt' 




с 

 + 
с D 





e,




A









Cor. 3. The sum, or difference, of two fractions, both being in their lowest terms, is also in its lowest terms, if the denominators of the given fractions be prime to each other.

b For let and be both in their lowest terms;
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also a fraction in its lowest terms: because ab is prime to A, and 1 ba prime to B.

b .

be two fractions in their




ab lowest terms; then is their product also in its lowest terms, as is evident by cor. 7, prop. xi.




AB




PROP. XIV.




14. Every number

P, 

without exception, may be represented by the formula a"6"co, &c.

For if р be a prime number, then we shall have b=1, c=1, &c., and n=1, which makes p= a. And if p be a composite number, and a, b, c, &c., its prime factors, let it be divided by the highest powers of a contained in it, as a"; and the quotient by the highest powers of b contained in it, as 6"; ; and the quotient again by the highest powers of c contained in it, as c'; and so on, as long as division. can be made, so shall we have

p=a"b"c', &c. Cor. 1. From the foregoing proposition it ap




Q. E. D.









pears, that the least divisor of every number is a prime number.

Cor. 2. It follows, also, from the above proposition, and cor. 2, prop. xi., that any number p being resolved into the form a")"C", &c., its divisors will be all of the same form, viz. a'lc', &c.; in which form, no one of the exponents r, s, t, &c., can exceed the corresponding exponents n, m, q, &c.; because no number can be divided but by those factors, from the multiplication of which the number is produced (cor. 2, prop. xi.).

Cor. 3. Hence, also, we see how the greatest common divisor of two or more numbers is obtained; for, having resolved them into their factors, as above, the greatest common measure will be the greatest power of those factors that enter into each number: this method is, however, rather theoretical than practical, heing by no means so ready in application as the rule generally given for this purpose in books of arithmetic.

Cor. 4. Since every number p#:a"b" c', &c., every square number på#a*"°"c", &c.; and, therefore, if p=0"b"c", &c., and any one of the exponents », in, 9, &c., is an odd number, that number p is not a square,

but 
   may 


be represented by the form p= a’abc, &e. In the

manner,

every cube mimber på#:}e", &c., and, consequently, if any nunber p=a*b"c", &c., and any one of the exponents n, m, 9, &c., be not divisible by 3, that number is not a cube.

Cor. 5. If p be a square number, all the powers




saine









of its factors, a, b, c, &c., are even ; for let p*=p, and resolve p' into its factors, as p'=a"b", &c., then por p=a2m 62m, &c., that is, the powers of a, b, &c., are all even. And hence again, if p be not a square, those powers will not be all even, but p will, in this case, be of the form q?"bcd, or a'cd, where c and d are prime numbers,




PROP. XV.




15. If a square number be either multiplied or divided by a square, the product, or quotient, is a square; and conversely, if a square number be either multiplied or divided by a number that is not a square, the product, or quotient, is not a square.

For let po be the proposed square, and let p be resolved into its factors, as in the foregoing proposition ; viz. make p=a"b"c', &c., then på=a**b"c*9, &c.; and if p be the proposed square divisor, then (cor. 2, prop. xiv.) p must contain some one, or more, of the prime factors of p; namely, a, b, c, &c., therefore, resolving pinto its factors, we shall have p'=a’lʻc', &c.; and p"=a"'b*c“, &c.; also p? aRnb, 2629 

a”{n-r) x m–s) P 

a loc which is evidently a square,

And, with respect to the product, it is obvious that på xp“ = p*p”, is a square, its root being pp'. 

Again, if the multiplier p be not a square, then I say, that p'p' is not a square, for if po x p=r?, 
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for if 




289
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then =p' would be a square by the foregoing

p part of the proposition, which is contrary to the supposition ; therefore, pøp' is not a square. Neither is po a square;

=r, then would på=rp', p 

p 

p or, p' 

but

is a square, therefore p is a square, which is contrary to the supposition, and,

pe consequently,

p' Cor. In the same manner it may be shown, that på xp' and are both cubes: but på xp', and

p” pl 

are not cubes, if p' be not a cube. And generally, p' 

p" p* * p and

are both nth powers, if p' be an nth 

p' power, but otherwise they are not. ,




is not a square.




Q. E. D.
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PROP. XVI.




16. If the square of a number, as p', can be divided once, by some other number, as p', and after that, neither by p', nor by any factor of p', then will p itself be a complete square. For let p be resolved into its factors, making

p=q"b"o', &c., or p= a*"},2co9; and since pe is divisible by p', p' must contain some one, or more, of the prime factors of p (cor. 4, prop. xiv.); that is, p' must be of the form a*b', &c.; and hence









pi_aombemco, &c.

= aon-r2m-*co, p a'b', &c. which quotient will evidently be still divisible by some one of the factors of p', unless r=2n, and s=2m; and since by the supposition this quotient is not again divisible, either by p or by any factor of p', therefore it follows, that p'=a*"b2m = (a"b")”; that is, p' is itself a complete square. - Q. E. D.

Cor. In the same manner it may be shown, if p be divisible once by some other number of p', and after that, neither by p' nor by any factor of p', that p' a complete cube. And generally, if på be divisible once by p', and after that, neither by p nor by any factor of p', then will p' be a complete nth power.




PROP. XVII.




= m. m 




17. The product arising from two different prime numbers cannot be a square number. .

For let p and q represent any two prime numbers, that are not equal to each other, and, if possible,

Pa let also pq=mo; or

But a number can only be divided by those prime factors from the multiplication of which it is produced (cor. 2, prop. xi.); therefore, pq being divisible by m, either m=p, or m=q: let m=p, then 99=4; but P9=m;

P therefore also m=9, which is absurd, since m=p, and p and q are unequal numbers; therefore pq=m* is impossible, when p and q are two unequal prime numbers.

Cor. 1. In the same manner it appears, that the




- Q. E. D.









product of any number of unequal prime numbers can never produce a square.

Cor. 2. By means of this proposition, it may also be shown, that the product of any two numbers prime to each other cannot produce a square, unless each of those numbers be a square.

For every number p, that is not a square, may be represented by the formula p=a’cd, c and d being prime numbers (cor. 5, prop. xiv.): let, therefore, p and q be two numbers prime to each other, and not both squares, and make

p=aocd, and q=A”tv; then pq=ARA"cdtv, one part of which product is a square, and the other part prime numbers, all different from each other, because p is prime to q; and, therefore, this latter part cdtv, cannot be a square, by cor. 1, and consequently the product of A^Ao cdtv is not a square (prop. xv.); that is, pq is not a square.

The case in which one of the numbers, as p, is a square, needs no demonstration.

Cor. 3. All that has been demonstrated in this proposition and its corollaries, is equally true for cubes, and all higher powers; namely, the product of two numbers p and q, prime to each other, can never produce an nth power, unless each of those numbers be complete nth powers.

Cor. 4. If the product of two numbers be a square,

each of those numbers is a square, or they are each the same multiple of squares : and if the product of the two quantities mn=ay', a being a prime, then must

must m=ast, and n=st", or the contrary, n='asť and m = st“; and if









a=bc, then must m=bst, and n=cst"?; or m=bcsť, and n=st”, or the contrary, as is evident.

Cor. 5. Hence, also, the product of the square roots of two numbers not squares, and prime to each other, cannot produce an integer: for if vpx vq, or vpq=r, then pq=ro, which we have seen is impossible when

р 
  and 


9 are prime to each other. And the same is also true of any number of quantities, vpx v9x vr, &c., if p, q, r, &c., be prime to each other, and not all

square numbers.




PROP. XVIII.




18. The square root of an integer number, that is not a complete square, can neither be expressed by an integer, nor by a řational fraction.

For let a represent any integer number, that is not a complete square, then it is evident that it can have no integral root, from the definition of square numbers; and it is to be demonstrated, that neither can it have any rational fractional root.

Now, if it be possible, let ya=, the fraction




m 




n 




m 




n 




- being supposed to be in its lowest terms, so that

mo m is prime to n; then =a, and, consequently, m* must be divisible by n*; but since m is prime to n, the product, or square, mo is also prime to no (cor. 7, prop. xi.); therefore, mo cannot be di

mo 

=a, is impossible, and conse




visible by n*, or




no




m 




quently so is also va=




Q. E. D.




n 









Cor. 1. In the same manner it may be shown, that the cube root of an integer, that is not a complete cube, can never be represented by any rational fraction; and generally, if a be an integer, and va cannot be represented by an integer, it is also impossible to represent it by any rational fraction.

Cor. 2. The product of the square root of two numbers prime to each other cannot be expressed by any rational fraction. For if p and q were two numbers prime to each other, and vpx vq= 




m 




n




m 




n 




we should have also vpg= 

which is impossible by the above proposition, because the product pa is not a square (cor. 2, prop. xvii.).

Cor. 3. In the same manner it may be shown, that the product of the cube roots of two numbers prime to each other, and not both cubes, cannot be represented by any rational fraction; and generally, if p and q be any two integer numbers, prime to each other, then the product "/p"v9, cannot become equal to any rational quantiły, unless p and a be each complete nth powers, and in this case the product is an integer.

Cor. 4. All that has been demonstrated in the above two corollaries, of two quantities prime to each other, is equally true of any number of quantities under the same restrictions.




PROP. XIX.




19. Neither the sum, nor difference, of the square roots of two quantities, prime to each other, can be represented by any rational quantity; nor by the









square root of any rational quantity; unless each of those numbers be a complete square.

For let p and q be any two such numbers, and, if it be possible, let also

pt q=c, c representing any rational quantity, or the square root of

any

rational quantity; then, by squaring, we have

(up v9)' =co=p+9+ 2 vPq; and since c is either rational, or the square root of a rational quantity, co is in either case rational; and, consequently, also

c* -p-9= + 2 VP9, or




vpg="-2-2 




+ 2 is also a rational fraction, which is impossible (cor. 2, prop. xviii.); and, consequently,

vpvq=c, or = vc, is also impossible. -- Q. E. D.

Cor. It may likewise be demonstrated, by means of this proposition, p and q, being prime as before, and not both squares, that neither the sum nor difference of their roots can be represented by the sum or difference of the roots of any other two ntegral quantities whatever, that are prime to p and 9; that is,

vp + vo= vrt us is impossible. For, by squaring, we have P+9+2 VPI=1+3+ 2 vrs, or

r+$-p-9 + vpg F vrs=




2









9-3*, &c.r=0; or,

Now either vrs is rational, or it is not; if it be rational, so also must be

p+$-p-9 

+ pq= 

vi's,

2 which it cannot be (cor. 2, prop. xviii.); therefore, wrs cannot be rational.

Again, if vr's be not rational, then we should lave

r+$-p-1 1P9+ vr's=

2 a rational quantity; which is also impossible by the above proposition, because pq and rs are prime to each other, and, consequently,

vpv9= nr 18 is impossible, under the specified limitations.-Q.E.D.

PROP. XX. 20. If in any equation whatever, higher than the first degree, the coefficient of the first term be unity, and those of the other terms integral numbers, then no one of the roots of such an equation can be equal to a rational fraction.

For let 2" + ar"-' + br"-" + , &c., tr=0, represent a general form of equation; and, if it be possible, let x=?, the fraction being supposed already in 9 

9 its lowest terms ; then, by substituting for x, the

9 equation becomes p” , apa-? bp

+ 9"




P 




1-2
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cp" 
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: p" + aqp"-'+by'p"-o+cq'p"-'+, &c.,

= Fr; or, q" p” + 9(apa-'+bqp-o + cq*p*-* +, &c.)

= Fr. q" Now as this is equal to r, an integer, it follows that the numerator is divisible by q"; and, therefore, also by 9; but since the part

q(ap"-+ bap-+ cướp”-f, &c.) is divisible by q, it is evident that p" must also be divisible by q, if the whole quantity be so (cor. 1, prop. vi.); but this is impossible, because p is prime to q, therefore the numerator is not divisible by q; and, consequently, x=is impossible. — 2. E. D.
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CHAP. II.




On Divisors, and the Theory of Perfect, Amicable, 

and Polygonal Numbers. 




PROP. I.




21. Any number n being reduced to the form N=a"b"c'd', &c., the number of its divisors will be expressed by the formula

(m+ 1) (n + 1) (p+ 1), &c. For it is evident, that n will be divisible by a, and every power of a, to a"; that is, by each of the terms

1, a, a’, a', &c., a". Also by b, and every power of b, to b"; that is, by every term in the series

1, b, b, b', &c., b”. And, in the same mamer, n is divisible by c, and every power of c, to c”; by d, and every power of d, to d', &c.; and also by every possible combination of the respective terms of the above series ; that is, by every term of the continued product,

(1 + + a + , &c., a") x (1 + b + b +, &c., ") (i +c+c* +, &c., c.”) x (1 + d + d +, &c., d').

But the number of terms of this product, since no two of them can be the same, is truly expressed by the formula

(m+ 1) (n + 1) x (p+1) x (9+1), &c.;









therefore, the number of the divisors of N is also expressed by the same formula. - Q. E. D.

Remark. It will readily be observed, that, in the above forinula, N is considered as a divisor of itself.

Ex. 1. Having given the number 360, to find the number of its divisors.

First, 360 = 2.3.5'; therefore, n=3, m=2, and p=1. Hence,

(3 + 1) (2+1) (1 + 1) = 4 x 3 x 2 = 24, the number of its divisors.

Ex. 2. It is required to find how many numbers there are, by which 1000 is divisible.

First, 1000 = 29.5°; or m=3, and n=3; therefore, (3 + 1) (3 + 1) = 4 x 4 = 16: that is, there are 16 numbers by which 1000 is divisible.

Cor. 1. As the number of divisors of any given number, N=a"b*co, &c., is represented by the formula

(m + 1) × (n + 1) (p+1), &c., it is evident, that the number of ways, in which the given number n may be resolved into two factors, will be represented by

1

x ) (&,




because every divisor has its reciprocal factor; and, therefore, the number of ways, in which a number may be resolved into two factors, is equal to half the forinula, that expresses the number of its divi . But if the given number n be a square,

then all the exponents, m, n, p, &c., will be even, and, therefore,

(m + 1) (n + 1) (p+1), &c., will be odd; and the forinula, representing the nuin




sors.




D









ber of ways that x may be resolved into two factors, will be

(m + 1) (11 + 1) (p+1), &c., +1




;




2




because, in this case, two of the factors are equal.

Cor. 2. If it be required, in how many ways a number, N=a"b"c", &c., may be resolved into two factors prime to each other, it is evident, that this number no longer depends upon the value of the exponents m, n, p, &c., but will be the same as if N was simply resolved into the factors a, b, c, &c.; and is, therefore, equal to

(1 + 1).(1 + 1).(1 + 1), &c.




2




hence, if k represents the number of prime factors, a, b, c, d, &c., then will 2k-' be the number of ways in which n may be resolved into two factors prime to each other. Thus, for example, 360 has twenty-four divisors (example 1), and, consequently, may be resolved into factors twelve different ways (cor. 2); but it has only three prime factors, 2, 3, and 5, and can, therefore, be resolved into factors prime to each other only, 2= 4, different ways.




PROP. II.




22. To find a number that shall have any given number of divisors.

Let w represent the given number of divisors, and resolve 10 into factors, as W = X X Y XZ. Take m= x-1, n=y-1, p= -1, &c.; so shall

a"\"c", &c., be the number required, as is evident from the









foregoing proposition, where a, b, c, &c., may be taken any prime numbers whatever.

Ex. Find a number that shall have thirty divisors. First, 30= 2 x 3 x 5; that is, x=2, y=3, z=

+) or, m=l, n=2, p=4; therefore,

a.b*c* is the number, having thirty divisors, as required.

If a=2, b=3, c=5; then 2.3o. 49 = 4608. 
If a=5, b=3, c=2; then 5.3. 24=720. 
If a=5, b= 2, c=3; then 5. 22. 3+= 1620. 


Each of which numbers has thirty divisors, and it is evident, that various other numbers might be obtained that would have the same property, by only changing the value of a, b, and c.

Remark. If it were required to find the least number of all those that have a given number of divisors, it is manifest, that we must proceed with more caution, as our formula would not then have that unlimited forin that is given above. It will, therefore, be proper to enter, here, into an investigation of this particular case.

First, it is evident, that the value of our number depends upon two different operations : Ist, the resolution of w into its factors, which in the foregoing problem is arbitrary; and, 2dly, on the assumption of the quantities a, b, c, &c.

Now if w be a prime number, it cannot be resolved into any other factors than 1 xw; and, therefore, a"-' is the only form a number can have when the number of its divisors is a prime number; and, therefore, the less value we give to a > i, the









less the number will be: and, consequently, the least of all is when a=2; thus, the least number that has seven divisors is 28 = 64, and the least having eleven divisors is 2'° = 1024, and so on.

Again, when w is not a prime number, but equal to the product of two prime factors, as w=xy, then the only variation in its resolution will be w= x xy, and w=1 x xy; and, consequently, the only two forms of numbers will be a'-'89-', and a"-', that have the required number of divisors, and it is obvious that the first form is that which gives the least value of the number required; because a may, in both forms, be equal to 2, and b may be taken equal to 3; and, whatever be the numbers x and

Y, it is evident, that 24-'x 3y-/ < 2"y-1: for if even we make b=4, in which case 22-' x 4"-1= (2)*+2y-s, it is still less than 2"-', for (x + 2y – 2) < xy, because both x and y are > 1, and x may also be supposed the greater of the two, that is, x >y. Therefore, (*-'-' is that form which produces the least numbers, and it is manifest, that the least numbers in this form are those in which a=2, and b=3, X- I being supposed the greatest exponent; and, in the same manner, it may be shown, that if w be resolvible into

any number of factors, that will be the least form, in which w is resolved into the greatest number of factors, and the lowest number of any such form, as a"b"C", &c., is obviously that in which the greatest exponent has the least root, the next greater exponent the next less root, and so on. Therefore, when it is required to find the least number that has a given number of divisors, we must resolve the given number into its greatest









number of factors, and then proceed in given values to a, b, c, &c., according to the rule above given"; viz. to the greatest exponent, the least root, &c. Suppose, for example, it were required to find the least number that has twenty divisors. The greatest number of factors is when 20= 2 x 2 x 5; therefore, a'l'c* is the least form: and by making c=2, b=3, a=5, we have 24.3.5=240, which is the least number of all those that have twenty divisors. If we had resolved 20 into the factors 4 and 5, then a*b would have been the form, and, by making a= 2 and b=3, we should have had 2*3' = 432, for the least number in that form; and the same for all others.




PROP. III.
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23. If n=a"b"c", &c., represent any integer, then will the sum of all the divisors of n be expressed by the formula a+1

                       &c. 
Q-1 
            Q-1 


C-1 For, by art. 21, every divisor of n is contained in the product

(1 + a + a’, &c., a") x (1 + b + b*, &c., 6") 

(1 +c+c', &c., c') x (i +d+do, &c, d'). And, by the common rule for summing a geometrical progression, we have




[image: [merged small][merged small][merged small][ocr errors][ocr errors][merged small][ocr errors][merged small]]







[image: [ocr errors]]


&c.,




Q. E. D.




1 Q-1

b-1 which, therefore, expresses the sum of all the divisors of N.

Cor. In this expression, N is considered as a divisor of itself; because, from the developement of the above product, the last term will evidently be a"b"c", &c.; that is, the last term of the product will be the number n itself; and, therefore, when vis to be excluded by the condition of the problem, as is the case in finding perfect and amicable numbers, it must be deducted from the above formula.

Ex. Required the sum of all the divisors of 360. First, 360 = 2.3.5; therefore, /2 ' 3'

= 2-1 3-1 5-1 which is the sum of all the divisors of 360, itself being considered as one of them.




PROP. IV.




(-1
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C с 




24. If n=a"b"c"&c., represent any number, a, b, c, &c., being its prime factors, then will

b-1

&c.,

b express the number of integers that are less than x, and also prime to it.

First, if be a prime number, or N=1, then we know, that all numbers less than a are also prime

Q-1 to it; and, consequently, NX

=(-1 is the real expression for the number of them in this
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case.









And if n be any power of a prime number, or N=a", then, in the series of numbers

1, 2, 3, 4, 5, &c., a", every ath term is a multiple of a, these forming of themselves the series a, 2a, 3a, 4a, 5a, &c., a-'.

a; and, therefore, from the a” terms in the first series, we must deduct the a"- terms in the last, and the remainder will be the number of those terms in the first, that are prime to N, or to a"; that is, a" – a"-1

the number of integers prime to N; but since x=awe have
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2




for the number of those integers, which is likewise the form in question.

Again, if n=a")", it is evident, from the same consideration as before, that we shall have

a"-'b", 

terms divisible by a; a" - 1 

terms divisible by b; 

a"-'6"-', terms divisible by ab. But as the first expression includes all numbers divisible by a, and the second all those divisible by b, it follows, that the latter expression is included in each of the former; and, therefore, we have

q"-16" - a"-18"-, terms divisible by a only; 
a"6"-'-a"-16"-!, terms divisible by b only; 


q"-16"-', terms divisible by ab: and these, together, include all those terms of the series

1, 2, 3, 4, 5, &c., a"b", 









[image: [ocr errors]]


[image: [ocr errors]]


:)




a - 1 =NX

Х a 
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a 




that have any common divisor with a"b", or with N; and, consequently, their sum, taken from N, will be the number of those that are prime to it: hence, then, we have

amb" - am-1b" - a" 6"-1 + 0*-'*-1 = 
(a" - am-')6" -- (a" - a"-1) 6*-'= 
(a” – am-') (b" – 6-') 
                              b-1 


b-1 a” x

b which is again the formula in question.

Let, now, N=a"b"c", then, on the same principles as above, we shall have

P = a*-'6"c", terms divisible by a; 
 Q=a"h-c terms divisible by b; 
R=a”b”c”-, terms divisible by c; 
s = a-'-'c", 


               terms divisible by ab; 
T = a"-'6"c?-, terms divisible by ac; 
 v=ahn-CP-1 terms divisible by bc; 


w=a"-16*-'CP-', terms divisible by abc. But since all the terms w are necessarily included in those of s, t, and v; and these last again in P, Q, and R, we shall have, by subtraction,

$ - w, divisible by ab only; 
T - w, divisible by ac only; 


V - w, divisible by bc only: and then again,

P - S - T + 2W – W; or, 
P-8-1+w, divisible by a only; 
 Q-5-v+w, divisible by b only; 
R-T-V+w, divisible by c only; 


w, divisible by abc only,
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1




And, consequently, the sum of all these expressions will be the number of terms that have a common divisor with a"b"C", or with n; and, therefore, N minus this sum will be the number of integers prime to N, and less than itself; which, by addition and subtraction, will be expressed as follows:

N-P-Q-R+S+T + V - W. And by reestablishing again the values of P, Q, R, &c., it becomes (a"b"c? – a"-'6"c") - (a"8"-'c-am-'6"-"C") -(arloc”-- a-c2-) + (arl"-co-'- ("-"5"-co-')= (a” – a”- (0"c” – lo-c” – loco-'+ -co-)= (ar – a"-") x (6” – 0-'). (c” – c”-)=

b-1

b the same form as before.

And, exactly in the same manner, if n was the product of a greater number of factors, we should still find, that the number of integers less than, and prime to N, would be represented by

(-1 
        b-1 


d-1

&c. b 

d Where it is only necessary to observe, that unity is included as one of those integers.

Ex. 1. Find how many numbers there are under 100, that are prime to it. First, 100 = 25°; therefore,

5 - 1

= 40, the number sought: these being as follows; viz. 




NX
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X




NX




Х




  C-1 
Х 


с 
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Q. E. D.




2-1 100 x

Х 2
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Robout




1 13 27 39 51

63 77 89 3 17 29 41

53 67 79 91 7 19 31 43

57 69 81 93 9 21

               33 47 59 71 83 97 
        11 23 37 49 61 73 87 99. 
  Ex. 2. How many numbers are there less than 
360, that are also prime to it? 


360 = 2*3*5; therefore, 
    2-1 3-1 5-1 


                  = 96, 
2 3 5 





360 x




Х




х




the number sought,




PROP. V.




25. To find a perfect number, or such a number N, that shall be equal to the sum of all its aliquot parts, or divisors. Find 2"-1,

a prime number, then will 2*-'(2" – 1)=n be a perfect number.

For, by art. 23, and its corollary, the sum of the divisors of the formula 2"-|(2" - 1) will be represented by
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because 2"– 1 is a prime number by hypothesis. But, in this expression, 1 is considered as a divisor, and, consequently, N enters therein as an aliquot part of itself, which is to be excluded by the definition of a perfect number; and, therefore, exclusive of N, the formula becomes









2* 
                (2* — 1) - 1 


-- 2*- (2* – 1)=

(2" -- 1)-1 (2" – 1) (2" – 1 + 1) – 2"-|(2" – 1) =

2(2" – 1). 2"-'— 2"-|(2* — 1)=2"-|(2" – 1) = N; that is, the sum of all the aliquot parts of N=N, and, therefore, it is a perfect number. - 2. E. D,

Cor. If n= 2, then 2 (2o – 1)=6; n= 3, then 22 (29 – 1)=28; n= 5, then 2* (2“ – 1)= 496; n= 7, then 26 (27 – 1) = 8128; n=13, then 2'(2'3 – 1)=33550336; n=17, then 210(2!? — 1)=8589869056; n=19, then 2'8(219 – 1)= 137438691328; 1=31, then 2"(29— 1)=2305843008139952128. Which are all perfect numbers.

The difficulty, therefore, of finding perfect numbers, arises from that of finding prime numbers, of the form 2" – 1, which is very laborious. Euler ascertained, that 23' – 1=2147483647 is a prime number; and this is the greatest at present known to be such, and, consequently, the last of the above perfect numbers, which depends upon this, is the greatest perfect number known at present, and probably the greatest that ever will be discovered; for, as they are merely curious without being useful, it is not likely that any person will attempt to find one beyond it. It may not be amiss to observe, that the reason for employing the powers of 2 in this research, to the exclusion of all other numbers, arises from this, that 2 is the only even prime; and, therefore, if we made use of any other









prime, as a, then (a" - 1) would not be a prime mmber; and, if we employed an even number, then the formula above given would not truly express the sum of the divisors of n.




PROP. VI.




26. To find a pair of amicable numbers x and M, or such a pair of numbers, that each shall be respectively equal to all the divisors of the other.

Make x=a"b"c", &c., and m="B"mt, &c.; then, from the definition of amicable numbers, and what has been demonstrated (art. 23), it follows that we must have
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=M + N. B-1 Because these formuläre include the whole numbers x and m, as divisors of themselves (Remark, art. 23), whereas, in amicable numbers, they are excluded by the definition.

We see, therefore, in order that the numbers x and m may be amicable, that these formulæ must be equal to each other, and each equal to s+m. Now this is accomplished by finding such a power of 2 as 2", that 3.2" – 1, 6.2'-1, and 18.2%" – 1, may be all prime numbers; or, making 2' =w, we must have 3w – 1=b, 6w – 1=, and 13w – 1=d, all prime numbers; then will

N=27+1d, and m=2+1bc, be the pair of amicable numbers sought. For, if we represent

On the sum of the divi
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sors of n, and by on the sum of the divisors of m, we shall have (by cor. 1, art. 23)

d-1 ONE

2'+'da 2 -- 1

d-1 (27+? – 1) (d + 1) - 2+1d = (40 – 1) × 180° — 24(18w? – 1)= 2 . 1810 – 180+ 2w=2w(3w - 1)(6w – 1) =

2'+bc=M. Therefore the sum of the divisors of vis equal to the other number M.

And again, by the same art. and cor., we have 2"+2. Х

2bc= 2--1

                     b 1 
(2+2 – 1) (6+1) ~ (c + 1) – 2*+ bc= 
(4w – 1) 3w x 6W – 2W(3w – 1) (6w – 1) = 
18w'(4W - 1) - 20(18w' - 9w+ 1) = 


2w x 18w? +1=2"+id=N. Therefore, the sum of the divisors of m=N; and we have seen, that the sum of the divisors of N=m: consequently, N and m are a pair of amicable numbers. —Q. E. D.

Scholium. By making r=1, or 2',=W= 2, we have 31-1=b=5, 

30–1=b=5, 6w-1=c=11, and 18w*- 1 =d=71; and, consequently,

2+d= 4 71 = 294=N,

2*+bc= 4 x 5 x 11 = 220 =M, which are the least pair of amicable numbers, the next two pair being

17296 and 18416, 9363583 and 9437056.









power of 




The difficulty, therefore, of finding amicable numbers, is connected with that of finding the above specified conditions of w, and for which no rule has yet been discovered. The reason for taking w some power of 2 is, that 2 is the only even prime; for if w was the

any

odd number, then 3w – 1,6w – 1, 18w – 1, would not be primes, and if w was the power of an even number, not a prime, as 2m, then

(2m)"+2 – 1 
  2m - 1 


b would not be the true expression for the sum of the divisors of m: and, therefore, 2 is the only number that can be employed for this purpose.
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PROP. VII.




27. If the nth term of any order of figurate numbers be added to the n + 1 term of the next inferior order, the sum will be the n+1 term of the same order as the former. And the nth term of

any order is equal to the n first terms of the preceding order.

In our definition of figurate numbers, we have given the form of each of the orders, because it is more simple to deduce the generation of figurate numbers from the form of them, than to deduce their forms from their generation. We have, therefore, to demonstrate, that the numbers falling under the forms we have given are generated one from another, as announced in this proposition; and this will be manifest immediately, by repeating









here again those series of figurate numbers, and their general terms, as given at definition 26; viz. 

General term. Nat. series, 1 2 3 4 5, &c. 1st ord. 1 3

n.(n+1) 6 10 15, &c.




n 




1




2




n.(n + 1).(n + 2) 2d ord. 1 4 10 20 35, &c.

1 2 3 3d ord. 1 5 15 35 70, &c.n.(n+1).(n+ 2).(n+3)

1

2. 3 4. n.(n + 1).(n + 2).(n+3), &c., (n + m) mth order, 1 2 3 . 4,

&c., (m + 1) Now it is evident, that n+1, which is the n+1th 

n.(n+1) term of the natural series, being added to

                                                                1 2 
which is the nth term of the first order, gives 
        n.(n+1) 


                   (n+1).(n + 2) 
   +n+1= 
2 


1 . 2 which is the n + 1th term of the first order.

n.(n+1).(n + 2) the nth term 2d order, Again, to

1.2 3 

(n + 1).(n + 2) adding

the n+1th term 1st order, 1 2 (n+1).(n + 2).(n+3) gives

then + 1th term 2d order, 1 . 2 3 And, generally, to n.(n + 1).(n + 2).(n+3)

.. (n + m) 

=nth term 1 2 3. 4

(m +1 mth order, adding




1.
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1




2




m 




(n + 1).(-2+2).(n+3).(n + 4) n + m)

=n+ 1th 3 4 term m- 1th order, gives (n+1).(x + 2).(n3).(x + 4) - - ( +1 + m)

= n +1th 2 3 .

M + 1 term mth order.

Hence, then, we have the general law of formation; namely, to the nth term of any order, add the n+ 1 term of the inferior order, and the sum will be the succeeding term of the former order. And, therefore, since the second term of any order is equal to the sum of the two first terms of the next inferior order, the third term will be equal to the sum of the three first terins of the preceding order; and, generally, the nth term of any order is equal to the sum of the first n terms of the next inferior order. — Q. E. D.

Scholium. In this proposition we have, after Legendre, inverted the order of proceeding, by deducing the law of generation from the forms of the successive series, instead of ascertaining the forms of those series from their law of generation, which has the advantage of greater simplicity, and leads us at once to the demonstration of one of Fermat's theorems, that he considered as one of his principal numerical propositions, and which is this:

If the nth term of the natural series be multiplied by the n+ith term of any order m, the product will be equal to 12 + 2 times the nth tern of the order in +1.

Thus, taking the fifth and sixth terin, of the foregoing series, we have 5 x 6 = 2 x 15; 5 x 25 = 3 x 35; 5 x 56 = 4 x 70, &c.









This property is deduced immediately from our forms, for

n.(n+1). n(n + 1)= 2




;




1.




пX
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(n + 1).(n + 2) n.(n + 1).(n + 2)

        = 3 x 
1 
      2 


1.2 . 3 and so on for any other order.

This theorem, which is so remarkable simple in the way that we have considered these numbers, is very difficult to demonstrate by any other method; and that Fermat considered it as one of his most interesting propositions is evident, from what he says after the annunciation of it: “Nec existimo pulchrius aut generalius in numeris posse dari theorema, cujus demonstrationem margini inserere nec vacat nec licet” (Notes on Diophantus, page 16).




PROP. VIII.




28. Every polygonal number of the denomination m, or every m-gonal number, is expressed by the formula

(m — 2)n* — (m – 4)n 




2




For, by definition 26, every m-gonal number is à sum of an arithmetical progression, beginning with unity, the common difference of which is m – 2; or, making m– 2=d, it will be the sum of any number n terms of the series 1 +(1+d) + (1 + 2d) + (1 + 3d), &c., (1 + (n-1)d); which, by the common rules, is equal to
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(2 + (m - 1)d)

2 or, since d=m-2, if we substitute for d, we shall have

(2+(n-1).d)n_21 + (n − n).(m— 2) 




2




2




(m – 2)n— (m-4)n




Q. E.,

D.




2




n2+n




Cor. 1. Hence, by making successively m=3, 4, 5, &c., we shall have the following results. Al}. Triangular numbers +

2

2n - on Squares

=n. 2
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                 An - 2n 
Hexagonals 


                     2 
&c. 


&c. Cor. 2. By means of the general form

(m - 2)n* – (m— 4)n

2 any polygonal number, of which the root n, and denomination m, is given, may be readily ascertained.

Thus, by making m=3, m=4, m=5, &c.; and in each series n=1, 2, 3, 4, &c., we have Series of triang. numb. 1 3 6 10 15 21 28, &c. Series of squares

14 9 16 25 36 49, &c. Series of pentagons

1 5 12 22 35 51 70, &c. Series of hexagons

1 6 15 28 45 66 91, &c. &c.

&c. 
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Also any polygonal number, and, its denomination being given, the root of the polygon is readily obtained. For let

(m - 2)n - (m - 4)n




P=




2




т 




2P




m 




m-2'




N=




represent any given polygonal, of which the denomination m is known: then, (m – 2)n— (m - 4)n=2P; or,

                     4 
n® 


                  Whence 
         2 
m-4+2P (m-2) + (m- 4) 


2m-4 which is a general form for the root of any polygonal number.

Remark. Fermat' has given, at page 15, in one of his notes to the ninth proposition of Diophantus on Multangular Numbers, particular rules for finding the roots of given polygonals, without the extraction of the square root, but, as they are of little or no use, we have not inserted them.
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CHAP. III.




On the Forms of Prime Numbers, and their 

most simple Properties. 




PROP. I.




we




29. If a number cannot be divided by some other number, which is equal to, or less than, the square root of itself, that number is a prime.

For every number p, that is not a prime, may be represented by p=ab. Now if a=b, then a and b are each equal to vp; and, consequently, p, which is not a prime, is divisible by vp. Again, if a > vp, then will b< vp; for otherwise,

should have a x b=ab >p, which is contrary to the supposition; therefore, if a > up, then will b < vp; and if b > vp, then will a < vp; and, consequently, since p is divisible both by a and b, it is divisible by a number less than the square root of itself: and this is evidently true of all numbers that can be resolved into the form p=ab; that is, of all numbers that are not primes: therefore, if a number cannot be so divided, that number is a prime.

Cor. Hence, in order to ascertain whether a given number be a prime number or not, we must attempt the division of it, by all the prime numbers less than the square root of itself; and if it be not divisible by any of them, it is a prime. It is obvious,




Q. E. D.









that we need only essay the division by prime numbers, for if it be divisible by a composite number, it is evidently also divisible by the prime factors of that divisor. This method, however, although it admits of some contractions, is, notwithstanding, extremely laborious for large numbers ; nor has any easy, practical rule been yet discovered, for ascertaining whether a given number be a prime or




not.




3




5




Scholium. The problem of finding prime numbers, was agitated so far back as the time of Eratosthenes, who invented what he called his xoxxivov, or sieve, for excluding those numbers that are not prime, and, consequently, thus discovering those that are. The principle of this method, which is the same that has since been empļoyed by modern writers for ascertaining those numbers, is as follows:

Having written down in their proper order all odd numbers, from 1 to any extent, required; as 1

7 ġ u 13 15 17 19 2i 25 27 29 31 33 35 37 39 41 43 45 47

53

55 57 59 61 63 65 67 69 71 73 75 77 79 si 83 85 87 89 gi 93

93 95 97 99. We begin with the first prime number 3, and over every third number, from that place, we put a point, because all those numbers are divisible by 3; as 9, 15, 21, &c. 

Then, from 5, a point is placed over every fifth number, all these being divisible by 5; such are 15, 25, 35, &c.




23




47 49 5i









2




3 




5




13




Again, from 7 every seventh number is pointed in the same manner, such as 21, 35, 49, &c.

And, having done this, all the numbers that now remain without points are prime numbers; for there is no prime number between 7 and v100; and it is obvious, from what is said in the preceding corollary, that it is useless trying any composite number; adding, therefore, to the above, the prime number 2, which is the only even prime, we have

17 11

17 19

1923 29 31 37 41

47 53 59 61 67 71 73 79 79 83

89 97, which are all the prime numbers under 100.

By this means, assisted, probably, by some niechanical contrivance, Vega has computed, and published, a table of those numbers from 1 to 400000. And as it will be sometimes useful in the following part of this work, to know whether a given number be prime or not, without the trouble of computing it, a table is given at the end of this volume, exhibiting all the prime numbers from 2 to 10000,
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PROP. II.




30. Every prime number, greater than 2, is of one of the forms 4n + 1, or 4n-1.

For every number whatever is either divisible by 4, or, when the division by 4 is carried on as far as possible, there will be a remainder, 1, 2, or 3; that is, every 

number whatever is inclided under one or other of the four forms 4n, 4n+1, 4n+ 2, 4n+3,

(in to









But the first and third of these forms are even numbers, being of the form 2n, and, therefore, cannot




contain any prime number > 2; and, consequently, ? 




all prime numbers greater than 2, are contained in the other two forms; and, therefore, every prime number is found in one or other of the two forms 4n+ 1, or 4n * 3; but 4n +3= 4(n+1)– 1, #4n - 1; therefore every prime number is of one of the forms 4n+1.-Q. E. D.

Cor. 1. Every prime number being of one of the forms 4n + 1, or 4n – 1, and as n, in these forms, must be either even or odd, we may subdivide them into the four following forms: 1. If n be even, or of 4n+158n' +1; the form 2n',

4n-1*8n' - 158n" + 7. 2. If n be odd, or of 4n+ 1*8n' +5; the form 2n' +1,

{ 4n-1*8n’ +3. Hence all prime numbers, greater than 2, with regard to 8 as a modulus, are of one of the forms

8n+1, 8n +3, 8n +5, or 8n+7. Cor. 2. The two forms 4n+1, separate prime numbers into two principal divisions, that are found to possess very distinct properties, which will be the subject of our future investigations; we shall, therefore, in this place, only give a few of those numbers, under each form, in order to render this classification the more familiar to the reader.

Primes #41 + 1, are 1 5 13 17 29 37 41




{ {




53, &c.




Primes #4n-1, are 3 7 11 19 23 31 43, &c.

The other four forms, also, which are obtained
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in the foregoing corollary, and in which the above two are necessarily involved, lead, also, to another principal classification of prime numbers, each class possessing properties exclusively its own. Primes divided according to this modulus are as follows:

8n+1---1 17 41 73 89 97 113. 
8n + 3 3 11 19 43 59 67 83. 
on + 5 ---5 13 29 37 53 61 101. 
8n +7 


7 23 31 47 71 79 103. Which are evidently numbers distinct from each other, and, as we observed above, possess very distinct properties, highly curious and interesting, many of which are demonstrated in the following chapters.




PROP. III.




31. Every prime number, greater than 3, is of one of the forms 6n + 1, or 6n – 1. For every

number whatever is either exactly divisible by 6, or when the division is carried, on as far as possible, there will be a remainder 1, 2, 3, 4, or 5; that is, every number whatever is of one of the forms 6n, 6n+ 1, 6n + 2, 6n +3, 6n +4, 6n + 5. But the first, third, and fifth, of those numbers, are divisible by 2, and the fourth is divisible by 3, and, therefore, no one of these forms can contain prime numbers greater than 3; and, consequently, all prime numbers, greater than 3, must belong to one of the other two forms 6n + 1, or6n + 5; but 6n+ 5 #:6n' - 1; therefore, every prime number, greater than 3, is of one of the fornis 6n + 1, or 6n-1.-Q. E. D.

Cor. Since every prime number is of one of thę









{




forms 6n + 1, or 6n-1, and as n, in these forms, must be either even or odd, these may be subdivided into the four following forms: 1. If n2n', { 6n+ 1*12+ ) 120+11.

6n-1+12n' - 1*12n +11.'

6n +1+12n' +7; 2. If ns2n +1,

6n-1+12n' + 5. Hence every prime number, with regard to modulus 12, is of one of the four forms

12n + 1, 12n +5, 12n +7, or 12n +11: or, which is still the same, every prime number is of one of the forms 12+1, or 12n + 5.

Scholium. It should be observed here, that al though all prime numbers are contained in one or other of the foregoing forms, derived from art. 30 and 31, we must not conclude that the converse of the proposition is true also; namely, that all numbers contained in these forms are prime numbers: this is evidently not the case in the form 4n+1, if n=6; nor in 41 – 1, if n= 4; and similar exceptions may be found for every other form that may be devised: in fact, no formula can be found that shall express prime numbers only, as appears from the following proposition.




PROP. IV.




32. No algebraical formula can contain prime numbers only.

Let p + qx + rx* + s.r'+, &c., represent any general algebraical formula, and it is to be demonstrated, that such values may be given to r, that the formula in question shall not produce a prime number, whatever values are given to p, q, r, s, &c.









P =




sX =




For suppose, in the first place, that, by making x=m, the formula

P=p+qm + rm + smo +, &c., is a prime number. And, if now we assume r= m + ¢P, we have

P gr = 

qm + 90P rr =

- rm' + 2rmøp + ro'po

sm' + 3sm’ØP + 3smo'p + soʻps &c.

Or, P+qx+rx* +sx'= (p+qm + rm' + sm' +, &c.) + p(99 + 2rmø + 35m*o) + p?(ro* +3smo) + so'p'= P+P(90 + 2rmø + 3smoo) + P*(rợ? + 3smo?) + so'p'. But this last quantity is divisible by P; and, consequently, the equal quantity

p+qx + rx* + sr' + , &c., is also divisible by P, and cannot, therefore, be a prime number. Hence, then, it appears, that, in any algebraical formula, such a value

may to the indeterminate quantity, as will render it divisible by some other number; and, therefore, no algebraical formula can be found that contains prime numbers only.

Scholium. But although no algebraical formula can be found, that contains prime numbers only, there are several remarkable ones that contain a great many; thus ppp + x +41, by making successively x=0, 1, 2, 3, 4, &c., will give a series 41, 43, 47, 53, 61, 71, &c., the first forty terms of which are prime numbers. The above formula is mentioned by Euler in the Memoirs of Berlin (1772,




be given




- Q. E. D.




page 36).









We may likewise add the two following; viz. 2*+ x + 17, and 2x + 29, of which the former has seventeen of its first terms primes, and the latter twenty-nine.

Fermat asserted, that the formula 2" +1 was always a prime, while m was taken any term in the series 1, 2, 4, 8, 16, &c.; but Euler found, that 29 + 1 =641 x 6700417 was not a prime. These examples are sufficient for showing, how easily we are led into error from induction, and how little it is to be depended upon, in mathematical investigations.




PROP. V.




33. The number of prime numbers is infinite.

For if not, let the number of them be represented by n, and the greatest of all those primes by p, then it is evident, that the continued product of all the prime numbers, not exceeding p, as

2.3.5.7.11 - - - P, will be divisible by each of those numbers, and, therefore, if 1 be added to it, it will be divisible by no one of them; and, consequently, if the formula

(2.3.5, 7.11 - - - p) + 1 be divisible by any prime number, it must be by one greater than p; and if it be not divisible by any prime whatever, it is itself a prime number, which is necessarily greater than p; therefore, in either case, we must have a prime number greater than p; and, consequently, p is not the greatest ; neither is n the greatest number of them, and the same is true of all finite numbers p, and n;









therefore, the number of prime numbers is infinite*,




.Q. E. D.




PROP. VI.




34. If a be any number whatever, and b, b', b", &c., all those numbers that are less than 2a, and also prime to it; then will all prime numbers be contained in one or other of the forms

4an + b, 4an + b', 4an+b", &c. For every number, when divided by 4a, will leave for a remainder one of the terms in the series

0, 1, 2, 3, 4, &c., 4a – 1; or, which is the same,

+0, +1, +2, +3, +4, &c., 2a. But it is evident, that, when any one of these remainders has a common divisor with 4a, the number contained under that form is not a prime number, it having the same common divisor as the remainder and modulus; rejecting, therefore, all those remainders that have divisors common with 4a, and representing the others by b, b, l", &c., it




N




* It has also been demonstrated by Legendre (art. 404, Essai sur la Theorie des Narbres), that every arithmetical progression, of which the first term and common difference are prime to each other, contains an infinite number of prime numbers. And, also, that if n represent any number, then will

; be the

A.logs - 1.08366 number of prime numbers that are less than N, very nearly. We should have added here the demonstration of this very curious theorem, but that it depends upon a fluxional consideration, which could not be well introduced into an elementary work of this kind.









is manifest, that all prime numbers will be contained in the forms

4an+b, 4an + b', 4an+b", &c., at least all those that exceed the prime factors




of a.




A. E. D.




a




{




Cor. 1. Hence we may dedace, generally, the forms obtained at art. 30 and 31; viz. If n=1, all prime numbers * 4n+l;

* Sn+1; If n=2, all prime numbers

Sn +3;

                            3:12n+l; 
n, 


#12n+ 5; 
*16n+1; 


                #16n+3; 
If n=4, all prime numbers 


#16n +5;

*16n+7. The number of forms, therefore, to any particular modulus, depends upon the number of integers, that are less than half that modulus, and also prime to it; and we have shown (art. 24) how this number may always be ascertained. Suppose, for example, that 2n was the given modulus: make

 N=a"b"C", &c.; then 
Q-1 
       b-1 
                 C-1 


&c.,

b will represent the number of forms. Thus, if the modulus was 60, then we have 30=2.3.5; and, consequently, 2

-1 5-1 30 x

=8,

,

5 the number of forms, which are as follows:




NX




Х




х
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1




3 




X




2




3 









60n + 1

60n +17 6ont 7

60n+19 60n +11

60n + 23 6on+ 13

60n + 29 And hence it appears, that those numbers are to be preferred for moduli, that have the least number of integers less and prime to themselves; as we thereby exclude a greater number of quantities, that are not primes; or, which is the same, we have thus a less number of formulæ for expressing those that are primes. For example, if instead of modulus 60, which has only eight forms, we had taken 61, as a modulus, we should have had thirty forms ; and under these thirty forms, every number whatever, not divisible by 61, may be expressed; and, consequently, with this modulus, no number is excluded; and, therefore, no advantage gained by the classification.

Scholium. It may not be amiss, to add here a few remarks upon the probability of any number, falling under any one of the above forms, being a prime number, when taken between certain limits. In order to which, it will be proper to enumerate the number of prime numbers, under certain periods, as deduced from Vega's Mathematical Tables, in which are given all priine numbers, from 2 to 400000; and by means of which the following tablet has been formed; which exhibits, at one view, the number of primes under and between the limits of every 10000 numbers.
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10000 x 2666 




( 15 1333
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Now the number of integers falling under one or other of the above eight forms to modulus 60, is, for every 10000,

= 1333; and out of this

60 number, for the first 10000, there are 1230, which are really primes; whence the probability of a number being a prime that falls under one of the above

1230 forms is if it be under 10000. 1333

Probability.

1033 If the number be between 10000 and 20000,

1333

983 If the number be between 20000 and 30000,

1333

958 If the number be between 30000 and 40000,

1333 &c. 

&c. This calculation is made upon a supposition, that the number of primes, in the above eight forms, are equal to each other, which is not strictly true; such an hypothesis, however, may be assumed, in a rough estimation of this kind, without affecting, in

any great degree, the truth of the result.
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PROP. VII.




35. Three prime numbers cannot be in arithmetical progression, unless the common difference of them be divisible by 2 x 3=6; except 3 be the first of the prime numbers, in which case there may be three prime numbers in arithmetical progression, whose common difference is not divisible by 6, but there can be only three.

For all prime numbers greater than 3 are of one of the forms 6n + 1, or 6n + 5. Also, if the common difference be not divisible by 6, it must be of one of the forms 6m + 1, 6m + 2, 6m +3, 6m + 4, or 6m + 5; or it may be otherwise represented by 6m +r, r being any one of the numbers 1, 2, 3, 4, or 5. And, therefore, three numbers in arithmetical progression will be, either




Ist, 6n+1, 6(n + m) +r+1, 6(^2 + 2m) + 2r +1; or 2d, 6n + 5, 6(n + m) +r+ 5, 6(n + 2m) + 2r + 5.




And it is to be proved, that some one of these terms, in both series, is divisible by 2, 3, or 6; and, consequently, that they are not all primes.

First, let r=1, 2, 3, 4, or 5; then we have, in the first series,

r+1=2, 3, 4, 5, or 6;

2r+1=3, 5, 7, 9, or 11. And here it is evident, that either r+1, or the corresponding term 2r + 1, is divisible by 2, 3, or 6; and, consequently, one of the three terms in the first series is also divisible by the same; and, therefore, they are not all three primes. And we are




{









led to the same result in the second series; for, by making r=1, 2, 3 4, 5,

s r+5=6, 7, 8, 9, or 10;

2r +5=7, 9, 11, 13, or 15. Where, also, one or other of the two corresponding terms has a common measure with 6; and, therefore, these three terms are not all primes. Consequently there cannot be three prime numbers in arithmetical progression, unless their common difference be divisible by 6, if we except the case where the first term of the progression is 3. And in this case there can be only three, for otherwise, by taking away the first, there would still remain three prime numbers in arithmetical progression, of which the common difference is not divisible by 6, which is contrary to what has been demonstrated above. - Q. E. D.




PROP. VIII. 36. There cannot be five prime numbers in arithmetical progression, unless their common difference be divisible by 2 x 3 x 5 = 30; except when the first term of the progression is 5, in whichi case there may be five prime numbers in arithmetical progression, whose common difference is not divisible by 30, but there can be no more than five.

For all prime numbers greater than 5 to modulus 30, are of one of the following forms:

30n + 1, 30n+ 7, 30n + 11, 30n + 13,

30n + 17, 30n + 19, 30n + 23, 30n + 29. And since, by the foregoing proposition, three
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prime numbers cannot be in arithmetical progression, unless their common difference be divisible by 6, it follows a fortiori, that 5 cannot be so unless the common difference be also divisible by 6; therefore, the common difference, in this case, as compared with modulus 30, must be of one of the forms 30m +6, 30m + 12, 30m + 18, or 30m + 24, all other forms being rejected as not being divisible by 6, which we have seen is a necessary condition. Assuming, therefore, 30n +r for a general expression for prime numbers, and 30m+6p a general expression for the common difference, our five terms of the progression will be

30n +1, 
30(n + m) +r+6p, 
30(n + 2m) +r+12p, 
30(n + 3in) +r+ 18p, and 


30(n + 4m) +r+ 24p. Now it readily appears, that whatever value is given to r, of the above; viz. 1, 7, 11, 13, 17, 19, 23, or 29; and to p of those which it represents; viz. 1, 2, 3, or 4; one or other of the expressions r +6p, r +12p, r+18p, or r + 24p, is divisible by one of the numbers, 2, 3, or 5. Thus,

If r=1, and p=1, then r + 24p-+*5. 
If r=1, and p= 2, then r + 12p+ 5. 
Ifr=1, and p=3, then r + 18p--- 5. 


       If r=1, and p= 4, then r + 6p to 5. 
And so on of any other values of p and r. 





* This character signifies divisible by, and is only employed to save the repetition of those words.









Whence it follows, that these five numbers cannot be all prime numbers; that is, five prime numbers cannot be in arithmetical progression, unless their common difference be divisible by 30, if we except the case in which the first term of the progression is 5; which evidently is excepted in the demonstration, as our forms are for primes greater than 5. The two primes, 2 and 3, are also excepted; and, with regard to the first, it is evident it cannot form the first term of such a progression, because it is an even number; but 3 may be taken for a first term, and, by giving to r this value, the same impossibility will appear. There cannot, therefore, be five prime numbers in arithmetical progression, unless their common difference be divisible by 2 x 3 x 5, excepting only the case where the first term is 5, ardin this case there can be only five; for if there were six, by taking away the first, there would still remain five prime numbers in arithmetical progression, whose common difference would not be divisible by 30, which is contrary to what has been shown above. -- Q. E. D.

Cor. In the same manner it may be demonstrated that seven prime numbers cannot be in arithmetical progression, unless their common difference be divisible by 2 x 3 x 5 x 7 = 210; except the first of those prime numbers be 7, in which case there may be seven prime numbers in arithmetical progression, of which the common difference is not divisible by 210, but there cannot be more than seven. And, generally, there cannot be n prime numbers in arithmetical progression, unless their common difference be divisible by









2 x 3 x 5 x 7 x 11, &c., n; except the case in which n is the first term of the progression, in which case there may be n such numbers, but not more.
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37. The sum of any number of prime numbers in arithmetical progression is a composite number.

This is evidently true, if the number of terms in the progression be an even number, because then their sum will be even, and, therefore, composite. We have, therefore, only to consider the case, in which the number of terms in the progression is odd. Let, then, p be the first prime number, and d the common difference of the progression; then, if we consider at first only three terms, they will be

p+(p+d) + (p+ 2d)= 3p + 3d, which is evidently divisible by 3, and, therefore, a composite number. If we take five terms, they will be p+(p+d)+(?+ 2d) + (p +3d) + (p+ 4d) = 

5p + 10d, which is evidently divisible by 5; and, generally, we may assume

p+ (p+d) + (p+ 2d) +, &c., (p+ 2nd) for any progression, the sum of which is

(1 + 2n)d 2n (2n + 1)p+ 

(2n + 1)p+ (21 + 1)nd; 




2




it will be divisible by 2n + 1, and is, therefore, a composite number. - 4. E. D.









PROP. X.




38. If a and b be any two numbers prime to each other, and each of the terms of the series

b, 2b, 36, 4b, (a -- 1)b, be divided by a, they will each leave a different positive remainder.

For if any two of these terms, when divided by a, leave the same remainder, let them be

represented by xb and yb, and their common remainder by r; so that xb=na+r, and yb=ma+r; then it is evident, that

ab - yb=na – ma will be divisible by a. But this is impossible, for ab - yb=bx (x - y); in which product the factor b is prime to a, and (x - y)<a; because both x and y are less than a, by the hypothesis ; consequently, their difference must be so; but if, of two factors, one be prime and the other less than a third number, the product is not divisible by this number (cor. 6, art. 11); therefore, bx (x - y) is not divisible by a; and, therefore, xb=na +r, and yb= 

=ma +r, are impossible ; that is, no two of those terms can leave the same remainder, when both are divided by a. 

Cor. 1. Since then, the remainders arising from the division of each of the terms in the series

b, 2b, 36, 46, (a – 1)b, by a, are different from each other and a-1 in number, also all of them necessarily less than a; it follows, that these remainders include all nunbers from 1 to u-1.




Q. E. D.









Cor. 2. Hence, again, it appears, that some one of the above terms will leave a remainder 1; and that, therefore, if b and a be any two numbers prime to each other, a number x <a may be found, that will render bx – 1 divisible by a; or, the equation bx - ay= 1 is always possible, if a 'and b are numbers prime to each other.

And it is always impossible if a and b have any common measure, as is evident; because one side of the equation, bx - ay= 1, would be divisible by this common measure; but the other side, 1, would not be so: therefore, in this case, the equation is impossible.

Cor. 3. We have seen, in the foregoing corollary, that the equation bx - ay=1 is always possible, when a and b are prime to each other; and the same is evidently true of the equation bx – ay= -1, for a-l is one of the remainders in the above series, so that a value of x < a may be found, that renders bx – (a-1) divisible by a; or the equation br -- ay=q – 1 is always possible ; but this is the same as br -- a(y-1) = -1; or, making y-1=y', bx - ay' = - 1 is always possible: and, consequently, the equation ax - by= + 1 is always possible, when a and h are prime to each other.




PROP. XI,




1




2




3 




5 




39. If a be any prime number, then will

- (a-1)+1 Þe divisible by a.

For, in cor. 2 of the foregoing proposition, it is demonstrated, that if a and b be any two nuinbers









prime to each other, another number « may be found <a, that renders the product bx – 1 +a; or, which is the same thing, bx =ya +1; and that there is only one such value of x<a may be shown as follows: The foregoing equation gives, by transposition,

br - ay=1; and, if it be possible, let also

bx' – ay' = 1; and make x'= x+ m, and y'=yłn, where m is necessarily less than a, because both x and e' are so by the supposition. Now, by this substitution, we have

(bx + bm) – (ay + an)=1; but 
 br 
       - ay 


=l; therefore + bm= F an, or bm-a; but this is impossible, since b is primne to a, and m<a (cor. 6, art. 11).

There cannot, therefore, be two values of x less than a, that renders the equation bx - ay = 1 possible. But in the series of integers

1, 2, 3, 4, 5, ---a-1, every term is prime to a, except the first, a being itself a prime; if, therefore, we write successively, b=2, b' = 3, h'= 4, &c., a corresponding term X, in the same series, may be found for each distinct value of b, that renders the product xbway + 1, x'b'say' + 1, x""#ay + 1, &c.; and it is evident, that no one of these values of x can be equal either to 1, or a -1; for, in the first case, we should have 1xb=ay + 1, which is impossible, because b<a; 









3 




5 




and the second would give (a – 1)b=ay + 1, or alb-y)=b+ 1; that is, b+1+Q; which can only be when b= a -1, or when b= x, which case is excepted, because we suppose two different terms of the series. In fact, since (a – 1)' ay + 1, there can be no other term, in the same series, that is of this form; for if x #ay' + 1, then (a − 1)2 – 2° would be divisible by a, or (a– 1 + x) x (a 1.-)+a, which is impossible, since each of these factors is prime to d, as is evident, because x < a, and a is a prime number. Hence, then, our product 1. 2 4

(a – 1), becomes 1. br. b'x' .6''X" a-1; but each of these products, bx, b'x', b'x", &c., is, as we have seen, of the form ay + 1; therefore, their continued product will have the same form, and the whole product, including 1 and a – 1, will be

#(ay + 1) (a – 1)#a'y + ay + a-1, to which, if unity be added, the result will be evidently divisible by a, that is, the formula

5 - (a - 1)+1 is always divisible by a, when a is a prime number, Cor. 1. The product, 1 3 

5 (a-1), is the same as




1




2




3 




4




.




6. E, D,




2




4




.




;




1(a - 1)2(a - 2)3(a -3), &c., and this product, with regard to its remainder, when divided by a, is the same as
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the ambiguous sign being plus (+) when a- 1 is even, and minus (-) when a-1 is odd; that is, + when a is a prime number of the form 4n+1, and – when a is a prime number of the form 4n- 1; also this product,




+1°. 2°.3'.4




is the same as




-6); +(1.2.3.4 --- 47.); 




+




and, consequently, from what is said above relating to the ambiguous sign, we shall have




a 




1. 2




3 




4




.




when a 4n+1; and




{(1. ;-)+}-a, 
{(1.2.3.4-...--)-1}, 





when a $4n-1,

Whence it follows, that every prime number of the form 4n+ ] is a divisor of the sum of two squares.

Again, the latter form may be resolved into the two factors




1*




{(1.2.3.4...4;-)+} 
{(1.2.3.4-.."")-1} 





which product, being divisible by d, it follows,









that a is a divisor of one or other of these factors, when it is a prime number of the form 4n – 1.

Cor. 2. From the first product, which we have demonstrated to be divisible by a, viz. 1. 2. 3. 4, &c., (a-1) + 1

=e, an integer,




a 




a great many others; as




we may

derive a 1.2.3.4.5, &c., (a-3)(a-1)+1

=e, an integer;




a 




1°. 29.3°. 4, 5, &c., (a− 4(a−1) + 1

=e, an integer;
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and so on, till we arrive at the same form as that in cor. 1.

Scholiurn. The theorem above demonstrated was invented by sir John Wilson, as we are informed by Waring, in his Meditationes Algebraicæ, page 380; but, notwithstanding the simple principles on which its demonstration is fonnded, it escaped the observation of these two celebrated mathematicians; the latter of whom speaks of it, at the place above quoted, as an extremely difficult proposition to demonstrate, on account of our having no formula for expressing prime numbers. Lagrange was the first who demonstrated this theorem, in the New Memoirs of the Academy of Berlin, 1771 (which demonstration is, as might be expected from the celebrity of its author, very ingenious); and, afterwards, Enler gave a different demonstration of the same proposition, in his Opuse. Analye. tom. i. page 329, which is upon a similar




.









principle as the foregoing; and, finally, Gauss, in his Disquisitiones Arithmeticæ, extended the theorem by demonstrating, that “ The product of all those numbers less than, and prime to a given number g+1 is divisible by a;” the ambiguous sign being +, when a is of the form p", or 2p", p being any prime number greater than 2; and, also, when a=4; but positive in all other cases (Recherches Arithmetiques, page 57).

The theorem of sir John Wilson furnishes us with an infallible rule, in abstracto, for ascertaining whether a given number be a prime or not; for it evidently belongs exclusively to those numbers, as it fails in all other cases, but is of no use in a practical point of view, on account of the great magnitude of the product even for a few terms.




PROP. XII.




40. If a and b be any two numbers prime to each other, the equation

ax — by=+0 is always possible; and an infinite number of different values may be given to x and y, 

that answers the condition of the equation, in integer numbers. For, by (cor. 3, art, 38) the equation,

ax – by= +1 is always possible, while a and b are prime to cach other; and, consequently, acx -- bey= +c, or ar' – by' = £ ¢; by making

cx=x', and cy=y': and we have evidently the same result if we write









a(a' mb) for ax', and 
b(y' + ma) for by'; for these still give 


       alx' + mb) – b(y' + ma)= + c. 
Or, again, making 


X' + mb=x, and y' £ mary, our equation becomes

ax — by = fc; which is, therefore, always possible.

And it is evident, that by means of the ambiguous sign +, and the indeterminate quantity m, the formula

x' + mb=x,

y' + mary, will furnish an infinite number of values of c and y, that answers the condition of the equation

ax - by=+c, in integers, a and b being prime to each other. — 2. E. D.

It is also obvious, that m may be so assumed, that x shall be less than b, or y< a. 

Cor. Hence, in any of our future investigations, if we have two quantities, t and u, prime to each other, we may always substitute tx- uy=c, c being any number whatever, when the state of the question requires such a substitution, without considering the particular values of x and y, it being sufficient for our purpose, in many cases, to know that the equation is possible.

But if t and u have any common measure, then such a substitution cannot be made, unless c have the same common measure.









PROP. XIII.




41. The equation ax + by=c is always possible, if a and b be prime to each other, and

c> (ab - a-b). For let c=(ab – a-b) +r, then the equation be




comes




ax + by=(ab - a - b) +r; the possibility of which depends upon

ab-a-b- by +r 




a 




being an integer. Now this equation is the same as,

x=b-1




a 




and, therefore, it depends upon the possibility of (y +1)b-r 

=x' being an integer;




a 




or, which is still the same, by calling y +1=y', upon the possibility of the equation y’b- ui'=r; which we have seen may always be established, so that y' <a, or y+1<a; by the foregoing proposition. Since, then, in the equation

(y+1)b-r 

=x',




al 




y + 1 is less than a, x' must necessarily be less than b, and, consequently,




(y +1)b-"=b-1-a';




r=b-1




a 









and, since d' <b, therefore x=b-1-'a'=0, or some integer number: whence the equation

ax + by=C is always possible, when a and b are prime to each other, and c> (ab - a-b). - Q. E. D.

Cor. The two foregoing propositions are very useful in judging of the possibility, or impossiblity, of indeterminate equations of this kind; and, con sequently, also, in proposing them, so that they may be within possible limits.
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CHAP. IV.




On the possible and impossible Forms of Square Numbers, and their Application to Nu

merical Propositions. 




PROP. I.




42. Every square mumber is of one of the forms

4n, or 4n +1. For

every number, being either even or odd, is of one of the forms 2n, or 2n+l; and, consequently, every square number is of one of the forms

4n', or (4n* + 4n+ 1); but 
4n's 4n, and 
 (4n* + 4n+ 1) = 4(n° + n) +1#4n+1. 
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Cor. 1. Every square of the form 4n is necessarily even; and every square of the form 41 + 1 is evidently odd; therefore, every even square is of the forin 4n, and every odd square of the forın 4n+1.

Cor. 2. By the foregoing proposition it appears, that every odd square

is of the form 4(n° + n) +1; and hence it follows, that it is also of the form 8n +1: for if n be odd, n is odd, and if n be even, n® is even also; therefore, in both cases, n° +n is even; and, consequently, 4(n° + n) +158n + 1; that is, every odd square is of the form 8n + 1. If,









therefore, a number be of the form 4n+1, but not of the form 8n + 1, that number is not a square.

Cor. 3. No numbers of the forms 4n + 2, or 4n +3, can be square numbers. Nor can any numbers of the forms 8n + 2, 8n +3, 8n +5, 8n +6, or 2n +7,




be square numbers.




Cor 4. The sum of two odd squares cannot form a square, for (4n + 1) + (4n' + 1)#4n + 2, which cannot be a square (cor. 3).

Cor. 5. An odd square, subtracted from an even square, cannot leave a square remainder. For

An- (4n' +1)=4(n— n') – 1541 +3, which cannot be a square. Therefore, if the difference of an even and odd

square

be 
   a square, 


the odd square must be the greatest. Cor. 6. If the sum of an even and odd

square be a square, the even square must be divisible by 16, or be of the form 4*no. For all odd squares are of the form 8n +1 (cor. 2); and, therefore, if the even square had only the form 4n", n“ being odd, the sun of the two would be

4n" +81+1=4(n“ + 2n)+1; and since n" is odd, (n" + 2n) is odd also; and, therefore, 4(n" + 2n) + 1 is not of the form 81 + 1; and, consequently, it is not a square (cor. 2).




PROP. II. 43. Every square number is of one of the forms

5n, or 5n+1. For all numbers, compared by modulus 5, are of one of the forms 5n, 5n+ 1,5n+ 2; that is, every number is either divisible by 5, or will leave for a









remainder 1, 2, 3, or 4; or, which is the same, +1, or +2: and, consequently, all square numbers are of one of the following forms: Numbers. Squures. 

                                Forms. 
5n, 


            25n * 5n 
5n+1, 25no + 10n +1 #5n+ 1 


5n+2, 25n+ 20n + 4 = 5n+4#5n-i. Consequently, all square numbers are of one of the forms 5n, or 5n+1.-Q. E. D.

Cor. 1. If a square number be divisible by 5, it is also divisible by 25; and, if a number be divisible by 5, and not by 25, it is not a square.

Cor. 2. No number of the form 5n + 2, or 5n +3, is a square number.

Cor. 3. If the sum of two squares be a square, one of the three is divisible by 5, and, consequently, also by 25. For all the possible combinations of the three forms 5n, 5n+1, and 5n-1, are as follows:

(5n+1) +(5n' +1)=5n + 2, 
(51 – 1) +(5n' – 1)=5n-255n +3, 
 5n 


         *5n, 
5п 


+(5n' + 1)=5n+1, 5п +(51' – 1)=5n-1,

(5n+1)+(5n' – 1)5n. Now of these six forms, the latter four have one of the squares divisible by 5, and, therefore, also by 25 (cor. 1). And the two first are each impossible forms for square numbers; that is, neither of these two combinations can produce squares: therefore, if the sum of two squares be a square, one of the three squares is divisible by 25.

VOL. I.




+ 5n 









Cor. 4. By means of the two foregoing propositions, and their corollaries, it appears, that no number contained under a repetend digit can be a




square number.




For every number expressed by a repetend digit is equal to the same number of repetend units, multiplied by the particular digit under the repetend of which the number is contained. But every repetend of units is of the form

100n + 114n +355n +1; and it is only necessary to show, that no number of the form 4n+3, or 5n +1, multiplied by any one of the nine digits, can be a square. Now the following products,

(41 +3)x1, 
(41 +3) 4, 


(4n+3) 9, cannot produce squares, because one of the factors is a square, and the other not; and, consequently, the product cannot be a square (art. 15). Again,

(41 +3) 23:41' + 2, 
(41 +3) * 5*4n' +3, 


(4n+3) * 6+4n' + 2; which are all impossible forms for squares (cor. 3, art. 42). And since a repetend unit is likewise of the form 5n+1, we have

(5n+ 1) ~ 355n' +3, 
(5n+ 1) ~ 7*5n' + 2, 


(5n + 1) 8*5n+3, each of which is an impossible form (cor. 2, art. 43);









Q. E. D.




5n 




and, consequently, no repetend digit can be a square number.

Cor. 5. Every square number being of one of of the forms 5n, or 5n+l; or, which is the same thing, of one of the three forms 5n, 5n+1, or 5n+4; we may farther divide them into the following classes, according to modulus 10, by taking n even or odd:

5n 
   *10n', 


              when n is even; 
   #100' + 5, when n is odd; 
5n+1+10n + 1, whe 


when n is even; 5n+ 1310n' +6, when n is odd; 5n+4+10n +4, when n is even;

5n+4#10n +9, when n is odd. Therefore, every square number, compared by modulus 10, is of one of the forms 10n, 10n + 1, 10n +4, 10n + 5, 10n +6, 10n +9.

And hence it follows, that all square numbers are terminated, on the right hand, by one of the digits 0, 1, 4, 5, 6, or 9. And, consequently, no number, whose last digit is 2, 3, 7, or 8; is a




square number.




Cor. 6. By an examination of the first fifty square numbers to modulus 100, the following properties of the terminations of all squares will be readily deduced.

1. A square number cannot terminate with an odd number of ciphers.

2. If a square number terminate with a 4, the last figure but one will be an even number:

3. If a square number terminate with 5, it will terminate with 25.









4. If a square number terminate with an odd digit, the last figure but one will be even; and, if it terminate with any even digit, except 4, the last figure but one will be odd.

. 5. No square number can terminate with two equal digits, except two Os or two 4s.

6. A square number cannot terminate with more than three equal digits, unless they be Os; neither can it terminate in three, unless they be three 4s *




PROP. III.




44. All square numbers are of the same form with regard to any

modulus a, as the squares o', 1, 2, 3, &c., (a)', when a is eren; and as the squares




0', 1, 2, 3, &c., --




6-);




when a is odd.




For every number may be represented by the formula an+r, in which r never exceeds a (cor. 2, art. 10). Now




(an + r)ø=a’n’ + 2anr + pe = a(ano - 2nr) +re; and, since the first part of this formula is divisible by a, the whole formula will leave the same remainder, when divided by a, as the part r; that is, it will be of the same form, with regard to the




* By means of these, and similar observations on the forms and terminations of square numbers, we may frequently ascertain, from inspection, whether a given number be a square of not, without the trouble of extraction.









modulus a, as the square re; but r never exceeds ta, therefore, all square numbers, as referred to modulus a, being of the same forms as the squares

0', 1°, 2°, 3, &c., - - -r*, in which r is liinited not to exceed ya; it follows, that all square numbers, to modulus a, are of the same form as the squares

0', 1, 2, 3, &c., (a)', when a is even; and to the squares




0', 1, 2, 3, &c.,




[image: [ocr errors]]


when a is odd.




Q. E. D,




Cor. When a is even, tlre general formula

a'n + 2anr + p', becomes 
4a"ni + 4d'nr +ro, 


#4a'(a'no – nr) +39; therefore, all square numbers are of the same form, to modulus 4a, as the squares

0°, 1, 2, 3°, &c., a. And hence we see, immediately, that all squares, to modulus 8, are of the forms 8n, 8n + 1, or 8n + 4, being all of the same form as the three squares

0°, 1°, and 2. 45. Scholium 1. In order to ascertain the forms under which all square numbers are contained, with regard to any particular nunber a, a modulus, we need only find the forms of all squares from 0 to (za)”, when a is even ; or to




as




(*);




when a is odd; and the results will




necessarily include the forms under which every









square number whatever is contained: and thus the following table is very readily computed, which exhibits all the possible forms of square numbers, for every modulus from 2 to 20, and which may be continued to any length at pleasure,




Table of the Forms under which all Square Numbers are contained, for every Modulus 

from 2 to 20.
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on + 3 
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Ent 4 


   Ont 4 
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lint 3 





9
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15n




15n+ 9.




15
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18




19n




19nt 5 
19n+11 





Ion+ 6 19n+16




19




20n
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20









46. Scholium 2. Hence, by way of exclusion, arises the following table, which exhibits all those forms, referred to the same moduli, that can never become squares, and by means of which we may frequently ascertain whether a given number be a square or not, without absolutely performing the extraction.




Table of impossible Forms for Square Numbers 

for every Modulus, from 2 to 20.




Moduli. 




Impossible Formulæ. 




3 




4




5




6




7




8




7n+ 6 
8n+ 7 
9n+ 5 





9




9n+ 8




10
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12




13




3n+ 2 
4n+ 2 4n+ 3 
5n+ 2 5n+ 3 
ont 2 6n+ 5 
7n+ 3 


        7nt 5 
8n2 


8n3 9n+ 2 9n 3 10n+ 2' lon+ 3 lin+ 2 Int 6 $ 12n+ 2 12n + 3

12n+10 13n+ 2 13n+ 5 14n+ 3 14n+ 5

1+1+13 S15n+ 2 15n+ 3

15n+11 16n2

16n+ 3

16n+ 8 171+ 3 17n £ 5 181 + 2 18nt 3

18n+ 9 19n+ 2 19n+ 3

19n+13 20nt 2 20n + 3

201710




13n+ 6 14n+ 6




{14n+ 3




14n+10 14n+12




15 




16




17
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Lemma. 




47. In order to simplify and abridge the demonstration in the following propositions, it will be proper to make a few general observations on equations of the form at + bu’=w'. 

And, first, we may always consider a and b as quantities that have no square factor, or divisor; for, if a= d'ø?, and b=b'l*, our equation becomes a'Q't + bb'u’=w*; or, making ot=t', and buru', we have a't" + b'u” =w'; and, consequently, if the above equation obtain when the quantities a and b, or either of them, have a square divisor, it may always be put in another form, a't”? + b'u" = w?, in which the similar quantities a' and b' have not a square divisor; and, therefore, in what follows, with regard to the possibility or impossibility of equations of the form ať + bu’, we may always consider a and b as not having a square divisor. .

Again, if the equation at' + buo = wo be possible, when t', u', and w", have a common square divisor ¢, it is also possible when divided by it; thus, if aç?!" + bo'u" = 9'2" be possible, so also is

at? + bu" =w”, which is a similar equation to the first, and in which t', u', and w", have now no common square divisor. And it is evident, that no two of these squares can have a common divisor, unless the third square has the same. For, if it be possible, let t = ", and ri=u"°°; then, at”? + lui'o' =w", where the first side of the equation is divisible by 09, but the second is not, by the supposition, and

yet

it is equal to the first, wbich is absurd: and the saine









may be demonstrated if any other two of those squares are supposed to contain a square divisor, not common with the third; a and 6 having no square divisor, as is shown above. .

Hence, then, we may draw this conclusion, in any case where we are investigating the possibility of an equation, of the form at + bu' = w®, the quantities a and b may be considered

be considered as not containing a square divisor; and also the three quantities t, u, and w, as being prime to each other: for if the equation be possible under these conditions, it is possible when those quantities have a common measure; and if it be impossible under the former case, it is also impossible under the latter.

And it may be farther observed, that if any equation of the form at + bu = w' be impossible in integers, it is so likewise in fractions; for make
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which last must evidently be an integral square, we have again ať + bu' = w'; so that the possibility of any fractional equation of this kind depends upon a similar integral equation, and if, therefore, an equation be impossible, in integers, with any specified value of a and b, it is also impossible in fractions.









Côr. The same that has been proved of the équation at + bu =wis also true of the equation ať + bu' =w, and, generally, of the equation at" + bu"=w"; it being always understood, that neither a nor b contain any factor that is not a complete nth 

power.




PROP. IV.




48. The equation 2ť +3qu' = wo is always impossible, either in integers or fractions, if a be taken prime to 3.

We have seen, in the foregoing lemma, that it will be sufficient to consider t and u as integers; and that we may always suppose t', u', and w, to be prime to each other. Now, since 3qu’ is always of the form 3n, whatever may be the form of uș; and since to must be of one of the forms 3n, or 3n+ 1 (art, 45), we shall have, either,

1st, (3P+2)3n + 3quo = wo; or

2d, (3p+2)(3n+ 1) +3qu’ = wo. But in the first equation, where we suppose t =3n, we have the first side of the equation divisible by 3; and, consequently, the other side w?, is also divisible by 3; that is, both to and w' are of the form 3n; whereas we have seen that they are prime to each other, which is absurd; therefore, the equation is impossible, when t is of the form 3n.

Again, in the second equation, in which we have supposed t#3n + 1, we have

 (3P+ 2) (3n+ 1) + 3qu'='w*, or 
9pn +6n + 3p + 2 + 3qu' =w*, or 
3(3pn + 2n + p + qu°) + 2 = w?; that is, 


Wo#3n' + 2,









w";




which is impossible (art. 46); therefore, the equation is always impossible, under the above limitation of 9. 

Q. E. D. Remark. If q had not been taken under the above restriction, our demonstration would necessarily have failed; because, in that case, if we putq=39', we should have had 3quo =q' .quo; or, making quo=u”, 3qu' =q'u”; which would evidently have altered the form of the equation. But, under the above restriction, we are led to several impossible cases, by taking p=0, or an integer number, and q any number not divisible by 3: thus

p=0, then 2t* + 3uo = 
p=1, then 5ť + 3uo= =w* ; 
p=2, then 8t + 3u* = wo; 
&c. 


&c. &c. are all impossible equations, which

may

be carried on at pleasure.

In the above, we have taken q=1; but if q=2 and

p=0, then 2t +6uR = wo; 
p=l, then 5to + 6u = wo; 
p=2, then 8° +6u = wo; 
&c. 


&c. &c. are also impossible equations; and thus we may proceed to find impossible equations, to any length, at pleasure,




PROP. V.




49. The equation (5p+ 2) +5quo = wa is inipossible, when q is prime to 5.

For ť must be of one of the three forms, 5n, 5n+ 1, 5n-1; which furnish the three following equations :









Ist, (5p+ 2) 5n #5quo = wo; 
2d, (5P+ 2) × (5n+1) # 5quo = wo; 


3d, (5p+ 2) (5n-1)+5quo = wo. In the first equation, in which we suppose t=5n, we have evidently wo#51' also; that is, f and wo are both divisible by 5, whereas, by the preceding lemma, they are prime to each other, which is absurd; therefore, the equation is inipossible, when ť=5n. In the second equation, in which we suppose

t'550 + 1, we have 
(5p+ 2) (5n+1)#5qu'=w', or 
25pn + 10n + 5p+ 2 +5qu'=w*, or 


5(5pm + 2n + 2+qd)+2=0"; that is, w'5n+ 2, which is impossible (cor. 2, art. 43). In the third equation, we suppose

to $51– 1, which gives 
(5p+2) x (5n – 1)#quo =w*, or 
25pn + 100 – 5p 72#qu'=w’, or 


5(5pn † 2n-p+qu°) 7 2 = wo; that is, w°55n 72, which is also impossible ; and, consequently, as t must be of one of those forms, it follows, that the equation (5p+2)t +5quo = wo is always impossible, when q is prime to 5.

Cor. By means of this proposition, we arrive at the following set of impossible forms to modulus 5, which

may

  be carried to any length. 
2to+5°=u”, 2t +100=1 
3ť #50=w?, 3t+10u'=U , 
7 t5u? =w, 77 #100 =w, 
8t #5u' = w?, 8t #10u =w, 
&c. &c. &c. &c. &c, &c. 










PROP. VI.




50. Every equation that falls under any of the following forms is impossible; viz. 

(7P+3)ť? + 7 qu'=w*, 
(7p+5)ť 7qu=w*, 


(7P+6)ť +7quo =w, it being always understood that q is not divisible by 7. For

every square number is of one of the forms 7n, 71+1, 7n+2, or 71+ 4 (art. 45).

But t cannot be of the form 7n, in any of the equations, because then we would be of the same form ; that is, both to and we would be divisible by 7, which is contrary to the supposition, since they are prime to each other; therefore, t must be of one of the other forms, if there be any case in which these equations are possible.

Now in the first equation, if we suppose t#7n+ 1, we have

(7p+3) (7n+ 1) 7yu’=w', or 49pn+ 21n+72+3+7quo =wo, or 717pn + 3n+p+quo) + 3 =w, or

                          w':#7n' +3; 
an impossible form for squares (art. 46). 
  Again, suppose to #7n+ 2; then 


(7P+3) (7n + 2) + 7qu' =w*, or 
49pn+211 + 140+ 6+ 7qu' +wo, or 
717pn + 3n+ 2p + qu°) +6=w*, or 


         wo+70+6; 
an impossible form, by the same article. 
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If t57n+4, we have

(7P+3) (79+4) 7 quo =w?, or 
49pn +21n + 28p + 12 + 7qu=w?, or 
7(7pn +3n + 4p + qu°) +12=wo, or 


w7n+ 5; an impossible form.

Therefore, the first equation is impossible undet every form of t, 9 being prime to 7. In the second equation,

(ệp + 5) +7quo=yo, by assuming t successively of the three forms 7n+1, 7n+2, 71 +3, we are led to the following results. f=7n+ 1, then { {(7P

(78+5) x (70+ 1) + 7 qu' ==w'$

7n' +5; *#71+2, then { (7p + 5) * (79 + 2) + 7quo =w**

7n' ; ť=7n+4, then , {

(7P + 5) * (7n + 4) = 7qu' =w** all of which are impossible forms: and, consequently, the second equation,

(70+5)** + 7quo=w?, is always impossible, q being prime to 7. In the third equation,

(7p+6)ť + 7qu' =w", by assuming, as before, to of the forms 79+1, 71 +2, 7n +3, we have
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t=7n+1, then

(7p+6) (7n+1)7qu' = "93:

7n' - 6;




{17 {177




t57n + 2, then

7 n' + 5 ;

(7p+ 6) * (71+4)7 quo = w** to 71 +4, then

70' + 3; which are likewise impossible forms: and, consequently, the three given equations are all impossible, when q is prime to 7. - Q. E. D.

Cor. This proposition furnishes us with the following particular cases, which, like the foregoing, may be extended to any length.

38° +7+=w, 36° +140°=wo, 5ť° +7ų* =wo, 5ť + 14u’=w, 6ť +7u=w, 6ť + 14u' =w?, 10ť + 7uo =w, 10ť + 14u =w, 12t + 7u =w, 126 + 14u? = w?, 13t® + 7 =w, 13 + 14u'=w, &c. &c. &c. &c. &c. &c.




Scholium. If we examine the impossible forms of the foregoing propositions, it will be readily observed, that the multipliers of t are all impossible forms, with regard to that particular prime modulus to which they are referred: thus,

3p+2,

          to modulus 3; 
5p+ 2, to modulus 5; 
7p+3, 
7p +5, Sto modulus 7. 


7p+6, And hence we are led to an inference, that the same is true for any other prine modulus ; that is, the









Equations

(11p+ 2)t + 11qu’ = wo, 
(11p+ 6)ť + 11 qu’ =w”, 
(11p+ 7)t + 11qu* =w?, 
(11p+ 8)t + liquo =w*, 


                          (11p+ 10)to + 11qu* =w*, 
are all impossible, while q is taken prime to 11. 
  Also, 


(13p+ 2)ť#13qu’ =wo, 
(13p5)t + 13qu' =w, 


(13p+ 6)t +13qu’=w02, when q is taken prime to the modulus 13; And

(17p + 3)t #17qu’ =w*, 
(17P + 5)t +17qu'=wo, 
(17p+ 6)ť +17qu'=wo, 


(17p + 7)t +17quo =wo, when

9 is taken prime to the modulus 17; Likewise,

(19p+ 2)t + 19qu'=w*, 
(19p+ 3)t + 19qu =w”, 
(19p+ 8)t + 19qu' =w”, 
(19P + 10)t + 19qu'=w”, 
 (19p+12)t + 19qu' =w”, 
(19P + 13)ť + 19qu’ =w, 
(19p + 14)t + 19qu’ =w”, 
(19p + 15)ť + 19quo =w", 


(19p + 18)ť + 19qu' =w, when q is prime to 19; are all impossible forms of equations in rational numbers.

These latter forms are only deduced from observation, upon the supposition that the product of









à possible and impossible form is also of an impossible form; which property is, however, rigorously demonstrated in the two following propositions.

With regard to such moduli as are not prime numbers, they are evidently reducible to others that are prime, by means of the indeterminate




letter q: 




[image: [ocr errors]]


(7)




PROP. vit. 51. Let a be a prime number, and any number prime to a; then, if the series of square numbers, O', 2°¢?, 3¢, 4, &c.,

O %, be divided by a, they will each leave a different positive remainder.

For if it be possible, that any two of these squares, when divided by a, can leave the same remainder, let them be represented by moo', and noq? ; that is, let mooi sap+r, and n'o' Faq +r, r being the common remainder of each; then, it is evident, that the difference of those squares,

mooi – n°¢=(ap+r) - (aq + r) = ap- aq, will be divisible by a; but this is impossible, for

moo - n°°°=(m +n) x (m – n); and since both m and n are less than fa, their sum (m + n) <a, and, consequently, prime to it, because a is a prime number, and the same is evidently true of the factor (m – n); also ©is prime to a, by the hypothesis; and, therefore, the three factors, c', (m + n), and (m - n), are each prime to a; and, consequently, their product q°(mo – no) is so likewise (cor: 1, art. 11): hence, then, the squares m'o',
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and no?, cannot be of the forms pa +r, and

ga+r; that is, they cannot have the same common remainder. Since, therefore, no two of those squares, to modulus a, can have a common remainder, these remainders are all different from each other.




Q. E. D.




Cor. 1. The same is also true of the negative remainders, of the same series, to the same modulus, by taking the quotient in excess; that is, if the series of squares,
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be divided by a, and the quotient be taken in excess, so that the remainders may become negative; then will these negative remainders be all different from each other. The demonstration of which is exactly the same as that of the foregoing proposition, by making mom #pa - r, and n#qa-r; -r being supposed the common negative remainder.

Cor. 2. Since, in the above demonstration, it is only necessary that should be prime to a, therefore, all that has been proved of the series of squares,
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(*)




is equally true of any

other series of

squares,
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2




To", 27°, 37, 487,

T, providing to be prime to a; and the remainder of this last series will be exactly the same as the remainders in the former series, except that their order may be changed. For it has been de









monstrated (art. 44), that the forms of all square numbers, to any modulus a, are the same as those




of the squares




1', 2°, 3°, 4', &c.,




;




2




1




2




the number of forms are, therefore, limited never to exceed ; and, consequently, the same remainders will recur in any series, and only the order of them will be changed: and hence it follows, that, whatever remainder any square ' may leave, another square

m® 

may be found, that will leave the same remainder; and, therefore, if sm – be divisible by a, then sm – mon* = m* (s – 7°) is also divisible by a, and likewise s-7°, because mois supposed prime to a. 




PROP. Viti. 52. The multiplication of a possible and impossible form of square numbers, to the same modulus, always produces an impossible form. Let a be any prime number, and let

rig r., rus rus &c., be the remainders arising from dividing the series




of squares,
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by the modulus a, then will

ap+ri, ap+ru, ap+rs, &c., represent all the possible forms of square numbers, to modulus a (art. 44); and, since the number of









these remainders ru, ru, ru, &c., never exceeds
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it follows, that there are the same namber of




2




impossible forms; which

may

be represented by ag+si, aq +S,, aq + Sy, &c.; and it is to be demonstrated, that any one of these impossible forms, being multiplied by any of the above possible forms, will produce an impossible form.

For let m$' #ap + rm represent any possible form, and

aq+s, any one of the impossible forms; then, if (ap+rm) * (aq +sv) produce a possible form, m$* (aq+sx) = aqm®D? + s m'pwill be the saine; or, s,m*$?, because the first part aqm'd is divisible by a; but if this be a possible form, that is, if, when divided by a, the remainder be found in the series of possible remainders,

Pi, r, 13, P., &c., let it be represented by rį, then it is evident, that the square v*', whence this remainder is derived, being of the form ap + rug and smo being supposed also of the form ap' + r., we should have sm'$ - v'o = (ap' +r.)-(ap + r.) =

(ap' -- ap) divisible by a; and, consequently,

(s,midi – v°°°) = °°(s,in" -- v“) divisible by a; but çe is prime to a, therefore it must be

(s.m' -- v°) --- a. But, whatever remainder the square vé may give to modulus a, another square, m*r", may be found, that will have the saine remainder (cor. 2, art. 51); and, consequently, if (s.no - v") be -- a, then will









Ks,me — mør*) be +a; but (s,mo – mor)=mo(s,— #), and m is less than a, and, therefore, prime to it; consequently, if m*(S, - 7°) be divisible by a, (s.,— 7) must be so likewise; that is, to divided by a must have a remainder Sn, or gp sap + Sn; but this is an impossible form of squares by the hypothesis, therefore, (s» — °) is not divisible by a; that is, the product (ap + rm) x (aq +s,) cannot, when divided by a, leave for a remainder any number in the series of possible remainders,

Pou, ru, r's, r., &c.; and, therefore, the remainder of this product must fall in the other series

Si, S2, S3, S4, &c.; and, consequently, (ap + r.) * (aq +8,) is always an impossible form; that is, the product arising from a possible and impossible form, is itself also an impossible form. — Q. E. D.

Hence we have demonstrated the truth of what was deduced from observation in the scholium (art. 50).




PROP. IX.




53. To ascertain the possibility or impossibility of every equation of the form

ax® +by' =czo. The rule for this purpose is deduced immediately from the foregoing proposition ; viz. that a possible form multiplied by an impossible form always produces the latter: for from hence it follows, that ax® is always of the same form as a, with regard to possible or impossible; and, in the same manner, by® 









is of the same form as b, and cze of the same form aş ç. Now axo #na, therefore cx? – by’ must be also of the form na; and, consequently, cze must leave the same remainder, when divided by a, as by' does when divided by the same: it is evident, therefore, that these remainders must be both of the class of possible remainders, or both impossible, for otherwise they could not be equal; but these remainders will be of the same classes as c and b are; and hence it follows, that, if c and b are both found among the remainders to modulus a, or neither of them are found there, the equation may be possible, but if one of them is found there, and the other not, the equation is certainly impossible. And, in the same manner, if a and c be both found among the remainders to modulus b, or if neither of them be found there, the equation may be possible; but if one is found there, and the other not, the equation is certainly impossible. And, for the same reason, a and – b, or, which is equivalent, a and c-b, must be either both found among the remainders of modulus c, or neither of them, if the equation be possible. Having thus shown the principle of the rule, it may be delivered more briefly thus:

Find the forms of all squares to modulus a, or, which is the same, the remainders arising from dividing the squares,

??, 22, 3*, 4*, &c., ( a), by a; and, if b and c are both found in this series of remainders, or if neither of them be found there, the equation may obtain; but if one of them be found there, and the other not, the equation is certainly









impossible, and it will be needless to proceed any farther in the investigation. But if one of the two first conditions have place, then find the remainders of

1°, 2°, 3°, 4, &c., (16)", divided by b; and these remainders inust be subinitted to the same test, with regard to a and c; and if one of them be found there, and the other not, the equation is impossible, and we need proceed no farther in the investigation. But if this be not the case, find the remainders of

1, 2, 3, 4, &c., (c), divided by c; and if a and (c-b) be both found in this series, or if neither of them be found there, the equation is possible, supposing the same to have had place in the other two series; but otherwise the equation is certainly impossible.

It is to be observed, that, when any one of those three quantities is greater than the modulus, with the remainders of which it is compared, it must be divided by the modulus and remainder used, instead of the quantity itself. It may be also farther ohserved, that, if any one of the three quantities, a, b, or c, be unity, only two trials will be necessary, and, if two of them be unity, but one.

Th operations will be considerably abridged by means of the following table, which exhibits the remainders to every modulus, from 2 to 51, excepting only those numbers that contain square factors, because a, b, and e, contain no square factors (by art. 47); and hence the possibility or impossibility of any equation, in which the coefficients do not exceed 50, may be ascertained by inspection.









Table of the Remainders of Squares to every 

Modulus, from 2 to 51.
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            9 10 12 13 16 22 25 27 30 36 
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  33 36 37 39 40 
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                            22 25 28 30 36 37 39 
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 4 9 13 15 16 18 19 21 23 25 30 34 36 
43 49 





46




51









Ex. 1. It is required to ascertain, whether the equation 7x2 + 1 ly* = 13zo be possible or impossible.

11#71+ 4, and 137n+6. Now 4 is found in the table to belong to modulus 7, but 6 is not found there, whence the equation is impossible. Ex. 2. Find whether the equation 7x? + 1ly' = 23zbe possible or impossible.

11#7n+ 4, and 23 +70+ 2. And 4 and 2 being both found to belong to modulus 7, the equation may be possible. Again,

7*lin +7, and 23*11n+ 1. Now one of these remainders, 1, belongs to modulus 11, but 7 does not, therefore the equation is impossible. Ex. 3. Find whether the equation 1 4x® + 6yo = 17zo be possible or impossible.

6141 +6, 17:14n+3. And neither 6 nor 3 belongs to modulus 14, therefore the equation may be possible. Again,

14:6n+2, 1736n+ 5. And neither 2 nor 5 belongs to modulus 6, the equation, therefore, may still be possible. Also,

1A=7n+14, and 17–65171+11. And neither 11 nor 14 belongs to modulus 17, therefore the equation is possible. In fact,

14.11° +6.12= 17.102. These examples will be quite sufficient for ex









plaining our operation; it may not, however, be superfluous to add, that, when an equation appears under the form ax' -- by' =cz“, it is immediately transformed to the sort of equation we have been investigating, by writing it cz +by' = ax?. The cases, in which one or two of the coefficients become unity, are evidently involved in the general form above given, and, therefore, need no examples *.




PROP. X.




54. The equation x – y =azis always possible




in integers.




For, if we resolve x - y into its factors x + y, and x- y (which are the only two literal factors that the formula admits of), and also az' into any two factors amt', and mu”, we have, by comparison,

x+y=amt, S x+y=mu, 
 *-y=mu 


X – y=amt, which, by multiplication, becomes xo – yo = am'tu', or x'- yo =az", by making < = mtu. Now these equations give, amt + mu 

amt – me Ist, x =
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or




and y= 




2




2




and y=




2




2




mu' + amit? 

mu? - amt 2d, x

2 On making m=2, in order to clear the expressions of fractions, they become,

1st, x=ať + u’, and y=ato -- u’;

2d, v=u+ at', and y=u' --at": therefore, the equation is always possible in integers.

* See PART II. chap. iii. prop. 5.




Q. E. D.









We may also take m=1, oro any

odd number, only observing, thåt if a be odd, we must have t and u both odd; for, otherwise, x and y would not be integers. And if a be even, then u inust be even likewise.

Cor. 1. If a be a prime number, the solution above given is the only one the equation admits of in integers, for x +y and x - y are the only literal factors of x? - y’; and amt' and nu are the only factors of az, with regard to form; and, consequently, one of the two equalities must obtain; but the quantities t and u being indeterminate, they will furnish an infinite number of numerical solutions. But if a be a composite number, then the equation may have, beside the two solutions given above, as many different literal solutions as there are different ways of producing a by two factors; thus, if a=bc, we may have 1st, x + yramt, 

x + y =nu, 1 x - y = mu, 

and,

                        X - y =amt'; 
2d, 
   Ş x+y=bmt, 


                                 x+y=cmu, 
2 *-y=cmu", 


X – Y = bmt. Cor. 2. The equation r? - yo=922 includes the two forms x? – az'=y', and x' + azo=y'; for, by transposition, the first of these becomes po- y =(?, and the latter y' - x' =az?, which are evidently both of the same form,

Therefore, if it be required to make it?=yo a square, we may have x = uta', or = u -- at, and z=2tu; whence x? + az'=(ut' + )'; or ve

af" -

and = = tul, which give
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or




} } 




{ {




or




may have r=









r? + az? =




And to make a – az? =y^ a square, we may assume x=ať + u', and 2 =2tu, which give

xe – az? =(ať – u?), or =(u' – at)? ; or we may take

at + u 

and z=tu. 




2




Cor. 3. But if a=1, and the equation becomes x® +=y', then we may have indifferently x= t – u”, andz=2tu, or x=2tu, andz=ť – u’, unless there be any thing in the nature of the equation that ļimits these forms: as, for example, if it be necessary that one of the quantities, x or z, be even; then it is obvious, that the even quantity must have the form 2tu. 

With regard to the equation 2* — zo=yo, it gives either x=t+u', and z=2tu, or z=ť – u’, both of which values of z answer the required conditions of the equation

Ex. Find the values of x, y, and z, in the equation x - y = 30z. Here the following substitutions may

be made, S x+y= 

            mt, 
1. 


                           X +y=30mt, 
X - Y= 30mu 


                x-y= mu'. 
x + y= 3mt, 


              { x + y = 10mt, 
2x-y=10mu, 12 


                                       X-Y= 3mu. 
   s x+y= 2mt, 
3. 


               { x+y= 15mt, 
{ x-y= 15mu, 1 x - y= 2mu. 


X +y= 5mt, 4.

x + y = 6mt, X --Y= 6mu, (

X - Y= 5mu'. And making, in each of these, m=2, in order tą




or




{




2.




or




or




or









or
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ávoid fractions, we have the following general integral values of x and y: 

   S x= t + 300, s r=30t + u, 
1. 
    y= t-30u', 


            ly=30ť 
    S x= 3 + 10u', 
2. 


                s r= 10ť + 3u, 
l y=3t – 10u", y=108-3u. 


s x=2ť + 15u, r= 15" + 2u. 3.

1 y=2tỷ - 15°, y=151 - 2u'. 

S x= 58° + 6u, r= 6ť + 5u, 4.

1 y=5 - 6ư, y= 6ť – bu In which formulæ, t and u may

be

any integer numbers whatever.




or




or




or




PROP. XI.




55. The two indeterminate equations,

x* + y'=z, and z* – y=w, cannot both obtain, with the same values of x and

For, in the first place, x and y may be considered prime to each other (art. 47), and, therefore, rand

y 

both odd, or one even and one odd; and we see, immediately, that it is

Y 

that must be even: for if x #:4n+ 1, and y#4n+1, then x2 + y'+41 + 2, which cannot be a square; and if r*:*:41, and y' #4n+ 1, then x* — y' #4n+ 3, which is also an impossible form; therefore is odd and y even.

                    . 
Hence, then (cor. 3, art. 54), we must have, 


X = 
  =- pes?, 


                          x = t + u', 
Ist, 


2d, { y = 2rs. Which furnish the following equations:

s pl - se = t +u*,

tu. 




{




| 2d,




y = 2tu. 




rs









Now, in these equations, r is prime to s, and t prime to u; for otherwise, x and

у 

would have a common measure, which is contrary to the supposition; and, farther, as x = po – so is odd, one of these quantities, r or s, is even, and the other odd; and the same is also true of t and u, because ť + uo= x is an odd number.




rs




Again, since

=u is an integer, either r or s,

t or both, must contain the factors of t; for otherwise the quotient would not be an integer: we may, therefore, make t=ab, supposing a, b, to be its two factors, which may always be done, because, in the case of t being a prime, we have only to make one of these two factors equal to unity: and, since th se factors are also contained in rs, we may write r=ar', and s=bs', whence u=r's'; and now, substituting these values for r, s, t, and' u, the above equation becomes
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And here, since r is prime to s, and t to u;, s', a, and b, are all prime among themselves, as is evident; for if we suppose any two of the quantities to have à common measure, as, for example, a and b, then, since a and b enter, either separately or connectedly, into three of the above quantities, the fourth, r's', must have the same common measure, that is, t=ab, and u=r's', would have a common measure, whereas we have seen that they are prime to each other ; and, consequently, r, s, a, and b, are all prime to one another.

Now, by transposition, this equation becomes
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a'




bes 




a'r? - $"p" = a*b* +8*26, or 
(a' — s"?)p"? = (a +$2)lo, or 


a +8" polle

a S" : And here, since a® is prime to s", a® +sis prime to us“, or they have only the common measure 2 (art. 8); and we have, therefore, these two cases to consider separately. First, suppose a +s" and a’ - $ to be prime to each other, then the fraction a2 +52 is in its lowest terms, as is also

because s2 gry is prime to b; and hence, the two fractions being equal to each other, and in their lowest terms, we must have, as resulting from the first supposition,

S a' +s" =r",

a - 5"=b. Again, let a +s" and a' – gre have a common measure 2, then

+(a +$^) + gn?

ila' – 5^) až se b? the first and last of which fractions are in their lowest terms, and, consequently,

a® +" = 2r?, +(a' - $*)=b', a - $ = 252; the last of which gives

a* =p" + , 

=pb. Now these two results in both cases are exactly similar to the original equations, only here the quantities are much smaller than in that, at least r', s', and b, a, are less than y, because y=r's'ab. 
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or
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{









Hence, then, it follows, that, if the equations

° + y^==*,

ao-veco, were both possible, with the same values of x and Y, it would also be possible to find similar equations,

s '? + y'=>"},

| <"-y=w”; which would also be possible, and in which y <y. And, in the same manner, if these last were possible, we might still find others,

5x +' =:

{x?" --Y" =w" where y" <y, and so on of others, ad infinitum. But it is impossible for a series of positive integers,

y', y", y'", y''", &c., to go on decreasing to infinity, without becoming Zero; in which case our equations are

S x'=x,

x 10 And, consequently, the two proposed equations can nevér obtain, with the same values of x and y, except when y=0; that is, the double equality

f ** + y=z,

co-g°=*, is impossible.

Cor. 1. Hence, also, it appears, that the two equations,

s 2* + yo=2z”,

x® – y=2w", are impossible, with the same values of x and y, for these may be reduced to




- Q. E. D.









s "= z2 +2",

ly" =ze – Wo; and the two last being impossible, the former are impossible also. Cor. 2. The two equations

2x + y' = ,




are both impossible, with the same values of x




and y.




For we may consider x and y as prime to each other; and, therefore, both odd, or one even and one odd; but they cannot be both odd, for then

2x® +yo =2(4n+ 1) + (4n' +1)=4n+3, which cannot be a square. Neither can x be even and y odd, for then

2.x* — Y' =2(4n) – (4n' +1)=4n+3, which is an impossible form. And if y were even and x odd, then

2ro + yo =2(4n + 1) + 4n'=4n+ 2, which is also impossible; and, therefore, the two given equations cannot both obtain.

Cor. 3. And this again shows the impossibility of the two equations

| x + 2yo=22°,

x – 2y = 20°; for, by doubling these, we have

2.xo + (24) =(2x),

2x - 2)^=(2x)*, which we have seen are impossible.




{
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PROP. XII.




56. The two indeterminate equations,

S x + 2yo = zo,

x* – 2y' =wo, are impossible, with the same values of x and

y As, in the foregoing proposition, we may consider x and y as numbers prime to each other, also, as in that, x must be odd and y even; and, therefore, we must have (cor. 3, art. 54),

S x=p2 – 2s, S x=25* — qo?, ist,

y = 278,

s x=ť + 2u, 2d,

, pie - 2s' = t° + 2u", or 2se – = t + 2u",




for {




y= 2rs, 




y = 2tu. 




rs =




tu; 




and it is to be demonstrated, that these two equalities cannot obtain at the same time.

Now, for the same reason as in the foregoing proposition, r is prime to s, and t to u; also, as in that, we may make r=ar', s=bs', t= ab, and u=r's'; which four quantities are all prime to each other, for the same reason as in the foregoing proposition; and these values, being substituted for r, s, t, and u, give,

1st, p" - 28"b=a'b + 2r","?.

2d, 28"b? - p" a = a'b+ 2r"5": which, by transposition, &c., become

gra? (a' – 2s^)=bo(a* + 2s“),

°(23" – a') =>"(23+ a'); and, by division,
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a + 28"

25" + a 6 1st,

2d, a* 25"

28" - apie Now, since so is prime to a’, the numerators of these two first fractions are prime to their respective denominators, or they have only the common measure 2; for if a* + 28", and a* - 25", have any common measure, their sum 2a' will have the same; but 2a', and a' + 2s°, can have no other common measure than 2, and this can only be when a is even ; for, if a be odd, ao + 23° is odd, and is, therefore, not divisible by 2; and, if a be even, s must be odd, because they are prime to each other: also in this case we may make a= 2a', whence our two expressions become

8a", and 4a" + 28" ; and, after dividing by 2, we have

4a", and 2a" + sa, one of which is even and the other odd, and they are, therefore, in this state, prime to each other; because s' is prime to d'. There are, therefore, two cases to consider separately: first, when the numerators and denominators are prime to each other ; and, secondly, when they have the common measure 2. In the first case, we must have, a® + 28" =r",

28" + a' = 64, 1st, a - 25= ; 

28" -- a* =p The second supposition gives, S a + 25 = 2r",

25" + a' = 26, 1st, Q – 28" = 26%; 

20

25-a = 2 Now the second and third of these forms are im




2d, {









possible (corollaries 2 and 3 of the foregoing proposition); and the fourth, being doubled, is similar to the first, being

(2s')e + 2a' = (2b),

                         (2s')– 2a* = (2r'). 
And, therefore, if the original equation, 


s x + 2yo =z,

xi – 2y' =w, be possible, it is also possible to find a similar equation,

a’ + 28" =p", x"? + 2y“ =z",

a – 28" = 6, x^2 – 2y' =w”, in which s or y' < y; because y=abrs. 

And, in the same manner, if this last were possible, we might find another still less,

x + 2y"" =2"

{ x– 2y'' =w' in which y" <y'; and so on of others still less, ad infinitum: whence we conclude, the same as in the foregoing proposition, that the two given equations,

° + 2y^==*,

{ x - 2y' = wo", are impossible, with the same values of x and

y. 




}




or




{
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Q. E. D.




Cor. Hence again, the two equations,

5 21° + y^=2=*,

2x® – y'=2w, are impossible; for, if we multiply these by 2, they become









{ {




{ {
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(2.r)® + 2yo = (2x),

(2x) – 2y' =(2w)"; and this being impossible, the first is so likewise.

Scholium. As, in the following propositions, we shall have occasion to refer to the several impossible cases demonstrated in the two foregoing articles and their corollaries, it will not be amiss to collect them together under one point of view, as follows; viz. x2 + yo = z,

* + y° 23°, 1.

                  2. 
x – y = 
     yo = too. 


X®

yo = 2ive. 2r° + y^= =*,

x* + 2y' = 2zo, .

4. 2x® – y'= re. 

x® -- 2y' = 2w%. a + 2yo: 5.

6.

2x + yo = 2x, { x – 2y = w. 2x® – y'=2w". All of which are impossible forms when taken in pairs, and similar impossible forms in pairs might be deduced from like investigations; such are the following, the demonstrations of which may be made to

serve for practical exercises for the student. x + y'=z,

x

y’=z?, x? + 2y' =wo. 

xi – 2y' =w. J co + y^==°,

xi – y’=z,

4. x? + 3yo =w?.

x* – 3y' =we. s xo + 2y2 = z,

x“ – 2yo =z?,

6. { x + 3yo =wo. 

x? – 3y' =w. co - y = °,

x + y' = z", 7. 

8. x + 2yo =w. 

x? – 2yo =w. S a? + y' =",

- y = °, 9.

10. x* + 4y' =wu?.

x – 4y* =w.




1.




3.
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5.




S




x2









s x2




{




11.




12.




c° + g°==*,

co - y ==*, X– 3yo =wo.

x2 + 3yo =w. s x + 3yo =z",

s x2 – 3yo =z, 13,

14. { x' + 4y* =w. 

Tỷ – 4y' =u”, And, generally, the pair of equations,

s xo + cy' =z,

x2 + y*=w, are impossible, if the two equations,

mo + cn* =(c- 1)p, 

m' + n° =(c-1)q, be impossible; and, conversely, if these last two be possible, so also are the former ; the possibility or impossibility of which two last equations may be ascertained by inspection, from the table at




page 104,




PROP. XII. 57. The difference of two biquadrates cannot be equal to a square, or the equation ** – y*=zo is impossible.

For x - y = (x + yo)(x* - y'); and since we may suppose x and y to be prime to each other (art. 47), it_ follows, that xo + yo and xe – ye are either prime to each other, or they have only the common measure 2 (art. 8); and, therefore, since their product is a square, we must have either x* + yo = ??,

co + y^= 27°, ** — yo =s, 1 x - y'= 2r, for otherwise their product wonld not be a square, or the factors would have a greater common measure than 2.




}




or




{









But each of these pair of forms are impossible, being the same as the forms 1 and 2 of the foregoing scholium; and, consequently, the equation whence they were derived is impossible also.




Q. E. D.




Cor. 1. In a similar way it may be demonstrated, that the equation X* + 4y* = zo is impossible. For, in this case, we must have (cor. 2, art. 54)

x = pi-s*,

2yo = 2rs, or y* =rs. And, since x is prime to y, r is also prime to s; and, therefore, because rs=y', r and s must be both squares; or r=x”, and s=y", and these values, being substituted for r and s,

become

x = x" — y', which form we have shown to be impossible in the above proposition.

Cor. 2. Hence again the equation x* + y* = 23° is impossible.

X* + y* For = " or z* =

and, conse




2




quently, z— a*y* = ; that is, the difference of two biquadrates is equal to a square, which is impossible (art. 57).




PROP. XIV. 58. The sum of two biquadrates cannot be equal to a square, or the equation x* + y' =is impossible.

For, first, if x + y be a square, we must have (cor. 2, art. 54)











or




=t – ư, 
      } 


              S y= t — u", 
y' = 2tu, 


r = 2tu, which are two similar expressions; and it will, therefore, be sufficient for our purpose to consider either; and as we may suppose x. and y as being prime to each other (art. 47), it follows, that t and u are also prime to each other; and, consequently, since atu =y", one of these quantities must be a square, and the other double a square (cor. 4, art. 17): let, then, t= 2x”, and u=y", whence to – u’ = 4x** – yo; that is, x° = 4x++ – yʻ*: or, making t=x", and u=2y", the equation becomes xo = r" – 4y^*; and we have, therefore, to investigate the two expressions,

x" – 4y'= x®,

4x' – y' = x®, one of which conditions must obtain, if the original equation be possible. Now these are resolvible into the factors

1st, X" – 4y" =( x" + 2y')( xr"? – 2y“). 

2d, 4x" – Y* = (2x” + y^)(2x" – y“). And, since x is prime to y, and t to u, it follows, also, that x' is prime to y'; and, therefore, these factors are either prime to each other, or have only the common measure 2 (art. 8); and, consequently, since their product is a square, we must have (as in art. 57) either

q!?? + 2y"=r", sx"? + 2y“ = 21",

x"? – 2y“ = sa a" – 2y“ = 2s", in the first case; and




{




}




or









} or {




2.x"? +y" =r", 2x^2 + y^2 = 2r”,

2.r" - Yo=s", 2x" - y^= 2s“, in the second.

But each of these forms, taken in pairs, has been demonstrated to be impossible (scholium, art. 56); and, consequently, the original equation whence they were derived is impossible also. Cor. 1. Hence it follows, that the two equations,

S x* -- 44* =z?,

4.1* - y = z', are impossible, as is evident from the foregoing demonstration,




{




PROP. XV.




59. The area of a rational right angled triangle cannot be equal to a square.

For if it were possible, and x, y, and z, were made to represent the two sides and the hypothenuse of such a triangle, we should have

x + y'=z,

ry =w. 
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that is,




z + 4w* = (x + y),

ze – 4wo = (x - y). Bat these expressions cannot be both squares at the same time (art. 55); and, consequently, the area of a rational right angled triangle, cannot be equal to a square. - Q. E. D.

Cor. 1. Since, in order to have a rational right angled triangle, we must have xo + yo = *°; it follows (from art. 54), that
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2rs 




روی




the numerator and denominator be taken for go2 the sides of a right angled triangle, it will be a rational one; and in these expressions we may give any values at pleasure to r and s. If, in the second




2rs




fraction




we make r=s+1, it becomes




;




S




1




2




3




St




2s + 2s

               S 
    =S+ 
2s + 1 


2s + 1 and in this expression, by making successively

                s=1, 2, 3, 4, &c., 
we have the following remarkable series, 


4 5 6 
    5 6 


                       &c.; 
25 + 1 
                  5) ' °7 * 9' il' 


13' each of which expressions, reduced to an improper fraction, gives the sides of a rational right angled triangle. And if in the fraction

                                    2rs 
s=1, and r= 2n+2, our expression becomes 


4n+ 8 + 3 4n+ 3 
   4n + 4 


4n +4 and here, making n=1, 2, 3, 4, &c., we have this other series,




we make




=nt 




;
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CHAP. V.




On the possible and impossible Forms of Cubes 

and Higher Powers. 




PROP. I.




60. All cube numbers are of one of the forms




4n, or 4n+1. For every number is of one of the forms

        4n, 4n+ 1, or 4n+ 2. 
And the cubes of these formulæ are 
   (4n)' = 64n 


                #4n, 
(4n+1)=64no + 48no +12n+1#4n+1, 


(41 + 2)'=64n +96n + 481 +8*4n. Therefore, all cubes are of one of the forms 4n, or 4n+1.

Q. E. D. Cor. 1. No number of the form 4n+ 2 is a cube.

Cor. 2. As in these forms n must be either even or odd, that is, of one of the forms 2n', or 2n +1, the above formulæ may be again subdivided into the following:

              4n 
If n2n', 


4n+1*8n' +1. 
4n 


*8n +4,

4n+18n +3. But, since 8n + 4 is divisible by 4, and not by 8,




#8n',




{ If n=2n' +1, {









this form cannot contain a cube; and, therefore, all cubes to modulus 8 are of one of the forms

8n, 8n + 1, or 8n +3. Cor. 3. No numbers of the form 8n + 2, 8n + 4, or 8n + 6, are cubes.




PROP. II.




61. All cube numbers are of one of the forms




7n, or 71+1. For every number is of one of the forms

7n, 7n+1, 70+ 2, 71 +3. And the cubes of these formulæ take the following forms; viz. (70) -

*71, (7n+ 1) =7n+3. 7x + 3. 7n+ 1*7n+1, (7n+ 2)^=7on +3.2.7”no +3.2° 7+ 8+7n+1, (71+3) = 7'n° +3.3.7*n* +3.32.71 +277n+1. Therefore, all cube numbers are of the forms

7n, or 71+1, Cor. 1. No numbers of the forms 71+2, 7n+3, 71+4, 70+ 5, can be cubes.

Cor. 2. If a cube number be divisible by 7, it is also divisible by 79. And, conversely, if a number be divisible by 7, and not also divisible by 7', that number is not a cube.

Cor. 3. As n, in the above forms, must be either even or odd, we may subdivide these into the




Q. E. D.




following:
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{ 




S 7n #14n' +7, n#2n' +1,

7n+114n' + 6. Therefore, all cubes to modulus 14 are of one of the forms, 141, 14n+1, 14n+7, 14n+6. And, conversely, no numbers of the form 14n+2, 14 +3, 14n +4, 14n+ 5, 14n+ 9, 14n + 10, 14n+11, 14n + 12, can be cube numbers.




PROP. III.




62. All cube numbers are of one of the forms




9n, or 9n+1. For all numbers to modulus 9 must fall under one or other of the following forms, viz. 9n, 9n+1, 9n + 2, 9n+3, 9n+4; the cubes of which give (9n )

*gn, (9n + 1)'= 9'n +3.. gon® +3. 9n+ 159n+1, (9n+ 2) = 9ʻno +3.2.9*n* +3.28.9n 89n+ 1, (9n + 3)'=9’n’ +3.3.9'n* +3.3.9n+27=9n, (9n + 4) = gʻrl +3.4.9'n° +3.4.91 +64 +9N +1. Therefore, all cubes are of one of the forins

9n, or 9n+1. Cor. 1. No numbers of the form 9n + 2, 9n +3, 9n +4, 9n+ 5, 9n +6, 9n+7 can be cubes.

Cor. 2. By applying here the same reasoning as in the corollary above, we shall find, that all cube numbers to modulus 18 are of one of the forms 181, 18n+1, 181+3, 18n+9; and, therefore, conversely, no number in any of the forms 18n+ 2, 18n +3, 18n + 4,

18n + 5, 18n+6, 18n+7,




[image: [ocr errors]]


Q. E. D.'









18n +11, 18n + 12, 18n +13, 18n + 14, 18n + 15, 18n+ 16, can be a cube.




PROP. IV.




63. All cube numbers are of the same form to any modulus a, as the cubes

o', 1, 2, 3, &c., (a – 1)'. For every number n may be represented by the formula an +r, in which r<a (art. 11). But (an + r)' = a'n + 3a\n*r + 3anri + pod =

a(a'n' + 3an’r + 3nr®) +r, and is, therefore, of the same, when compared by modulus a, as the cube pro; because all the other part of the formula is divisible by a; but since r <a, it must be one of the terms in the series

1, 2, 3, 4, &c., (a-1); and, consequently, all cubes are of the same form to any particular modulus a, as the cubes

O', 1, 2, 3', &c., (a – 1)'. Q. E. D. Cor. 1. Hence, in order to ascertain the forms of cube numbers to any given modulus a, we need only find those of all the cubes less than a; that is, of the series

o', 1, 2, 3, &c., (a - 1)': and hence a table of those forms might be readily constructed; but as, in many cases, the number of forms would be equal to the number expressing the modulus, no advantage could be derived from the classification, because no numbers are in these cases excluded; thus, to modulus 10 we should have the ten forms 10n, 10n + 1, 10n + 2, 10n +3,









10n + 4, 10n +5, 10n +6, 10n +7,

10N.+ 8, 10n +9; so that no number is excluded with this modulus; and hence it appears, that cube numbers may terminate with

any of the digits, whereas in squares we have seen (cor. 5, art. 43), that they always terminate in 0, 1, 4, 5, 6, or 9.




PROP. V.




64. All cube numbers, with regard to modulus 6, are of the same forms as their roots.

For all numbers are of one of the forms 6n, 6n+1, 6n + 2, 6n +3, 6n +4, 6n + 5; and the cubes of these formulæ will evidently take the following forms:




(6n + o)',

06n +0; (6n + 1)',

                                          1'+6n+l; 
(6n + 2)", 


                                        28 +6n + 2; 
            the saine form as 
(6n + 3)', 


                                  3o 6n +3; 
(6n + 4)', 


46n +4; (6n+ 5)',)

(59 6n +5 which are manifestly the same forms as the cubes that they represent.

Cor. Hence the difference between any integral cube and its root, is always divisible by 6.




PROP. VI. 




65. The equation (4p+2)ť £ 4qu' = w' is always impossible in integers, while q is prime to 4.

For (cor. art. 47) the three cubes t', u', and w', may be considered as prime to each other. Also all cubes are of one of the forms 4n, or 4n+ 1 (art. 60); and, since 4qu' is always of the form 4n,









whatever may




be the form of u', we shall have, in the first place, by making ť#4n, 

(4p + 2)4n + 4qu = w'#4n’; that is, t and w both of the form 4n, which is absurd, because they are prime to each other by hypothesis. Again, if t =4n+ 1, we have

(4p+2)(4n+ 1) + 4qu'=w', or 
16p+8n + 4p+ 2 + 4qu'=w, or 
4(4P+ 2n+p+qu') + 2 = w'; that is, 


w#41 + 2, which is an impossible form for cubes (cor. 1, art. 60); and, consequently, the equation

(4p+2)ť + 4quo = w', is impossible, while q is prime to 4.- Q. E. D.

The condition of q being prime to 4 is evidently necessary; for if q had the form 21', then the

equation would become (4p + 2)ť +9'. (2u)' = w', and the possibility or impossibility would depend upon the form of q', and would, therefore, require a different mode of demonstration; hence, in this, and also in the following propositions, 9 must always be taken prime to the respective modulus with which it enters.

Cor. 1. By means of the general formula above given, we derive the following particular cases, which are all impossible in integers, 9 being taken prime to 4. 2t + 40 = w", 

2t + 12u = w, 6ť + 4u' = w' 

6ť + 12u=w", 10ť + 4ư=w', 

10ť + 12u = wo, &c. &c. &c.

&c. &c. &c.









And it is obvious how these may be extended to any length at pleasure; and others may be found by taking q=5, 7, 9, &c.




PROP. VII.




66. The two general equations,

(7p+2)ť + 7 quo =w',

(7p+ 3)t + 7qu' =w', are impossible in integers, while q is prime to 7.

For we may, as before, consider t, u, and w', as prime to each other. And since it has been shown (art. 61), that all cube numbers are of one of the forms 7n, or 7n+1; and, because 7qu' is always of the form 7n, we need only give to ť the two forms 7n, or 71+ 1, to ascertain the possibility or impossibility of the above equations. But in the case of ť=7n, it is evident, that w' would then have the same form 7n; so that t and wo, being both of the form 7n, would not be prime to each other, which is contrary to the hypothesis ; and, therefore, if the equations be possible, it must be when ť70+1: let us, therefore, investigate the equations upon this supposition. Suppose, then, t#7+1; whence the first

equation becomes

(7p+ 2)(7n+1) + 7 qu' =w', or 
49pn + 14n+ 7p+ 2 + 7 qu'=w', or 
7(7pn + 2n+p+qu') + 2 =w', or 


w'7n+ 2; which we have seen (cor. 1, art. 61) is an impossible form for cubes; and, consequently, the first equiation is impossible.
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In the second equation, by giving t the same form, we have

(7p+3)ť + 7qu' = w', or 
(72+3)(7n+1)+7qu' =w', or 
49pn+21n72+3 7qu =w', or 
7(7pn +3n+p+qu')+3 = w', or 


w7n+3, which is an impossible form (cor. 1, art. 61); and, therefore, both the original equations are impossible.

Cor. 1. By means of these general formula are readily deduced the following particular cases : 2ť +7+'=w,

2ť + 14u = W“, 3ť + 7+=w", 

3ť + 140° = wo, 4ť + 71= w',

4ť + 14u' =w', 5ť + 7u' =w". 

5ť + 14u* =w, 9t9 + 7=w, 

9ť + 14u'=w', 10ť + 74= w', 

10ť + 14u =w", &c. &c. &c.

&c. &c. &c. Which are impossible forms for cubes, and they may be farther extended by giving other values to P 

and 9, observing to take a prime to 7.




Q. E. D.




PROP. VIII.




67. The three general equations,

(9P+ 2)ť + 9qu = w', 
(9p+ 3)t +9qu'= w', 


(9P+4)ť +9qu' = w', are all impossible in integers, 9 being taken prime to the modulus 9.

For here again we may suppose t, u, and w', as being prime to each other; also, 9qu' is always of the form 9n, whatever be the form of u': it is, there









fore, only necessary to investigate the possibility or impossibility of the three given equations, under the different forms of t'; viz: when t=9n, and ť #9n+1.

Now, with regard to the first, viz. t=9n, we see immediately, that in all the equations, w' would have the same form 9n; and, therefore, ť and w* would thus have a common divisor, which is contrary to the hypothesis, as all the three cubes are prime to each other; and, consequently, if the equations be possible, it must be when t =9n+ 1.

Now, this form being substituted for t, we have, First equation, (9p+2)ť +9qu 

=w*, or (9p+2)(9n+1) +9qu' =w, or 81 pri † 18nf 9p+ 2 +9qu = w', or 9(9pn + 2n fp+qx) + 2 = wo, or

Wo=9n+ 2, which is an impossible form for cubes (cor. i; art. 62); and, therefore, the first equation is impossible. The second equation gives (9P * 3)ť +9qu' 

=w, or (9p+3)(9n+1)+9qu =w', or 81pn + 27n9p3 +9qu' =w', or 9(9pn +3n+p+ qu') +3 = w', or

W#9n+3; which is likewise an impossible form for cubes (cor. 1, art. 62); and, therefore, the second equation is impossible.

In the third equation, we have,









(9P+4)ť +9qu' 

=W', or (9p+ 4)(9n + 1) +9qu' =w', or 81pn +36n +9P4 +9qu = w', or 9(9pn + 4n+p+qu°) + 4 =w, or

w'#9n+ 4, which is also an impossible form for cubes (cor. 1, art. 62); and, consequently, the third equation, as well as the first and second, is impossible.-Q. E. D.

Cor. The above three general equations furnish the following particular cases of impossible forms of cubes: 2ť + 9u' =w',

2ť + 18u =W, 3ť +9uo =w, 

3ť + 18u = W, 4ť +9uo = w,

4ť + 18u =w, 5ť +9u' =w 

5ť + 18u'=w, 6ť +9u' =w,

6ť + 18u'=w', 7ť +9u'=w, 

7t +18u =w', 11ť + 9'=w,

11ť +18+=w, &c. &c. &c.

&c. &c. &c. Which, like the other tables of impossible forms, may be carried to any length at pleasure, by giving different values to p and q; observing always, that 9 is prime to modulus 9.
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PROP. IX.




68. If there be any case in which the equation x'- y'=x be possible, the following conditions must obtain; viz.

X -- yor', 
 X – 2:55, 


y + xut'; or two of these quantities will be of the form bere









given, and the other of the form 94', which resolve into the four following cases; viz. x-Yr, 

x-y#9r, 1st, X -- ZSS

               2d, X - Z* s', 
+t. 


                   9 +3% , 
X – 
 Yr 


                           x - y poo, 
3d, X – %98', 4th, Z* s', 
     3+xt. 


Y+z$9ť. And it is to be demonstrated, that one of these four conditions must obtain, if the equation x'- y'=z' be possible; where r, s', and t°, may

be

any numbers whatever, indicating only that x- Y, X - 2, Y + 2, are complete cubes, or that they are of the forms there given.

In the first place, we may consider x, y, and z, as being prime to each other (cor, art. 47); and since x > y, put x=y+d; then, because x is prime

d is prime both to x and y, for if y and d had a common measure, x would have the same, because r=y+d; and if x and d had a common measure, y would have the same, because y=x-d; and, therefore, since x and y have no common measure, d is prime both to x and

y Now, substituting y + d instead of x, in the given equation, it becomes

(y+d) - Y =>', or 
3yod + 3yd + d =x", or 


d 3y + 3yd + d')=x'. And here, since d is prime to y, it follows, that the first side of this equation is divisible by d once, and after that, neither by d nor by any factor of d, unless 3 be one of its factors, in which case it is divisible by 3d once, and after that, neither by d, 




to




y, 









por by any factor of d. For of the three terms (3y + 3yd + d), which form the quotient, two of them have d enter into their composition, and are therefore divisible by d; but in the other term, y' is prime to d, and, consequently, the whole quantity taken collectively is also prime to d, unless 3 be one of the factors of d, in which case, as we have said above, the first side will have 3d for a divisor, but after that, the quotient will be prime to d; and whatever is true of the first side of the equation is evidently so of the other side x, because they are equal quantities ; and, consequently, zo is divisible

once, and after that neither by d nor by any factor of d, unless 3 be one of its factors ; in which case, it is divisible by 3d once, and after that neither by d nor by any factor of d: and, therefore, d in the first case, and 3d in the second, must be complete cubes (cor. 1, art. 16); that is, we must have either dar, or d=9r, in order that 3d:53°m: or, since d=x- y, it follows that X – Y #r, or 9r.

Now if the equation x'- y'=>' be possible, so likewise is r — =y', and it is evident, that, were we to consider the equation under this form, the result would be exactly similar to that obtained above; viz. X-must be of one of the forms s', or 98.

Again, the same equation, by transposition, be




by d 




comes




y + z = r. And making y+z=m, or y=m--, we have

(m— ) + z = x, where m is prime both to zand y; for, if mand z had a common measure, Y 

would have the

same,

because









m – Z=y; and, if m and y had a common measure, z must have the same, because m-y=z; and, consequently, since

y 

and z are prime to each other, it follows, that m is prime both to y and z. Now, by cubing (m-z) in the above equation, it be




comes




m' – 3m’x + 3mz' = x', or

m( m* – 3m2 + 3z*)=x'. And hence, by exactly the same chain of reasoning as that employed in the foregoing part of the proposition, it follows, that m is of one of the forms t', or 9ť; or, since m=y+z, we have y +25t, or gt'. And hence it follows, that, if there be any case in which the equation

X-Y'= be possible, the following conditions must obtain; viz. 

x - y#r, or 9r'; 
 x — %*s', or 9so; 


y+%*t, or gt'. But since r. – y, it —%, and y +ą, are respectively the divisors of the three cubes z', y', and x', and these quantities being prime to each other, their divisors are also necessarily prime to each other; and, therefore, only one of these quantities can be of the latter forms above given, for if two of them were of the second forms, they would have a common measure 3, which is impossible, since they are prime to each other. Consequently, if the equation

X -- y'= be possible, we must have,









X -- Yare 
 X-2 


Y+zat. Or two of these quantities must have this form, and the third the form 9°', which evidently resolves into the four following cases, one of which conditions must necessarily obtain, if the equation

X - yo = x be possible; viz. x - y = pop,

x-y9r, 1st, X – 25 s,

X – 25 s, 4++ t. 

g+t. X-Y po

x-y mom 3d, X-298,

4th, X – Zgo 3 +&+ t. 

y + 2 #9t. 




ed,
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We have only considered the equation x' - Y=", but this evidently includes the more general form

+y=z'; for if the ambiguous sign be taken +, it becomes x + yo =z', or x'- y'=x", which is the form that has been investigated, the only difference being the change of the letter z for x.




PROP. X.




69. The sum or difference of two cubes cannot be equal to a cube, or the equation

x + y = x is always impossible, either in integers or fractions.

First, from what has been observed above, it will be sufficient to consider the equation under the form x - y'=x", which involves the two forms

X* + y'=x";









Now by




except in the change of one letter for another; we shall, therefore, only investigate the equation under the limited form x - yo =z", which, being proved impossible, will necessarily involve the impossibility of the general equation x'+y' =z". the foregoing proposition, if the equation be possible, one of the four following conditions must obtain *; viz. x-y= pod

x-y=9r", 1st, X – Z= S

2d, X – z= s', y+z= t. 

y + z = t. X-= r, 

x - y = mer 3d, x — =9s",

4th, X -%= s', y +z= t. 

y+z=9ť. But at present it will be sufficient to consider one of those cases; for example, the first; and in our result, by substituting 9r for r', 9s for so, or 9ť for ť; we shall evidently have the results in each of the four cases.

First, then, let us endeavour to ascertain, whether the equation be possible, upon the supposition that

x-y=r', 
 X - =s", 


+z=. Now from these three equations we obtain the three following ones; viz. 

x=\ť + (s' + p') }, 
y={{t' + (s'— r')}, 


z={{t - (s' – >') }; And, consequently, since

x' – y'=>', or x' =y' + Z", we have * Since the above quantities are of these forms they may be made = 7, 8, &c.









t + (s' + ro 
                                   't + (s 


ť – (s




Or,




{t + (8 + soe)}={ť + (s® —pr')}'+{ť – (5v – ry)}.

Again, {€° +($*+r")}={t to #*") +3+(+r")* + +(s*—r"}}'={ * +36 (*;**) + 3!'(s? —r")* +

(s' — ) {8–(so_v)}={PT3T 37"") + 3€ (8°—r)e–

And subtracting the first equation from the sum of the two latter, to which it is equal, we have ș t - 3to (5° + r) +3ť { 2(so — r). - (s' +r")"}

   (s® + py)' =0); or 
ť – 3to (s* + r) +36(s+ +9)? – (s+)*= 


24t*sor, because 
 2(s' — gry)+ 8sor' =2(s' + ro”), whence 


{t - (s' + po)}'= 24t'sr". And here the impossibility of the equation is manifest, under the present supposition; because we have got an integral cube, equal to three times another integral cube, which is absurd. substituting 9r9 for , gsfor s', and 9t' for ť, the impossibility is not so immediately obvious; for, in these cases, by putting 9r' for r', we have

{ť – (so + 9r)} = 216t'sr= (6tsr)'. Again, writing 9s for s', we obtain

{-(95° + r)}'= 216"sor' = (6tsr). And gť for t gives

(9ť -- (s’ + p')}' = 216t*s*;•' = (6tsr)". 




But by









And it here remains to be shown, that these equalities cannot subsist. Now these equations, by extraction, become,

Įst, t' - $'-9' = 6tsr. 
2d, -93 - r' = 6tsr. 


         3d, 9t' – – pov = 6tsr. 
Whence, again, by division, we have 





[image: [merged small][ocr errors][merged small][merged small][merged small][ocr errors][merged small][ocr errors][ocr errors][merged small][merged small][merged small][merged small][merged small][merged small][merged small]]


And one of these equations must be possible, if the equation whence they were derived be so.

But, since r, s, and t, are prime to each other, each of the above fractions is in its simplest form; and they each contain a factor in their denominator, that is not common with the other denominators; and, therefore, these fractions cannot any how combined be equal to an integer (cor. 2, art. 13).

Having therefore shown, that if the equation x-y' = zo were possible, one of the above expressions must be equal to the integer 6; and having also demonstrated, that these fractions cannot be equal to any integer whatever, or that the above equalities are impossible; it therefore necessarily follows, that the equation whence they were derived is so likewise; that is, the equation x' - Yo = 2 is impossible: but the impossibility of the equation x - y'= z involves in it the impos









sibility of the general equation xo + y'=x'; and, consequently, the equation

xy= x is impossible in integral numbers. — Q. E. D.

Cor. Since x +y' = z' is impossible, so likewise r

y is +

for this

may

be reduced to
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' poy 

go where the latter cube must be an integer, which we have seen is impossible; therefore, the equation cannot obtain, either in integers or fractions,




PROP. XI.




70. The third differences of consecutive cube numbers are constant, and equal to 1.2.3 = 6.

For let (x - 1)', z", (x + 1)', (x+2)', represent any four consecutive cubes, then

(x - 1) = x*— 3x? + 3x -- 1,

   x = x', 
(x+1)= x + 3x* + 3x + 1, 
(x+2) = x + 6x2 + 12x+8. 


               3x - 3x + 1, 
Ist differences, 3x + 3x +1, 


3.x2 + 9.2 +7
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Q. E. D.




2d differences,

6x + 6, 3d difference, = 6=1.2.3. Cor. 1. In the same manner it may be shown, , that the third differences of cubes, the roots of which are in arithmetical progression, are equal to









1.2.3.d, where d is the common difference of the roots.

Cor. 2. The second differences of consecutive squares are equal to 2; or to 2d, if their roots form an arithmetical series, whose common difference is d; which is readily demonstrated on the same principles as those employed above.




PROP. XII.




A. E. D.




71. Every complete biquadrate, or 4th

power, is of one of the forms 5n, or 5n+1.

This is evident, for every square number is of one of the forms 5n, or 5n+1; and a 4th power being the square of a square, we have (5n )*=5°° 

                                #5n, 
            (5n+1)=5'n + 10n +1#5n+1; 
therefore, every 


4th 
   power 


is of one of the forms 5n, or 5n+1.

Cor. 1. If a 4th power be divisible by 5, it is also divisible by 5*. And, conversely, if a number be divisible by 5, and not by 5*, that number is not a 4th power.

Cor. 2. No number of the form 5n+2, or 5n +3, or 5n + 4, is a biquadrate.

Cor. 3. Every 4th power being of one of the forms 5n, or 5n + 1, we have, by supposing n even and odd, the four following forms to modulus 10; viz. 

#10n', N2n 

5n+1+10n' +1;

10n' + 5, ns2n' + 1

{ 1

5n+1*10n' + 6; and hence every 4th power terminates with one of




5n 




5n









the digits, 0, 1, 5, or 6. And, conversely, no number terminating in 2, 3, 4, 7, 8, or 9, is a biquadrate.

Cor. 4. Since it is demonstrated (cor. 2, art. 42), that all even squares are of the form 4n, and all odd squares of the forın 8n+ 1, we have for the squares of these

(41 )=16n #16n', 

(8n + 1) =64n2 + 16 +1316n' + 1. And, consequently, every complete 4th power is of one of the forms 16n, or 16n +1; that is, every even 4th power is of the form 16n, and every odd 4th power of the form 16n to 1.




PROP. XIII. 72. All 4th powers are of the sane form with regard to any number a as a modulus, as the 4th powers

0", 1", 2", 3*, &c., ( a)', when a is even; and as
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when a is odd.

For every number whatever may be represented by the formula an+r, where r never exceeds a (art. 10). But

(an + r)*=a*n* + 4a'n'r + buon'm? + 4anr+ rot, and all the terms, but the last, of this expression, being divisible by'a, the whole quantity is evidently of the same form, with regard to a as a modulus, as the last term re; but r rever exceeds a, therefore,









every

4th 
   power 


to modulus a is of the same form as the 4th powers 0", 1", 2*, 3*, &c., (+a)', when a is even; and as




oʻ, 1", 2", 3, &c., (4;-);




when a is odd.




Q. E. D.




Scholium. By means of this proposition, we readily compute the following table for 4th powers, which exhibits all the possible forms to every modulus, from 2 to 12.




Table of the Forms under which all 4th Powers are contained, to every Modulus, from 

2 to 12.
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And hence, by way of exclusion, arises the following









Table of impossible Forms for Biqua drates, or 

4th Powers. 




Moduli. 




Impossible Forms. 
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3n+2 
41+2 4n+3 
5n+2 


           5n+3 5n+4 
  on +2 on+5 
  71+3 7n+5 7n+6 
   8n+2 8n +3 8n+4 8n+5 8n +681 +7 
  9n+2 In +3 9n+5 9n+6 9n+s 
  10n+2 10n+3 10n +4 10n+7 lon+8 10n +9 
 In+2 lin+4 lin+6 117+7 lin+s lin+10 
$ 12n+2 12n+3 12n+5 12n +6 12n-+7 12n+8 


12n+10 12n+11




9 10




12




These tables are soinetimes useful in ascertaining the possibility of equations of the form 2* + ay* =.




PROP. XIV.




73. The two indeterminate equations

2* + y*= 2*,

x" + a’y* = z4, are both impossible.

For we have seen (arts. 57 and 58), that the equation x* *y* =zis impossible in integers; and, therefore, a fortiori, the equation x* *y*=** is also impossible.

Again, we have, by transposition, in the second equation,

x* – z* = (ayo)", which is also impossible (art. 57); and, consequently, the two given equations are impossible in integers— Q. E. D.









Cor. Hence it follows, that the equation

X + 4y* = is impossible, because we have demonstrated (cor. 1, arts. 57 and 58), that x* + 4y* = zo is impossible. Also the equation x* + y* = 2z* is impossible (cor. 2, art. 57).

On similar principles it is evident, that both the equations

2x* — Y*=x*,

4x4 - Y* =2*, are impossible; by the same arts. and cors.




               PROP. XV. 
74. The three general equations 


(5p+2)t* *5 qu* =w*, 
(5P+3)t* +5qu* =w*, 


                     (5p+ 4)t* + 5qu*=w*, 
are impossible, 9 being taken prime to 5. 


For, in the first place, we may always consider t', u', and wit, as prime to each other (cor., art. 47).

And since all 4th powers are of one of the forms 5n, or 5n+1, we shall have, by giving to ti these forms, the following equations : If t* #5n, 

(5P+ 2) 5n #5qu* =w**5n', 1. (5p+3) 5n #5qu*=w*$5n', 

(5p+4) 5n + 5qu'=w**5n'. And if t* #5n+1,

5 (5p+2) x (5n+1 #5qu' = w#5n13,

(5p+3) (5n+ 1) +5qu* =w**5n+ 3, (5p+4) (5n+ 1) + 5qu*=w**5n+ 4.
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2.




L









Now, in the first set of these eqnations, in which it is supposed that t*5n, we have evidently, also, w* #51', whereas it has been seen, that t', u', and 76, are prime to each other; therefore, the equations are impossible, when t**5n. 

Also, in the second set of equations, in which t* +51 + 1, we have

70*$5n+ 2,

wu51 +3,

        W5n + 4; 
which are all impossible forms for 4th powers 
 (cor. 2, art. 71). Therefore the equations 


(5p+2)t +5qu=w*, 
(5P+ 3)t' #5qu` =w*, 


                      (5p+4)t + 5 qu* =w*, 
are impossible, either in integers or fractions. 





Q. E. D.




1




               PROP. XVI. 
75. The general indeterminate equations 


(16p+r )t* + 2u* = w*, 
(16p+r)t* + 3u* =w*, 
(16p+70")+ 44=10*, 


          &c. &c. &c. 
are impossible, r being any number » 1 and less 
than 14; that is, r< 14, r' < 13, p < 12, &c. 


For t', u', and 70*, being prime to each other, and all 4th powers, being of one of the forms 16n or 16n + 1 (cor. 4, art. 71), it follows, that either t and u* are each of the form 16n +1, or one of them is of this form and the other of the form 16n; which suppositions furnish the following cases:









1.




2.




3.




Ist, t.16n + 1, and ut $16n' +1. Then

rs (16p+r ) (16p+ 1) + 2(16n' +1)=w*# 2

16n" +1 +2, S (16p+r')*(16p+1) + 3(16n' +1)=w**

161" + p'+3, S (16p+ ) x (16p+ 1) + 4(16n' +1)=w*#: 1 16n" + " + 4. &c. &c: 

&c. ed, t*#:16n, and u'516n' +1. Then

(16p+r) 16n+216n' + 1)=w*#161" + 2, (16p+r?) x 16n + 3(16n' + 1) =*v*161" + 3,

(16p + 1"') 16n +4116n' +1)=w*$16n" + 4. 3d, t$:16n + 1, and u* =:16n. Then

(16p+r)(16n + 1) + 16n' =w*#16n" +p, (16p+r!) 116n + 1) + 16n' =e*16n" + p

(16p+p") * (1611 + 1) + 16n' =w*+16n" + po". Now, in the first set of these equations, we have 16n" +r+2, 16n" + x + 3, 16n+p" + 4; and since p < 14, r' < 13, 7" < 12, it is evident, that each of these forins = 16n+, some quantity greater than 1, and less than 16; and, therefore, they are all impossible forms, by the converse of cor. 4, art. 71.

And the second set of these equations are evidently impossible, as are also the third; because r, m, p"', &c., are each > 1, but < 16. And, consequently, all the equations in these forms are impossible.

Scholium. The above set of forms furnishes an infinite number of impossible forinulæ for biquadrates, or 4th powers, and various others might have been found; but as all those given for squares are equally applicable to 4th powers, it would be useless




Q. E. D.









to multiply them by other particular cases, as thic methods which have been explained, the reader will easily apply to any particular case that may occur; and as he is thus furnished with so many cases of the impossibility of equations of the forms

ax' + byo =z', ax' + by' =z', and art + by* =2*, which might have been carried to a much greater extent; it will always be proper, when any equations of these forms are proposed, to examine, first, whether they be possible or impossible; as, in the latter case, much unnecessary labour will be avoided. But it may be necessary to caution the young practitioner, that though an equation may fall under a possible form to one modulus, it may be impossible under another; and, therefore, that it is not so easy to show that an equation is possible, when it really is so, as to show the impossibility in those cases that are impossible. In short, there are no means of showing that an equation, which exceeds the 2d degree, is possible, but by solving it; but the impossibility may be frequently demonstrated by the methods above taught.




PROP. XVII. 76. No triangular number, except unity, is a biquadrate. For, if possible, let x(x+1)

=y*, or a(.r+1)=2yo; 




2




now,

since the two factors x and x + 1 differ from each other only by unity, they are necessarily prime to each other: but if 244 be resolved into two









factors prime to each other, they must be 2m* x n*; for it cannot be otherwise resolved into factors, that are prime to each other, and this leads to the following equations: x*

r=n, Ist,

2d, X + 1 =nt. 

x+1= 2m. The first gives ni - 2m* = 1, and the second

2m* – n* = 1. The latter of these equations, by transposition, becomes 1 + n = 2m", which is impossible (cor. 2, art. 57); and, from the first, we derive

m® + n*=(m* + 1), or (mo)* + n* = (m* + 1)', which equation is also impossible (art. 58); therefore, no triangular number, except 1, is a biquadrate,




PROP, XVIII.




77. The 4th differences of consecutive 4th powers are constant, and equal to

1 X2 X3 X4= 24. For let x-2, x-1, x, x+1, 7+2, represent the roots of any five consecutive 4th powers;

then (x + 2)* = x* + 8x + 24x® +32x + 16, (x + 1)* = x* + 4x + 6x' + 4x + 1, (x + 0)*=x*, (x - 1)*=x' – 4.r' + 6x - 4x + 1, (ix — 2)*=** – 8x + 24x? — 32x + 16.

4r + 18.0+ 28.0 + 15,

           4.x + 6x + 4.C + 1, 
Ist diff. 


4x' - 6.ro + 4.x – 1, 
4X – 18x + 287 – 15, 
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And if the common difference of their roots be d, then the 4th differences will be 1.2.3.4.d.




Q. E. D.




PROP. XIX. 78. Every 5th power is terminated with the same digit as its root. Or all 5th powers are of the saine forin, with regard to modulus 10, as the roots of those powers.

For all numbers to inodulus 10 are of one of the following forms:

(10n

            )=10n" 10n", 
(10n + 1)'#10n + 1 510n" +1, 
 (10n + 2) = 10n' + 2 =101" + 2, 
 (10n + 3)'#:10n'+3'510n" + 3, 
 (10n + 4)'#10n' +45 510n” + 4, 
 (10n +5)= 10n +5'510n" + 5, 
 (10n+6)=10n' +6'#10n" +6, 
 (10n + 7) =10n' +7*10n" +7, 
 (10n +8)'$10n' + 3+10n" +8, 


(10n +9)=10n' +9'10n" + 9. Where the latter formulæ are evidently the same as the first; and, consequently, the powers have the same forms to modulus 10 as the roots of those powers, or they are terminated with the same digits. - Q. E. D.









Cor. It has been demonstrated (art. 64), that all cubes have the same forms as their roots to modulus 6; and, in the above proposition, that all 5th powers have the same forms as their roots to modulus 10; and the same is universally true for prime powers; namely, that they are of the same form as their roots to modulus double the exponent of the power ; viz. all 7th powers are of the same form as their roots to modulus 14, and 11th powers of the same form as their roots to modulus 22; and so on for any other prime powers.




PROP. XX,




79. The 5th differences of consecutive 5th

рогers are constant, and equal to
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For let x - 2, x – 1, X, X + 1, x + 2, 2+3, represent the roots of any six consecutive 5th powers, then




(1+3)' = x.* + 15x* + 90.x + 270x2 + 405x + 243, (x + 2) = x + 10x* + 40.2" + 80x2 + 80x + 32, (x + 1)' = x + 5.7* + 10x + 10x® --

5x + 1, (x + 0)' = r', (x - 1)="-- 5x* + 10.x - 10x +

5X –

1, (.r — 2)' = x' – 10.x* + 40x' – 80x + 80x – 32.




5.r* +501 + 1901 +325 x + 211,

                508* + 30x + 700* + 75.0+ 31, 
Ist diff. ¿ 5.8* + 10x + 10x' + 5.2 + 1, 


5.8* - 10x + 10.2 – 5.2 + 1, 
524-30.09 + 701 - 75.2 + 31. 
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And if the roots of any set of 5th powers form an arithmetical progression, the common difference of which is d, then will their 5th differences be equal to 1.2.3.4.5.d.

Scholium. It is also undoubtedly true, that the nth differences of consecutive nth powers are constant, and equal to 1,2,3,4,5.6, &c. n; but it is difficult to demonstrate this on pure eleinentary principles. The demonstration appears to rest on the following theorem; viz. the product

1.2.3.4.5, 
        nn 


n(n. – 1)(n-2) n" – n(n-1)* +

- 2)"

1.2.3 (n-3)" + &c. which is readily deduced from the Differential Calculus; but a demonstration, founded on those principles, could not, with propriety, be introduced into an elementary work of this kind.




[image: [ocr errors]]


2









153 










C H A P. VI.




On the Properties of Powers in General. 




PROP. I.




80. The difference of any two equal powers, of different numbers, is divisible by the difference of their roots; that is,

x*— Y" =M(x - y) * For make x-y=d, or x=d+y; then x" — y" becomes (d+ y)" - y"; and we have to demonstrate, that this expression is always divisible by d, or




r-y. 




Now, by the developement of (d+ y)", and writing for the coefficients of the respective terms,

1, n, m, p, &c., n, 1, we have (d + y)" — yo = d" + nd"-'y + md"-"ye + pd"-"y' +

ndy"-'= d(d"-' + nda-8y + md"-"y® + pda-ty' + - ny"-'), which latter form is evidently divisible by d; and, consequently, the equal quantity

(d+ y)" — y", or x" — yo 




* The abridged expression m(r-y) indicates a multiple of the quantity within the parentheses, and may be read either ** -- yn equal a nıultiple of r-y; or x--yu divisible by r-y. 









Q. E. D.




is divisible also by d, or by x - y, since x - y=d; that is,

x" - Y" =M(x - y). Cor. 1. When x is prime to y, then d=x-Y is prime to both x and y (cor. 1, art. 7); and, consequently, the above quotient d“-!+nd"-'y + md"-"ye + pd^-:Y' + ny"-' d{d"-2 + nd"-*y + md"-*y* + pd"-"y' + ---) + ny"-' is prime to d, unless the power n be equal to d, or some multiple of d; for all the terms, except the last, are divisible by d; but the last ny"-' is prime to d, unless n be a multiple of it; because we have seen that d is prime to y, and, therefore, the quotient is not divisible by d, except in the latter case; and hence we conclude, that 2" - y" is always divisible by x - y once, but after that, the quotient is not again divisible by x-y, unless n=x-y, or n= some multiple of x- y. 

Cor. 2. If n be a prime number, then the coefficients of the expanded binomial d+y may be represented by

1, n, na, nb, &c., nb, na, n, 1 (cor. 1, art. 12), in which case

(d + y)" - Y" becomes s d" + nd"-'y + nada-oyo + nbd"-"y', nadʻy"-2 + 

ndys-i d(i!"-' + nd"-"y + nad"-"y’ + nbel"-48', nady*-* 

+ mya-'), which, being divided by d, gives for a quotient şd(d-8 + nd"-'y + nad **;° + nbd"-"y", 

+ nyn-, 
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{
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which is evidently not again divisible by d, unless n=d; for since n is a prime, it cannot be a multiple of d. But this quotient may be divisible by n, if n be a factor of d; for if we make d=nd', the above becomes nd' {(nd')*-° + n(nd')"-8y + na{nd')*-*y* +

nay"-"} + ny"-", which is evidently divisible by n, giving for a quotient d'{(nd')*- ? + n(nd')*-*y+na(nd')"-"y+

nay"-2} + yr-!; but this quotient is not again divisible by n; for, since n is a factor of d, and d is prime to y, y"-' is prime to n; and, since all the first part of this quotient is divisible by n, but the other part, y"-", is prime to n; therefore, the whole quotient is also prime to n. And hence we conclude, that the difference of two powers, x* - y" (wlten x and prime to each other, and n is a prime number) can only be divided once by x-y; and after that, neither by x- y nor by any factor of r-y, unless n=r-y, or soine factor of x-y; .x." - y" is divisible once by n(x - y), but after that, neither by n nor by (x - y), nor by any factor of X — 

Cor. 3. The quotient really arising from the division x" — y" by x - y is




y are




in which case,




XY"-2 




qr" — y" 

=x"-'+x"-'y +x"-"yo + x*-*y* + X – Y 

+y"-', which quotient, therefore, from what has been shown above, is always prime to x - y (x and y being









supposed prime to each other); except when n is equal to x-y, or when it is some multiple or factor




of x - y. 




PROP. II.




81. The difference of two equal powers is always divisible by the sum of their roots, when the exponent of the power is an even number; that is, 2." — Y" =M(x + y), when n is even.

For make x+y=s, or x=s-y, then x" — y* becomes (s - y)" - y", which we have to prove is always divisible by x + y or s. 

Now by the developement of (x + y)", and writing for the coefficients of this expanded binomial,

1, n, m, p, &c., m, n, 1, it becomes

(s-y)" - Y" = ser – ns"-'y + ms*-'y? – ps"-"y' + + msøy"-:-

nsy"-'; because, since n is even, the last term of (s - y)", namely y", will have the sign +, and will, therefore, be cancelled by - y". 

Now this quantity may be put under the form s(s"-'— ns-y + Ms*-*yo – ps"-"y'+ + msy*-* 

– ny"-'), which is evidently divisible by s; and, consequently, the equal quantity (s- y)" - y", or 2" – y* is also divisible by s, or by x + y; that is,

X* - y" =M(x + y), when n is an even number. Cor. It

may also be demonstrated, by the same reasoning as that employed above (cor. 1, art. 80),




- Q. E. D.









that, if x and y be prime to each other, then x" —- Y* can only be divided once by x+y, unless n be equal to x +y, or some multiple of x + y. 




PROP. III.




82. The sum of two equal odd powers is always divisible by the sum of their roots; that is,

2* + y" =M(.x + y), when the exponent n is an odd number.

For make x +y=s, or x=s-y, then X" +y" becomes (s-y)" +y"; which we have to demonstrate is always divisible by s, or x + y. Now by the developeinent of (s - y)", and writing

I, n, m, p, &c., m, n, 1, for the coefficients of the expanded binomial (s -- y)", we have

(s-y)" +y" = s” – ns"-'y + ms"-"ye – ps*-*yo + + ms'y*

nsy, for since n is odd, the last term of the expanded binomial (s-y)", or y", will have the sign -, will, therefore, be cancelled by + y". And this expression may be put under the form

– nsh-ey+ms"-"yo – ps*-*yo + + msy" - 2 

- ny-'), which is evidently divisible by s; and, therefore, the equal quantity (s-y)" + y", or 2" + y", is also divisible by s, or by x +y; that is,

x" + yo = M(x + y), when n is an odd number.

Cor. 1. It may also be demonstrated, by the same




-, and 




(*




Q. E. D.









reasoning as that employed at cor. 1, art. 8o, that if x and y be prime to each other, then a" - y" can only be divided by x + y once, unless n=(+d), or some multiple of (r + d). 

Cor. 2. And if n he a prime number, and x and y prime to each other, then x" + y" can only be divided by x + y once; and after that neither by x +y nor by any factor of x + y, unless n be one of its factors, in which case it may be divisible by n(x + y) once, but after that neither by n nor by (x+y), nor by any factor of (x + y); as is evident from the same reasoning as that employed at cor. 2, art. 80.

Scholium. By means of the three foregoing propositions, and their corollaries, we may draw the following general conclusion with regard to the divisors of the formula x" +y"; viz. 1. If n be even, or of the forin 2n', then (x" — y"),

or (x' -- you') = M(x + y); and M(.x - y). But if u be prime to y then will x?" — yenbe divisible only once, by each of those quantities, unless 21' = x + y, or -- y, or some multiple of one of those quantities. 2. if n be odd, or of the form 21' + 1, then

(ir" y"), or (x^2+1 -- yon'+') = M(x - y); and

(x* + y"), or (gu?+1 + y**+') = (x + y). But if in these formule x and y be prime to each other, then each of those quantities are only divisible by their respective divisors , 21' + 1 = x, y, or some multiple of r – y, in the first case; or 2n' +1 = x + y, or some multiple of x + y, in the second case. And if in these two last forms,









and y be prime to each other, and n be a prime number, then, in the first form, x" — yis divisible by x - y once, and after that neither by x - y nor by any factor of (x - y), unless n be one of its factors; in which case x" —- y" is divisible n(x - y) once, and after that neither by n nor by (x - y), nor by any factor of (x - y). 

And in the second form, (x* + y") is divisible by +y once, and after that neither by (x + y) nor by any

factor of x + y, unless n be one of its factors; in which case it is divisible by n(x + y) once, and after that neither by n nor by (x+y), nor by any factor of x + y. 

By means of the above propositions, we are also enabled to ascertain the divisors of the sun or difference of unequal powers of the same root; viz. 

(.2.— X") =M(x - 1), and M(x + 1), when m-n is even, or of the forin 2n', for

x" – X" = x" * (4.*** – 1), and since m- 15:2n', therefore,

(4:*-* — 1) = (.x" - 1) = M(x - 1), and M(x + 1); and, consequently, x" * (***-* — 1) = (x+" —- X*) = M(x - 1), and m(x + 1). Again, if n - m be odd, or of the form 21' + 1, then

(.x" -- X") =M(x-1), and

(x" + x") = M(x+1). For

(x** -- **") = x" (2*-* – 1), and

(x" + x")=x" x (x*"-" + 1); also, since m-n=2n + 1, therefore,









(x*-" – 1)=(x2n +1 – 1 2n+1)=M(x - 1), and

(x*-* +1)=(22++! + 12+") =M(x + 1); and, consequently,

x" X (2*-*-1)=(.r." — X") = M(x-1), 
x" x (x*-* +1)=(x" + x") = M(x+1). 





Lemma. 83. In demonstrating the impossibility of the equation x" y" =>", it will be sufficient to consider n as a prime number. For suppose n be not a prime, but equal to the product of two or more prime factors, as n=Pq, then the equation becomes

XP9 + yoq=%P9 = (2")' + (y")=(z")', being a similar equation, in which the power q is a prime number; and, therefore, if the equation be possible when n is a composite number, it is also possible for a prime power; and, conversely, if the equation be impossible when the power is a prime, it is also impossible for every composite power ; we shall, therefore, in what follows, consider n as a prime number.

Again, we may always suppose x, y, and z, as prime to each other; for it is evident, in the first place, that two of these numbers cannot contain a common divisor, unless the third contains the same. Suppose, for example, that x" and ya contained any common divisor, as ®, and that z" did not contain the same, then, in the equation #" + yo =z", we should have x" +y" divisible by ~, but the equal quantity 2" not divisible by it, which is absurd ; and the same may be shown if any other two of these quantities are supposed to have a common









divisor which the third has not. And if they have all three the same cominon divisor, as x =$r', y=py', and <=0z', then the equation becomes

$*x" + "y'" =$":"", or, dividing by the greatest common divisor,

x'" + y'"*%'": if, therefore, the equation x" —y" uz" be possible, when x, y, and 2, have a common divisor, it is also possible after being divided by that common divisor, and in which latter equation the three resulting quantities, x', y', and z', are prime to each other; and, conversely, if the latter be impossible, the former is impossible also ; we shall, therefore, only consider the cases in which x, y, and %, are prime amongst themselves.

It will also be sufficient to consider the ambiguous sign £ under either of its forms + or - ; for if the equation x" + y" =z* be possible, so also is the equation 2"-- y = x"; and if the equation be impossible under the latter form, it is likewise impossible under the former.

We shall therefore limit our demonstration to the equation x" — y* = z", in which n is a prme number, and x, y, and z, numbers prime to each other; the impossibility of which, from what is said above, involves with it the impossibility of the general equation a" Ły" =z", when x, y, and 2, are any numbers whatever, and n any number except 2, or some power of 2. Now, with regard to n=2, we know, that the equation is not impossible, but the case of n equal 4 has been demonstrated to




M









be impossible (art. 73); and this latter case involves that of every higher power of 2, thus

*** ==* =(x^)+(^)*=(x^)*, which being impossible in the latter form, is necessarily so in the former; and, in the same manner, the impossibility of the equation for any higher power of 2 may be shown to be involved in that of n=4: it is evident, therefore, that our equation, together with that of n=4, involves every possible value of n greater than 2.




PROP. IV.




84. If the equation x" — Y" = z" be possible (ni being a prime number, and x, y, and z, prime to each other), then one of the four following conditions must obtain ; viz., Se-y=r"; Sa

x - y =1"-"r", 1st, x - 2s",

2d, 1-2#s", +xt". 

++t. X - Y#r",

                              X - Yur", 
3d, 


X-n"-18", 4th, r-S", 
Y +25t". 


Y + 2*:"-1". Where r, s, and t, may represent any numbers whatever, indicating only, that (.r - y), (x - 2), (y+z), &c., are complete nth powers, or that they are of the form p", s", t". This follows from what has been demonstrated cor. 2, art. 80; viz. thatx" - y" is divisible by x- y once, and after that neither by x– y nor by any factor of x - y, unless n be one

n be one of its factors, in which case x" — y” is divisible by 7.1-y), once, and after that neither by n nor by x -y, nor by any









factor of x - y; and the same must necessarily be true of the equal quantity 2"; viz. that it is divisible by x - y once, or by n(x - y) once, when n is a factor of x, y, but after that it is neither divisible by n nor by ť-y, nor by any factor of x-y, and, therefore, (cor. 1, art. 16) x- y, in the first case, and n(x - y) in the second, must be complete nth powers; that is,

x - Y#r", or nk.r - y) #rn; but the latter of these forms, since n is a prime number, must be

n(x - y) #N"r!", or x - y =.1"-"y?"; and, consequently, if the equation

c" - "==" be possible, we must have x - yur", or no- !y..

But the equation x" — y" = z" may be put under the form x" — z* =y"; and, consequently, we have also the same result as to the difference r-%; viz. 

t - 2s", or 7" -'s". And again, by writing the equation thus,

y" + Z" = x", we shall, by means of cor. 2, art. 82, and the same reasoning as that employed above, find, that

y+z=t", or n"-'t". Hence, then, if the equation

" - " =>* be possible, the following conditions must obtain ; viz. 

The difference of the roots t-yur", or n"-"y". The difference of the roots -:", or n"-'s". The sum of the roots

Y + st", or "-it".









But since (x - y), (x-x), and (y +z), are respectively divisors of the three nth powers, z", y", and .x", and since these three quantities are prime to each other, their divisors must also be prime to each other; and, consequently, only one of these can be of the latter form above given, as they would otherwise have a common divisor n. Therefore, if the equation be possible, we shall have either

 X-y #r", 
X-2*:S", 


y+ +8tt, or two of these quantities will be of this form, and the third of the form n*-'9", which evidently resolves into the four following cases, one of which must necessarily obtain, if the equation x" — y'=z* be possible; viz. sx-yur", 

x-yn"-", Ist, 3 -- 2:s",

2d,

                                   X-Z8", 
g+c+t”. 
 X – Y #r", 


                             X – yra, 
3d, 
            X -- n"-'s", 


4th,

                      X – 2#s", 
Y +25t". 


Y +25n"-'f". 




[image: [ocr errors]]


R. E. D.




PROP. V.




85. The equation x" — yo = 2* is impossible in integers, n being any prime number greater than 2.

We have before observed that x, y, and z, may be considered as prime to each other, and by the foregoing proposition it is demonstrated, that, if the equation be possible, one of the four following conditions must obtain; viz. 









*x-y=, *

x - y = 12"-lyo?, Ist, 7-2=s*,

2d, x-%=s", y +z=t".

y+z=t". x-y=r",

X - y=ra, 3d, X – 2=1"-'s", 4th, H – z=s", y+z=t".

y +z=n"-'t". But at present we shall only consider one of those cases, for example the first, and in the result, by substituting 24 - I got for gra, -lgte for s", &c., we shall arrive at all the possible cases. First then, let us ascertain whether the equation x" — Y' = 7" be possible, on the supposition that

X — y=po", x-z=s",

9+x=t", Now from these three equations we derive the three following; viz. 

x=\{t" + (s* + pot) }, 
y={{t" + (s" — p") }, 


={{t" – (s" — gr)} And, consequently, since x" — y" = z", or x"=y" + z", we have "L" + (s" + pool)

t" + poh 2

2 Or {t" + (s" + po")}"= {t" – (s" — ") }" + {t" +(s" — p.") }". Now {t" + (s" — )}" = {"" + ntin-" (s" – pot) + natan - 2" (s" –

po")* + nbt""-3"(s” — ")* &c.
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* See note, page 137.









{1+=**

) + nat** (* –
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{t" -- (s” – p") }" = {"? — 12/20 (s" – " (s

po") ? – nbtn" - "(s* — )' + &c. {t" + (s" + ro") }" = {"* + nt**-* (s" +r") + natra – 2(s" +

              pote) ? + nbtan-31(s* +r")! - &c.* 
And here, since the sum of the two first expressions 
is equal to the third, it is evident that the latter, 
subtracted from the sum of the two former, is equal 
to zero. But in adding the t'iro first together, the 
2d, 4th, &c., terms cancel; and, consequently, in 
subtracting the latter from that suin, the 2d, 4th, 
&c., terms will remain the same, except that the 
signs will be changed from + to -. And as to 
the 1st, 3d, &c., terms of the first two equations, 
and the same terms of the third, we shall have, 
by observing that 


(s" – ")= (s" + r)? — 4sor", 
(s” – r")* = (s* + r*)* – 8(.5*"p? + s*r-"), 
(s" – po")" = (s" + po) - 1289" " - 40s"po" --- 1 2s"p", 
  &c. &c. 


                    &c. 
for the sum of the two 
1st terms 2t"", 
3d terms 2natan - 2*(s* + po")" – 2 amat"-. ** X 45"", 
5th terms 2nct"-4"(s" + p.")* — 2nc{** ** X 83"p"(s®+ 2.2), 
7th terins, &c. 


And, consequently, subtracting from those sums the 1st, 3d, &c., terms of the third line, namely,

Ist term ta", 
3d terin nat"*-*" (s" + po*)?, 


             5th term nct»»- ** (s* + ro")*; 
the remainders of these particular terins will be, 
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By writing n, nu, nb, nc, &c., for the coeficients of the Binomial, cor. 1, art. 12.









+




{ *°***.




Ist rem. = t**, 3d rem. = nating &"(s" + po")* — 2nat" – 20 48", 5th rem. = nct** - 41(s* + ro")* - 2nctin – ** X 85"r"(52* *

pen), 7th rem. &c. &c.

In short, the whole of the remainder which is equal to zero, will be expressed by {t" – (s” + po")}" – (2natur - en. 4.s”;") – (2nct"-**.83"r")

(s*" + poz") - &c. And here it is only necessary to observe, that all the terms on the latter side of this expression are divisible by t"s"r", so that, for perspicuity sake, we may write it thus,

{t" – (s" + **)}" — t*s"r"A=0; and, consequently,

{t" – (s" + 1")}"=t"s"r" A ; and here, since the first side is a complete nth power, the latter side, which is equal to it, must be so likewise; and, consequently, A must be a complete nth power, or A=A'"; that is,

{t" – (s" + r") }" = t"s"r" A'" ; and, therefore,

t"-"-"=tsra': or, dividing by trs, we have {"-1 32-1 70%

=A',

tr. which must necessarily be an integer. But these three fractions are in their lowest terms, beçause r, s, and t, are prime to each other, and
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st









each of the denominators contains a factor that is not common to the other two; they cannot, therefore, be equal to an integer (cor. 2, art. 13); and, consequently, the equation is impossible under the first condition. And in order to arrive at the results of the other three conditions, we have only to substitute 2"-1pk for you ; 12"-'sfor s”; and 12" - 1f" for t", whence we draw the four following conclu, sions;
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according as we assume the 1st, 2d, 3d, or 4th, condition. In which expressions we ought to have one of the quantities A', A", A'", A'''', an integer number, if the giren eqnation were possible; but since in each of these expressions we have three fractions, in their lowest terms, and the denominator of each contains a factor not common to the other two, therefore (cor. 2, art, 13) they cannot produce an integer number.

Having shown, therefore, that, if the equation 2."yo = x" were possible, one of the quantities a', A", A"", or A"", would be an integer; and having also demonstrated that no one of these quantities can be an integer; it follows, that the equation









whence they were derived is impossible; that is, the equation x" — y" =>" is impossible, when n is a prime number.

We have also demonstrated, art. 83, that the impossibility of the equation x" — y"=z", when n is a prime, involves with it the impossibility of every equation of the form

x" + y* = 2", in which n is any number whatever except 2, or some power of 2; and we have likewise shown that the impossibility of the equation, when n is any power of 2, is involved in that of r* - y*=2*, which particular case has been demonstrated to be impossible (art. 73); and, consequently, the equation

2" y"=>" is always impossible, when n is any integer number whatever greater than 2.-Q. E. D. Cor. Since the equation

x" +y" ="

ra is impossible, so also is

for this is the

p" que 

z "m"p" same as x" + y" : : and, therefore, the equa

q" tion is likewise impossible in fractions.
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PROP. VI.




86. If m be a prime number and x any number not divisible by m, then will the remainder arising from the division of x by m be the same as that from the division of x." by m. 









For make x=x' +1, then we have ht" = (x' + 1)"= x'" + mx'm-' + maxim-? + --- mx + 1,

And since all the terms of this expanded binomial, except the first and last, are divisible by my (cor. 1, art. 12), it follows that the remainder from the division (d' + 1)" by m is the same as that from the division xm + 1 by m; which, by rejecting the multiples of m, may be expressed thus:

X" 2

= (x' + 1) = xm + . Making now x'=x" +1, we shall have, on the same principles,

2017 = (x + 1)= x** + 1 = (x" + 1)" + 1 =2" +22 Again, let x'=x""' + 1, and we obtain

x" = x + 1 = x + 2 = x+3. And thus, by continual substitutions, we have

" = rm + 1 = x'm + 2 = r"* +3= &c.; or, 20* = (x - 1)" + 1 = (x - 2)" + 2 = (x – 3)" +3 &c.

(r---r)" + x', the last of which terms is equal to x; whence it follows, that the remainder arising from the division of x hy m is the same as that from the division of x" by m. 




Q. E. D.




PROP. VII.




87. If we be a prime number, and r any num ber not divisible by m, then will the formula r*-:-- 1 be divisible by m, or, which is the same,

(.1-'-1)=M(m). For, by the foregoing proposition, the remainder of 2 is the same as the remainder of ; and, con




X 









Q. E. D, 




sequently, the difference 22" — x is divisible by m. But x" —- x = x(x**-'-1), and since this product is divisible by m, and the factor x is prime to m, it must therefore be the other factor (20"-'— 1), that is divisible by m (cor. 5, art. 11). –

Cor. 1. Since 2"-1 – 1 is always divisible by m, if .o be prime to m, and m itself a prime, there are, necessarily, m – 1 values of x less than m, that satisfy the equation

-1

=e, an integer; that is, x may be any number in the series

1, 2, 3, 4, 5, &c., m – 1, because all of these numbers are necessarily prime to m; and, since m-1 is an even number, we shall have also m- 1 values of x, comprised between the limits - m and m; that is, w may be any number in the series
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m 
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so that, in both cases, we have m- 1 values x < m, that render the equation

r1

=e, an integer.




т 




Cor. 2. Since x-1-1 is always divisible by m m under the limitations of the proposition, therefore, 2"-15am + 1; and, consequently, every power, whose exponent plus 1 is a prime number, as (m), will be of the form am, or am + 1; and thus we may ascertain the forms of many of the higher powers: thus,









*** 5n, or 5n+1; 
x7n, or 71+1; 
x11n, or lin+1; 
x"=13n, or 13n+ 1; 


&c. &c. &c. Again, since m is a prime number, if it be greater than 2, it is an odd number; and, consequently, m-1 an even number; and, therefore,




and, since this product,
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is divisible by m, and m is a prime number, one of these factors must be divisible by m; that is,
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x #matli and, consequently, every power, the double of whose exponent plus 1 is a prime number, as (ni), is of one of the forms

am, or am +1; and hence again, we derive the forms of many other higher powers; thus,

r *# 7n, or 71+1; x'*11n, or 11n11; x :=131, or 13n+ 1; x ®£170, or 1712+1; x'=19n, or 19n+1; 2:"23n, or 23n+1;

&c. &c. &c. And hence we have the following forms of all









powers from 2 to 12, the 7th powers only excepted, which cannot be introduced into these forms, because neither 7 + 1, nor 2.7+1, is a prime number.




Table of the possible Forms of Powers, from 




2 to 12.




X'* 3n, or 3n+15n, or 5n+1; 
r's 


           # 7n, or 71+1; 
x** 5n, or 5n+1# 
25 


           #11n, or lin+1; 
 r 7n, or 7n +113n, or 13n+1; 
x 75 


क ***

#17n, or 179+1; 25

19n, or 19n+1; x"#lln, or 11n +15

*23n, or 23n+l; 13n, or 13n+1#




19




Scholium. By means of the foregoing table of forinulæ, we may frequently satisfy ourselves of the possibility or impossibility of equations of the form

a.ro + by" =dz". And also whether any given number a is a complete power or not, without the trouble of extracting its root: it is to be observed, however, that a given

he of a possible form, though it be not a complete power; but if it be of an impossible form, then we are certain, without any farther trouble, that it is not a complete power.




number may









1 




PROP. VIII.




+




88. If m be a prime number, and p be made to represent any polynomial of the nth degree, as P=2." + ara-1 + b.ro - 2 + CN3

9 then, I say, there cannot be more than n values of x, between the limits + m, and - 1m, that render this polynomial divisible by m. 

For let k be the first value of r, that renders p divisible by m, so that AM=k" + ak"-' + bka-" + ck*-3 

9; then, by subtraction, we have P- Am=1.2** – k") + ((.2"-| – k-1) + b(47-e-K*-?) +

&c. But the latter side of this equation, being divided by x - k (art. 80), we shall have for a quotient a polynomial of the degree n-1; which, being represented by '', gives

P- Am=(x – k)p', or p= (x – k)p' + Am. Let now k' he a second value of r, that renders p divisible by m, then it follows, that (x - k)P' + Am is also divisible by m; and, consequently, (x – kịp' divisible by m, but the factor x-k, which now becomes (k' – k), cannot be divisible by m, because botlr k and k are less than _m; therefore, i cannot be divisible a second time by m, unless p' be divi. sible by m. 

The polynomial p is, therefore, only once more divisible by m than the polynomial p'; and, in the same manner, it may be shown, that p', of the des gree 1-1, is only once inore divisible by m, than









Q. E. D.




p", of the n- 2 degree, &c.; and hence it follows, that, p being a polynomial of the n degree, there can be only n different values of x, comprised between the limits + m and - m, that render it divisible by m. 

Cor. We have seen (cor. 1, art. 87), that if í be a prime number, the forinula 2"-1-1 has m values of x, between the limits + 1 m and -1m, that render it divisible by m. Now, this being put under the forin x + 1 x-1

it follows, that




1




m 




1




each of these factors has




values of r, between




2




the limits + im and -1m, that render them divisible by m. 

For neither of them can have more

1 than such values, by the foregoing proposition; and, since their product has m- 1, it is obvious, that they have each the same number of values of x between the above limits, and that this




2
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CHAP. VII.




On the Products and Transformations of certain 

Algebraical Formulæ. 




PROP. I.




89. The product of the sum and difference of any two quantities is equal to the difference of




their squares.




For,




(x + y) (r—y) = x2 - y". 




6. E. D.




PROP. II.




90. The product of a sum of two squares, by double a square, is also the sum of two squares; or

(x+ + y') x 27°*"? + y^. For,

(x* + y) x 23'=(x+y)'.+ (r-y).., which is evidently $2" +yo. 

Cor. Hence if a number be the sum of two squares, its double is also the sum of two squares. Also if a number n be the sum of two squares, 2"N is so likewise. Thus, for example,

5=2 + 1; 5x 2 = 10=3° +1°; 10 x 2 = 20 = 4 + 2; 20 x 2 = 40 = 6 + 2° &c.




PROP. III.




91. The product arising from the sum of two squares by the sum of two squares, is also the sum of two squares; or









(2* + yo)(x^2 + y^2)=x" + y'?. 




For,




(zo+y)(2"+Y“)= {




Q. E. D.




or (xx' – yy') + (xy' +x'y)”, as will be evident from the development of these expressions; and, consequently,

(x2 + yo)(x"? + y^2)=x' + y'". Cor. Hence the product may be divided into two squares two different ways. And if this

product be again inultiplied by another, that is the sum of two squares, the resulting product may be divided into two squares four different ways; and, generally, if a number n be the product of n factors, each of which is the sum of two squares, then will N be the sum of two squares, and may be resolved into two squares 2" different ways. For example,

5 = 2+1° 13=3? + 2




Then the product 65 = 8° +1°, or 7€ + 4. 
Again, 


   17=4° +1° 
1105 = 32° +9= 33 + 4 = 31+12 


= 242 + 23%. And this resolution of the given product into square parts, is readily effected by the foregoing theo




The product {




rem; for 




S (8?+ 1)(4€ + 1°)= (4.8+1)* +(8.1-4. 1)'=

(4.8— 1)+ (8.1+4. 1), and (7° +4°)(4* + 1)=(4.7+ 1.4)° +(4.4-7.1)=

(4.7-1.4) + (7.1+4.4). And in the same manner may any other product, arising from factors of this form, be resolved into its square parts:
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PROP. IV.




92. The product of the sum of three squares, by the sum of two squares, is the sum of four squares; or

(x* + y® + z*)(x:"? + y'?) #w' + "" +y'" + 2!". For,

(x + y' +z?)(x"? + y^)=

(xx' + yy') + (xy' - yx')? + x^z? + y^2*, as will appear immediately, from the development of these formulæ; and, consequently,

(x2 + y + x°) (x”? + y^2)+:w'" + x)" +y"? + 2"?.




Q. E, D,




For example,




14=32 + 2? + 1 
 5= 2 + 1 





Then the product ( 70= (3.2 +2.1)* + (2.2 – 3.1)

+ 2? + 12 = 8° +1° +2° +1°; and a similar decomposition may be effected on any other similar product.




PROP. V.




93. The product arising from the sum of four squares, by the sum of two squares, is the sum of four

squares ; or (w* + xo + y® + 7°) (.x" + y^2)=w“ + a"? + y'? +2". For,

(w° +2°) (x" + y')=w" +2", and

(y® +x)(x^2 + y^°)=y" +4"} by art. 89; and, consequently,

(w® + x® + y + **)(x"? + y'?) #W" + x" +y" + 2*.




Q. E. D.









PROP. VI.




94. The product of the sum of four squares, by the sum of four squares, is also of the same form; or
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(w* + x2 + y° +7°)(10^2 + 2!"? + y^2 + 2") = (ww' + xx' + yy' + zz')* + (wx' – xw'+yz' – zy')* +

(wy' – xz'- yw' + zx')* + (wz' + xy' - yr' – zw'), as will appear iminediately from the development of the above formulæ; and, consequently, the product in question $(w" + x®"+ y' + 3").-Q. E. D.

Cor. 1. As in this product, there are only complete squares enter, we may change at pleasure the signs of the simple quantities; and, consequently, there will result several different formulæ equal to the same product, and each equal to the sum of four squares ; and in

and in so many different ways may any number that arises from the product of factors of the above form, be resolved into the sum of four squares.

Cor. 2. This proposition may be rendered more general by the following annunciation:

The product of the two formulæ, 
(w? – bx? – cy' + bcz)(w"? – bir” – cy" + bcz") = 


            (w" – bx" – cy'" + bcz"). 
For, 
(wo – br* – cyo + bcz)(w" – bx" – cy' + bcz") = 


(ww' + bxx' + cyy' +'bezz')* - 
b(wx' + w'x + cyz' + cy'z) – 
c(wy' - brz' * yw' F bzx')* + 
bc(xy' – wz' + zw' Fyx')", 










as will be evident from the development; and, consequently, the product in question is of the same form as each of its factors.




PROP. VII.




95. The product of the two formulæ (x* — ayo) and (x"? – ay“), is of the same form as each of them; that is,

fizie — ayo) (2." – ay”)=x?" - ay". For, (ze –ay*)(4* – ay“) = { or (ax + ayy's

: a(zy = ***

xx' ayy')– xy' y.ro)?, and, consequently,

(x* -- ay*)(2“ – ay“?) #2' – ay'”. 




A. E. D.




Cor. The product of any number of factors, each of the forın (y® - ay®), is always of the same form.




PROP. VIII. 96. The two formula

(ix® + y + x) and (xo + y* + 22"), are so related to each other, that the double of the one produces the other; that is,

(xo + yo +zo) x 2#2" + y + 2z", and

(x + y + 2zo) x 2 :'? + y + 3". For,

2(x* ++* +*)=2x + 2y + 2z =

(x+y)* + (.c- y) + 27° +x" + y + 2z". And

2(x + y + 2z2)=2x® + 2y* + 42°= 
(x + y)' + (x - y)* + 47° 54' + y^2 +x". 


Q. E. D.









For example,

                   14=3 + 2 + 1% 
Mult. by 
The product 


= 28 = (3 + 2) + (3 – 2) +2.18 
=5+1° +2. 





2
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The product {




=30= (3 + 2)° + (3 – 2) + 22

=5° +1° +2. And the same of all other numbers of these forms.




PROP. IX.




97. The formula ze – 2yo may be always transformed to another of the form 2.x“ – y", and this last may be converted into the former; that is,

x - 2yo # 2/" - y", 

2x* – yo # 2" – 2y". For, x* – 2y =2(x y) — (x + 2y)* #2x“ – y", and

2.ro – yo = (x + 2y) – 2(x + y)' #2" – 2y”; as is evident from the development of these formulæ; and, consequently, a number that is of one of these forms is also of the other, - Q. E. D.

For example, 14=2.3 – 2=4-2.1°. 
Also, 


28=6'- 2.2 = 2.4-2 And the same of any other numbers of either of these forins.




PROP. X.




98. The formula z* - 5y? may be always transformed to another of the form 5.8" - y", and this ļast may be converted into the former; that is,









X® – 5yo #5x” – Y": 5x® – y + x^? — 5y”. 




For,




22 – 5yo =5(x + 2y) - (2x + 5y)=5r" – y’, and

5x2 – yo = (5x +- 2y) – 5(2x + y)=x" – 5y"; and, consequentiy, any number that is of one of these forms is also of the other. For example 29 =7–5.2=5.11'-24' =5.32 – 4* And 41 =5.32 – 2= 19o – 5.8°= 11° – 5.4.

And a similar transformation may be made on any other number falling under either of the above forms.




PROP. XI.
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99. If a be

any number of the form 6 + 1, then will the formula x' – ayo be resolvible into another of the form ax® – yo; and, conversely, this last may be transformed into the former; that is,

x - (b? + 1)yo #(b° +1).r” – y", and

(b + 1)#* - y =X” – (b* + 1)y". For, r* -- (b + 1)y*= (b + 1)(x + by) – {bx + (b? +1)y}', and (bo +1)x* - yo = (6 + 1) x + by } - (b? + 1) (bx+y)”, the first of which transformed formulæ is evidently

  #(+ )a" - y"?; also the latter 
EX"-(4+1)y"; and, consequently, 
r? - ayo #ar" - y", and 
ar’ – yox" – ay”, when 


a=0 +1. Cor. These general formulæ furnish us with









many particular cases, which have the singular property of being convertible from one to the other ;




sach are
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PROP. XII. 100, If m and n be the two roots of the quadratic equation – a+b=0, then will the product of the two formulæ (x + my), and (x + ny), be equal to xo + axy + byo. 

This is evident from the actual multiplication of the factors (x + my) and (x + ny). For,

(x + my)(x + ny)=x® +(m+n)xy + mnyo; and, since m and n are the roots of the equation ^? – a$+b=0, we have, from the nature of equations, m + n=a, and mn=b; and, consequently, the above product becomes

x? + axy + bryo. 




Q. E. D.




Cor. Hence, conversely, every quantity of the form x? +axy + by may be considered as the product arising from the multiplication of two factors, (x + my) and (x + ny), m and n being the roots of the quadratic equation









♡ - a$ +b=0; or, which is the same, m and n being such as to answer the conditions, m+n=a, and mn= 
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PROP. XIII. 101. The product arising from the multiplication of the two formula

x2 + axy + by®, and x" + ax'y' + by", is of the same form as each of them; that is, (x2 + axy + by°) (x++ ax'y' + by“) *

(.x"? + ax"y" + by”?) 




For,




x* + axy + byo = (x + my) (x + ny), and

x" + ax'y' + byʻ = (it' + my') (x' + ny'); and, therefore, the product in question is the same as the continued product of the four latter factors, Now,

(x + my) (x' + my')=xx' + m{xy' + x'y) + müyy', but since m iş one of the roots of the equation

©?- A$+b=0, we have m’ – am+b=0, whence moram – b; and, substituting this value of mo, in the above formula, it becomes

xx' – bij' + m(.ry' + xy + ayy'). And if, in order to simplify, we make

x= x.x' – byy', 

v=xy' + yr' + ayy', the product of the two factors,

(x + my) (.x' + my')=x + my ;









and, in the same manner, we find

(x + ny) (.x' + ny')=x+ny; and, consequently, the whole product will be

(x + mv)(x + ny)=x? + axy + by®; that is, the product { (2, 4ry +by")(z* + ad'y +by%) =(2*4 + ax”y" +

by'. Cor. 1. Hence it follows, that the product of any number of factors of this form; as

x' + axy +by, 
x" + ax'y' + by", 
2"* + ax"y" + by'”, 
&c. 


&c. will always be of the same form as those factors,

Therefore, if we make x=x, and y=y', we shall hare x=x* — by’, and y=2xy + ay’; and, consequently,

(x2 + axy + by°)=x* +axy + by®. And, therefore, if it were required to make a square of the expression

x2 + axy + by®, we shall only have to give to x and y the preceding values, whence we readily obtain for the root of the square required the formula

x + axy - by', where x and y may

be 
   any 


numbers at pleasure. Ex. 1. Find the values of x and y in the equation

x? + 3.ry + 5yo = z.









=




Here a=3 and b=5, therefore, the general values of x and y are

ť – 5uo, 

I y=2tu + 3u, where, for distinction sake, we write t and u, in the above formulæ, instead of x and y. Whence, by assuming successively,

t =3, 4, 5, 6, &c.,

u=1, 1, 1, 1, &c., we shall have the following corresponding values of x and y:

x=4, 11, 20, 31, &c.,

y=9, 11, 13, 15, &c. Ex. 2. Find the values of x and y in the equation

x® – 7 xy + 3yo = z. Here, since a=-7 and b=3, the general values of x and y are

Sr= t - 3u, 

I y=2tu – 7u, And making now

t = 4, 5, 6, 7, 8, &c.,

u=1, 1, 1, 1, 1, &c., we obtain

x = 13, 22, 33, 46, 61, &c.,

y= 1, 3, 5, 7, 9, &c. Each of which corresponding values of x and y answer the required conditions of the equation; and it is manifest, that an infinite number of other values might be obtained, by changing those of t
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and u.
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CHAP. VIII,




On the Quadratic Divisors of certain Algebraical 

Formulæ. 




PROP. I.




102.




If the indeterminate formula

py' + 297% + rz? = 0, the coefficients, p, q, and r, have not all three the same common divisor, and y.and z be

any

numbers whatever prime to each other; and if 29>p, or >r, this formula may always be transformed to a similar one,

p'y" + 29'Y'z' +r"Z"=0, which shall be equal to the same quantity , and in which 20' shall not exceed either p' or r.

Let us suppose, first, 29>p; and in the case in which also 29>r, let p be the least of these two numbers p and r, abstracting from their signs. Now inake y=y' - mz, m being an indeterminate coefficient; and substituting for this value of y in the given equation, we have

ply'- mz)* + 2qz(y' – mz) + roz? = , or

py" — 2(pm – 9ly'z + (pm’ – 2qm + r)zo = Q. And here we may always take the indeterminate quantity m, so that + (pm-9)<p(art. 10). Calling, therefore, + (pm-7)=9', and (pm - 24m + 7) =r', the transformed formula will be




1 
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py" + 2q'y'z + rʻzi=0, in which 20'<p (this sign not excluding equality), and in which pr-2"=pr-9, for

q" =pom? – 2pqm+q*, 

pr' =pom? – 2pqm + rp, thereforę, by subtraction,

pr' -f=pr-qi where these quantities will always have the same sign.

Now, since we have 29 >p, and 29' < p, it follows that q' <q. We have, therefore, now, an equation,

py+ 2q'Y': + roz? = 0, in which the mean coefficient 24', does not exceed the extreme coefficient p; and if at the same time it does not exceed the other extreme coefficient r', the formula is transformed as required. But if 20', though <p, be > r', we may proceed in a similar manner to obtain a new transformation, in which the inean coefficient (which we may represent by 9'') shall be less than g', and so on again for others, in which the mean coefficient 29" is leas than 29". But the series of integers

9, ', q", "', &c., cannot go on continually decreasing, without becoming finally less than the extreme coefficients; and, therefore, by continuing these transformations, we must necessarily at last arrive at that, which admits not of any farther reduction; and which will be consequently such, that the mean coeflicient is less than either of the extremes, or at least not greater than the least of them; for with any









Q. E. D.




formula, in which this is not the case, a farther reduction may be made. Therefore, every formula,

py® + 24y2 + rz, in which the mean coefficient 29 exceeds either, or both, of the extreme coefficients, inay be transformed to another, in which the mean coefficient 2q shall be less than either of the extreme coefficients, or at least not greater than the least of them.

Cor. In the successive transformation of the formula,

Py? + 29 y+rz, tó 
Py“ + 20' Y'z trzone, to 


p'y“ + 24"y'=' + r':”, &c., we have always

pr-q=pr'-0"=pr-9", &c., each of these quantities having the same sign; for we have seen this equality take place in the transformation that we have effected, and it is evident, that the same would still have place in any

farther reduction, the operations being all effected in the same manner.

The following example may be of soine use in illustrating the foregoing proposition. Let there be proposed the formula

35y + 172yz + 2102'=0, in which the mean coefficient 172 exceeds the first 35; and let it be required to transforın this to another equal and similar one, in which the Inean coefficient shall be less than either of the extremes.









First, put y=y' – Mz, which value of y, being substituted in the given formula, gives

35y" – (70m - 172\y'z +(35mo – 172m+ 210)z?. And now, in order that 70m - 172<35, take m=2, which reduces the above to

35y" + 32Y'z + 6z' =0, in which the mean coefficient 32, though <35, is still >6; and, therefore, we must proceed to another similar reduction.

Let, then, z=' – my', and the second transforined formula will become

6z" – (12m – 32)yʻz' + (6m’ – 32m +35)y“. And here, taking m=3 in order that 12m – 32<6, we obtain

6z" - 42'y' -- 77" = 0, and this last formula has the required conditions ; because 4 < 6 and <7. 

And moreover, in these transformations, we have

pr-q=pr' -* =p'r' -9", or 
 35.210- (66) = – 46, 
 35. 6-(16)' = -46, 


-6. 7-( 2) = – 46, all equal, and with the same sign, as observed in, the foregoing corollary.




PROP. II.




103. Every divisor of the formula to tau’, in which t and u are prime to each other, and a any integer number whatever, positive or negative, is also a divisor of the formula qe +a.









For let p represent any divisor of the formula t + au’, so that

ť tau'=pp', then it is evident, that p is prime to u, for otherwise t and u must have the same common measure, which is contrary to the hypothesis, because t is prime to u; we may, therefore, find two other numbers, 9 and y, such that t=py + qu, q being + or – as the case may require (art. 40): and if now we substitute this value of t, in the above expression, we obtain

poyo + 2pqyu + (q* + a)uo =pp'; or, dividing by p, we have
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py' + 29yu + 

р and, consequently, since p' is an integer, (q° +a)uo is divisible by p, but we have seen that u is prime to p, and, therefore, it must be the other factor, (q* + a), that is divisible by p (cor. 5, art. 11); therefore, if p be a divisor of the formula t + au”, t and u being prime to each other, it is also a divisor of the more simple formula q* + a.-Q. E. D.

Cor. Hence, conversely, if p be not a divisor of the formula q' + a, in which there is only one indeterminate quantity 9, it cannot be a divisor of the more general forinula t® + au', in which there are two indeterminates priine to each other.




PROP. III.




104. Every divisor of the formula t + au’, in which t and u are prime to each other, is of the form py® + 2qyu +ru', and in which formula









pr-q=a, and 29<p and <r, or at least not greater than either of them. For, by the foregoing proposition, we have py + 2qyu + 

p; 




q+a 




and, since is an integer, make

9° + a 

=r; then P 

P the above becomes

py’ + 2qyu + ru’=p'; that is, the factor

p'spy' + 2qyu + ruo; but p' may equally represent any one of the factors or divisors of t + au”; and, consequently, every factor or divisor of the formula ( + au® is of the form

py' + 2qyu + ru”. 
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And again, since

=r; therefore, pr-2 

р And we have seen (art. 102) how erery indeterminate formula,

py' + 2quu tru?, may be transformed to another similar and equal forinnla,

p'y' + 20'yz +rmal in which the mean cocfficient 24' <p' and <r' (the sign < not excluding equality), and in which pr-q' is always equal to the same constant quantity a. And, consequently, every divisor of the forinula tay' has its divisors contained in the formula

py' + 20y=+rz,









and in which 2q does not exceed p or r, and also such that pr-qo=a. - Q. E. D.

Remarki. Since 2q<p, and 29<r, independently of the signs of these quantities, we have 4q° <pr; and because pr- qe = 1, it follows, that when a is negative pr is also negative; for otherwise pr - q would not have the same sign as a, which we have seen always takes place in every transformation; and hence we readily draw the following corollaries, according as a is positive or negative.

Cor. 1. Every divisor of the formula t + au®, when a is positive, may be represented by the formula

py' + 29y2 + rza, in which pr– q =a, 29<p and <r, and, consequently, 4q* <pr; and, therefore, pr– qo=a,
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a 




> 30°, or < this is evident, because when a is positive, p and r are both positive. Cor. 2. Every divisor of the formula t' - au? 

may be represented by the formula

py' + 2qyz – rz, in which – pr– qo= -á; or pr+q2 = a, because, when a is negative, pr is necessarily so likewise ; and, consequently, one of these quantities, por r, is + and the other and it is indifferent to which we give the sign -- ; and here, since pr < 4q°, we have




a > 59°, or q<. Remark 2. We

may

have cases in which p=r=2; as, for example, when p=2, q=1, and r=2; for then 29 does not exceed either
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por r, neither are p, q, and r, divisible by the same number, which condition is, therefore, strictly within the limits of the proposition; and hence it follows, that we must not consider the sign < in
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105. Every divisor of the formula f + r*, t and u being prime to each other, is always of the same form y + z. Or the sum of two squares, which are prime to each other, can only be divided by numbers that are also the sums of two squares.

For by cor. 1 of the foregoing proposition, every divisor of the formula ť + au’ is included in the formula

py' + 29yz + rz,




9<




V 




and in which

and pr-q*=a. 

3' Now in the present case a=1, therefore,




q<V 




9 z; or q=0, there 
                    there being no integer < 


3 and, since pr- qe = 1, we have pr=1, and therefore p=1, and r=1; and, conseqnently, the above formula, which includes all the divisors of to +u', becomes

y? + 2?; that is, every divisor of the formula t + u' is of the form yê +z", or every divisor of the sum of two squares, prime to each other, is also the sum of




two squares.




Q. E. D,









Thus, for example, 65=8+ 1can only be divided by 13 and 5, both of which are the sum of two squares. Also 50 = 7 + 1 have for divisors 2=1° +1°, 5=2° +1°, 10=3° +1°, 25 = 4+ 3. Again, 221 = 108 + 11° is only divisible by 13 and 17, which are both the sums of two squares; and the same for all other numbers included in the formula t +u*, t and u being prime to each other.




PROP. V.




106. Every divisor of the formula t + 2u', t and u being prime to each other, is of the same form yo + 2zo. Or the divisors of the sum of a square, and double a square, are also the sum of a square, and




double a square.




For every divisor of this formula t* + au® is contained in the formula

py' + 2qyž + rzo, in which q< and pr-q=a (cor. 1, art. 104).
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case, a=2, therefore q< VI




{




But in this case a=2, therefore q<

z. or q=0; also, since pr-q=2, we have pr=2, whence p=2, and r=1, or p=1, and r=2; therefore, the above formula becomes

2y + 2*, in the first case, and

y2 + 2zo, in the second, which are two identical forms, by changing y into 3, and z into y; consequently, every divisor of the formula f + 2u® is also of the same form as itself.

Cor. 1. With regard to the divisor 2, it can only be of the form ył + 2z", when y=0 and 2*1 so that, in this case, we have 0* + 2.1o.









As an example to this proposition, we may take 199=1+2.7°, which can only be divided by

3=1' +2.1', 9=1% + 2.2°, 11=3° +2.1,

33=5+2.22 ; and it is the same with every number that is contained under the above form.




PROP. VI. 107. Every divisor of the formula ť – 2u”, t and ů being prime to each other, is of the same form y? – 2u”. Or the difference of a square, and double a square, can only be divided by those numbers that are equal to the difference of a square

and




double a square.




For since every divisor of the formula f - au' is contained in the formula

py® + 294% – rzay




q«V 




V 




in which pr+q* =a, and also q<Vor < (cor. 2, art. 104), it follows that q=0, whence also pr=2; and, therefore, p=2 and r=1, or p=1 and r=2; and, consequently, the above formula becomes either

2y' – 2', or ye – 2z, which two forms are precisely the same, because

24° – = (2y + x) – 2y+)'; therefore, every divisor of the formula to - 2uo is also of the same forin. Or the difference of a square, and double a square, can only be divided









by numbers that are also the difference of a square and double a square.

For example, 98 =10°– 2.19 can only be divided by

2=2 – 2.1, 7=3 – 2.1, 14=4 – 2.1°,

49=98 – 2.4%; and the same of all other numbers in this formula,




PROP. VII.




108. Every odd divisor of the formula t + 3uR is also of the same form y® + 3zo,

For since all its divisors are contained in the formula

pyo + 297% +rz, in which pr-q=a, or pr-qe=3; and also




V (Remark 2, 




g= or <

(Remark 2, art. 104), so that y=1, or q=0; therefore, in the first case, since 29 is not greater than p or r, and pr-q=3, we must have p=2, and r=2, which renders the above formula

2y? + 20y% + 2zo; but as this is evidently an even divisor, it does not belong to the case at present under consideration, which only relates to the odd divisors of the given formula.

In our case, therefore, q=0; and, consequently, pr-q=3, or pr=3; therefore, p=3 and r=1, or p=1 and r=3; whence the above formula is reduced to

34° +2°, or y +32°,









two expressions which are identical as to their form; and, therefore, every odd divisor of the formula to + 3uo is also of the form yo + 3zo.

Remark. With regard to the divisor 3, it is obvious that we must have ye=Q, and z=1; or 3=0? +3.1°; but for all other divisors this exception has not place.

For example, 58+3.69=133=7 . 19; and 7=2? + 3.1, also 19=42+3 , 1°, both of the same form,




PROP. VIII. 109. Every odd divisor of the formula to - Ju’ is also of the same form yo – 5*. For all its divisors are contained in the formula

py® + 294% -12, in which -- pr-q' = -a, or pr + q*=5, and g= = or <

; but the first case gives only even divisors, the same as in the foregoing proposition; and the latter caso. of g =0 reduces the above formula to

5y® – 2, or ye - 52, which are identical forms; because

bay” – °=(5) + 2x)* - 5(2y + x)"; and, consequently, every odd divisor of the formula ť - 5uo is itself of the same form,

As an example in this case, we may assume 95 = 10' -5.1', which is only divisible by 5 and 19. Now 5=5° - 5.2, and 19=7° - 5.2°; and the same of all other numbers in the above form.

Scholium. From the foregoing propositions it









appears, that all numbers which are comprised in the following formulæ, viz. 

ť + u*, t + 2u”, t – 2u”, to +3u”, and t – 5uo, t and u being prime to each other, can only have divisors that are of the same form. It is only necessary to except those divisors of the two latter forms,

ť + 3u, and to – 5uo, that are double of an odd number; the reason for which exception is explained in arts. 108 and 109.

It frequently happens, that a number falls under two or more of the above forms, in which case its divisors are also of the same double or treble forms, And in some cases we have numbers that belong to each of the forms above given. Thus 241=15° +4=13' + 2.6=21'- 2,10'=7° +3,82=

315.12.
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CHAP. IX.




On the Quadratic Forms of Prime Numbers, with 

Rules for determining them in certain Cases. 




Lemma. 110. Since all square numbers are of one of the forms 4n, or 8n+ 1, we establish at once the three following theorems: 1. Every odd number represented by the formula

yo +z4n+1. 2. Every odd number represented by the formula

y' + 2z* *8n+1, or 8n +3. 3. Every odd number represented by the formula

yo -- 2x* 8n+l, or 8n +7, And from these three arise, by way of exclusion, three others; viz.

4. No number of the form 4n-1 can be represented by the formula yê +6?.

5. No number of the form on +5, or 8n +7, can be represented by the formula y® + 2zo,

6. No number of the form 8n +3, or 8n +5, can be represented by the formula y* -- 27°.




PROP. I.




111. Every prime number of the form 4n+ 1 is the sum of two squares, or is contained in the formula ye +.









For let m represent a prime number of this form, or m= 4n+1; then (art. 87)

(x*-1-1)=M(m), or (.x** -- 1) =M(m). But x** – 1 = (x:?+ 1)(x®" – 1), and each of these fac: tors has 2n values of x contained between the limits +im and – m, that render them divisible by m (cor. 1, art. 88), whence the factor x** + 1 is divisible by m; but 2" + 1 is the suin of two squares, and therefore its divisor m is also the sum of two squares; because every divisor of the formula ť + u® is itself of the same form (art. 105). — Q. E. D.

Cor. 1. As the form 4n+ 1 includes the two, 8n+1 and 8n +5; therefore, every prime number contained in these two latter forms is also the sum




of two squares.




Thus, 5, 13, 17, 29, 37, and 41, are prime numbers of the form 4n + 1, and each of these is the sum of two squares; for 5 = 22 + 12, 13=3° +2, 17 = 4' +1,29= 5° +2,37 = 6 + 1', and 41 = 5* + 4°; and so on for all other prime numbers of this form.

Cor. 2. We have seen (art. 91) that every number, which is produced from the multiplication of factors that are the sums of two squares, is itself of the same form, and may be resolved into two squares different ways, according to the number of its factors; and hence we may find a number, that is resolvible into two squares as many ways as we please, by multiplying together different prime numbers of the form 4n+ 1.




PROP. II. ' 112. Every prime number 8n + 1 is of the three forms y’ + 2*, y' + 2z?, and y– 2x'.









For let m be a prime number of the form {n+1, or m=8n +1; then, as this form is included in that of 4n+ 1, we know, from the foregoing proposition, that my +°; and it therefore only remains to demonstrate the two latter cases.

Now since (x*-1-1)=M(m), or (2.8M – 1)=M(m) (art. 87), we may put this under the form

(***** + 1)(x*" - 1); and each of these factors will have en values of x < 1m, that render them divisible by m (cor. 1, art. 88), so that there are so many different values of r, that render the binomial x*" + 1 divisible by m; but this may be put under the form (7.** - 1)* + 2x*, and m being a divisor of this formula, it is itself of the same form yo + 2z? (art. 106). We may also

put the same quantity *** + 1, under the form (x24 + 1) – 2x2"; and m being also a divisor of this formula, is itself of the same form y – 2zo (art. 107),

Hence, every prime number of the form 8n + 1 is of the three forins y + x, y + 22°, and y' - 2zo.

Q. E. D, Thus 41 = 5€ +48=3+ 2.48=78 - 2.2, And 73=8° + 38 = 1 + 2.69 = 9'-2.2.




PROP. III. 




113. Every prime number 8n+ 3 is of the form

y® + 27%. For let m be a prime number of this form, or m=8n +1; then we have (by art. 87)

(x-1-1)=M(m), or (.x®"+8 – 1)=M(m); and there are sn + 2 values of r contained in the









series 1, 2, 3, 4, &c., 8n + 2, that render this formula divisible by m (cor. 1, art. 87); and, consequently, (282+2 – 1)=M(m).

But 281+2 – 1=(24n+1 + 1)(2+n+1 – 1), and, there, fore, one of these factors is divisible by m; and it cannot be the latter, because this may be written 2.214 – 1, which is of the form 2ť“ – u', or t – 2uo; and, therefore, if m was a divisor of this, it would be itself of the same form (art, 107), or my2zo; but this formula cannot represent any number of the form on +3 (art. 110), whence, since m cannot be a divisor of this factor, it must therefore be a divisor of the other factor 24+1 +1. But

24n+1 + 1 = 2.211 + 1*2ť + u’; and, consequently, its divisor m is of the same form (art. 106); that is, m=y' + 2z*. - Q, E. D.

For example, 11, 19, and 43, are prime numbers of the above form; and 11=3° +2.1°,19=1° +2.3°, and 43= 5* +2.3*; and the same of others.




PROP, IV. 114. Every prime number 8n +7 is of the form

vo - 2s". For let m be a prime number of this form, or m= 8n +7; then we have (by art. 87)

(x*-'-1)=M(m), or (2.8m+6 – 1)=M(m); and there are 8n +6 values of x, contained in the series 1, 2, 3, 4, &c., 8n+6, that render this formula divisible by m (cor. 1, art. 87); and, consequently,

(28146 – 1)=M(m). But 281+8 – 1 = (241+3 + 1)(24n+8 – 1), and there









fore one of these factors is divisible by m; and, consequently, mi will also be a divisor of one of them when doubled; that is, it is a divisor of one of the two quantities

2(241++ 1), or 2(2**+s – 1), which two expressions thus become

2*+2.1', and 2* — 2.1', and m is necessarily a divisor of one of them. But it cannot be a divisor of the first, because this being of the forint + 2u', if m was a divisor of it, we should have m=y® +22° (art, 106); but m#81+7, and no odd number of the form yê + 2x is of the form 8n +7 (art, 110): since, therefore, m is not a divisor of this factor, it must necessarily be a divisor of the other factor 2*n' — 2.1', which is of the form t - 2u"; and, consequently, its divisor m is also of the same form (art. 107); that is, m*Y* – 2z*.

. Ę. D. For example, 31 = 72-2.3, and 47=7° -2.1°; and the same of all other prime numbers in this form.

Scholium. From the last four propositions, we may draw the following theorems : 

1. All prime numbers of the forms 8x + 1, and 8n + 5, are, exclusively of all others, contained in the formula y® + z.

2. All prime numbers of the form 8n+1, and 8n +3, are, exclusively of all others, contained in the formula y® + 2zo.

3. All prime numbers of the form 8n + 1, and 8n+7, are, exclusively of all others, contained in the formula y' – 27.









4. All prime numbers of the form 8n+1 are, at the same time, of the three forms

y* +<*, y+ 2x®, and ye – 2zo.




PROP. V.




115. To ascertain whether a given number of the form 4n + 1 be a prime number.

Since every prime number p of the form 4n+1 is the sum of two squares, or p= xo + yo, it is obvious, that in order to determine whether a given number of this form be a prime, we have only to ascertain whether it can be resolved into two squares; and, if it can, in how many ways this resolution may

be effected; then, if it happen that the given number may be decomposed into two squares, in one way only, the number is a prime, but otherwise it is composite; and the object of the present proposition is to teach the easiest method of performing this decomposition. Now, because p=x* + y', and since these squares cannot be equal, it necessarily follows, that one of them is greater and the other less than tp; if, therefore, every square >4p and <p be subtracted from p, there onght to be found amongst the remainders one square number only, if the given number be a prime; and if there be no square remainder, or more than one, it will be a composite number.

Thus the number of operations in subtraction will not much exceed those in division, by the common rule ; and the following observations will considerably abridge them, and, with the assistance of a small table of squares, render the method nearly as simple as can be expected, at least it is inuch









easier than any rule I have ever seen : which as bridgment depends upon the following considerations.

Every prime number > 5 is of one of the forms 10n + 1, 3, 7, or 9; or, which is the same, it is terminated by one of those digits. Again, all squares are of one of the forms 10n, 10n + 1, 4, 5, 6, or 9; or they are terminated in one of the digits, 0, 1, 4, 5, 6, or 9; and therefore no number terminating in 2, 3, 7, or 8, can be a square number; therefore,

1. When the last digit of the proposed number is 1, we may omit all squares terminating in 4, or 9, because these will give remainders terminating in 7, or 2, and, therefore, such remainders can




not be squares.




2. When the last digit of the given number is 3, we may omit all squares that terminate in 0, 1, 5, or 6; because these would give remainders terminating in 3, 2, 8, and 7; which, therefore, can




not be squares.




3. If the last digit be 7, we may omit all squares terminating in 0, 4, 5, or 9, for the same reason as above.

4. If the last digit be 9, we may omit all squares terminating in 1 or 6.

By these remarks the number of operations in subtraction will be reduced, generally, about one half, and will be considerably less than the number of operations in division by the common rule.

Ex. 1. Let it be proposed to ascertain whether the number 10133 be a prime.

Since this number terminates in 3, the only
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squares between 5066 and 10133, that do not terminate in 0, 1, 5, or 6, are the following ; viz. 

Given No. Squares. Remainders. 
 10133 


           5329 4804 
10133 5929 4204 
10133 


           6084 4049 
10133 6724 3409 
10133 6889 3244 
10133 7569 2564 
10133 7744. 2389 
10133 


           8464 1669 
10133 8649 1184 
10133 
           9409 


724 10133 9604 529 Here the last remainder is 529= 232, and it is the only square; therefore, the given number 10133 is a prime.

Thus eleven operations in subtraction are made to answer the purpose of twenty-four divisions, and even this supposes all prime numbers under 100 to be known; for otherwise the number of divisions would be much more considerable.

Ex. 2. Is 7129 a prime number? 
Ex. 3. Find whether 47933 be a prime number. 
Ex. 4. Find whether 47981 be a prime number. 





PROP. VI. 




116. To ascertain whether a given number of the form 8n +3 be a prime number.

Every prime number p of the form 8n + 3 is also of the form 2 + 2y", or p=x* + 2yo ; and here x and y must be both odd squares, for otherwise









are + 2y could not have the form 8n+3; also ye is necessarily less than tp; we must, therefore, subtract from p the double of every odd square < $p, and if amongst the remainders there be found one square, and no more, the given number is a prime, but otherwise it is not.

These operations may be considerably abridged from the following considerations :

We have seen, that all prime numbers terminate in one of the digits 1, 3, 7, or 9; and the doubles of sqnare numbers terminate in one of the digits 0, 2, or 8; therefore,

1. If the given number terminate in 1, we may omit all those squares, the doubles of which terminate in 8; because these would have remainders terminating in 3, which cannot be squares.

2. If the last digit of the given number be 3 or 7, we may omit all squares the doubles of which terminate in o, because the remainders of these will terminate in 3 or 7, and, therefore, are not squares.

3. If the last digit of the given number be 9, we may omit all squares, the doubles of which terminate in 2; because these will leave remainders terminating in 7, which cannot be squares. 4. It may be farther remarked, that every

odd square has the last digit but one even, and, therefore, in general, all those double squares may be onnitted, that leave an odd digit in the fast place but one of the remainder.

Ex. Let it be proposed to ascertain whether the number 11051, which is of the form 8n +3, be a prime number.
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Here, the last digit being 1, we may omit all those squares terminating in 9, because the doubles of these terminate in 8, and, therefore, the remainders in 3. Hence the operation,
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Remainders. 

  969 
 1529 
 2601 = 51° 
3609 
4089 
 5001 
5849 
6249 
7001 
7689 
8009 
8601 
9129 
9369 
9801 = 999 





4050 3362




[image: [blocks in formation]]


Having thus found two square remainders, we may conclude with certainty, that the given number is not a prime, and discontinue the operation.

Remark. Our first rule extends to all numbers of the form 4n+1, which includes the two forms 8n+1 and sn +5, and the above applies to all numbers of the form 8n +3; but those that fall under the form Sn +7 are still excluded, nor can they be submitted to a similar test; for these numbers being of the form x – 2yo (art. 114), there are no limits to the values of x and y, nor to the num




P









ber of ways in which a given number may be resolved into this form ; for

(ixo – 2yo) x (x” – 2y) may be resolved two ways into the same form (art. 95): and, since we may find x" — 2y” = 1, by taking x=3 and y=2, it follows, that this

product is still = x’ – 2y', that is, a number of the form xi – 2yo may be resolved into this form in as many ways as we please, whether it be a prime number or not, which is not the case with the two forms x + y' and x' + 2y'. 




PROP. VII.




117. If a be any prime number, and the series
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be divided by a, they will each leave a different positive remainder.

This is in fact only a particular case of the general proposition demonstrated (art. 51); for, by making $=1, the series of squares,




$", 20°, 30°, 4'0', &c., 




becomes
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1°, 2°, 3, 4&c.,
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each of which, when divided by a, will leave a different remainder, as is demonstrated in that article.

Cor. 1. And the same is evidently true of the









[image: [ocr errors]]


negative remainders, which arise from taking the quotients in excess (cor. 1, art. 51).

Cor. 2. Hence, also, we may see in what cases the positive and negative remainders are equal to each other; for then it is evident, that a will be a divisor of the sum of two squares, and we shall have

7+

=é; an integer number: Therefore, when a is not a divisor of the sum of two of these squares, the positive and the negative remainders are all different from each other, and include every number from 1 to a - 1.

Cor. 3. When a is not a divisor of the sum of two squares, that is, when all the positive and negative remainders are different from each other, then some of each of those remainders are greater, and some less, than a. For all the consecutive squares under a will be found amongst the positive remainders, and some of these squares must necessarily be greater; and some less, than a; and, since the positive and negative remainders together include all numbers from 1 to -1, the same is manifestly true for the negative remainders.

PROP. vii. 118. If a be a prime number, it is always possible to find four squares, wo, x, y, ze (the roots of each of which shall be less than 1a), such that their sum may be divisible by a, or the equation

w? + x2 + y + z = aa' is always possible, a being any prime number whatever.









First, when the prime nunber a is a divisor of the sum of two squares, the proposition is evident; and it will, therefore, only be necessary to consider the case in which a is not a divisor, of the sum of two squares, and, consequently, when all the remainders of the consecutive squares are different from each other (cor. 2, art. 117).

Now, in this case, we shall find some of the positive remainders greater, and some less, than a; and the same of the negative remainders (cor.3, art. 117). It is, therefore, alırays possible to find two squares, such that each being divided by a, the positive remainder of the one shall exceed the negative remainder of the other, by unity: and also two other squares in the same series, such that each being divided as before, the negative remainder of the one shall exceed the positive remainder of the other, by unity; that is, the equations w' + 2? – 1 =ma, and y' +39 + 1 = na, always possible, which may be demonstrated as follows:

Let p be the least negative remainder, then p+ 1 must be found amongst either the positive or negative remainders ; if it be found amongst the positive remainders, we have at once a positive remainder, that exceeds a negative remainder, by unity; and if it be not found amongst the positive, then p+1 is. still negative: and p + 2 must be either a positive or negative remainder; if it be positive, we have it positive remainder exceeding a negative one, by tinity, but if not, p+ 2 is still negative, and p +3 must be either positive or negative; and proceeding thus, we must necessarily (as sowe of each of these




are









remainders are greater, and some less, than a arrive at that negative remainder p', such that p' + 1 shall be a positive one; and, consequently, the equation w’+ x® – 1 = ma is always possible: and, in the same manner, the possibility of the equation y’ +° +1 = na may be demonstrated.

Having thus proved the possibility of the equations w' + x* - 1 = ma, and y' +2° +1 = na, we have w' + aro + y +22

= m + 1, an integer; or




Q. E. D.




too +2° + ° +2°= aa always possible.

Cor. It is obvious, from the foregoing demonstration, that these roots w, x, y, z, are less than a; because we have only considered the squares contained in the series




1', 2, 3', 4, &c., (*>');




But, independently of this limitation, it may readily be shown, that if a be a divisor of the sum of any four squares, wo + x + y + ", each of which is prime to a, that it is also a divisor of the sum of the four squares

(w -- aa)* + (x - Ba)' +(-qa) + (z - ôa), in which it is manifest, that a, B, 7, 9, may be always so assumed, that +- (w -- Qa) + (.'-- Ba), &c., shall be less than a; whenever, therefore, it is demonstrated, that any number a is a divisor of the sum of four squares, we may always consider each of their roots as less than a. 
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PROP. IX. 119. Every prime number a is the sum of two, three, or four squares. For, by the foregoing proposition, the equation

w? + x2 + y + z = aa' is always possible, each of the roots of these squares being less than a; and, consequently, each of the squares less than a®, whence we have aa' < a’, or d'<a. Now, if a' = 1, it is evident that

W + x2 + yo + zo = a, and the proposition will be demonstrated.

But if a' > 1, then, because a' is a divisor of the formula

w* + x2 + yo + z", it is also a divisor of the formula

(w – aa') + (x – Ba') + (y-ga') + (z – oa')', where each of the roots is less than a' (cor., art. 118); assuming, therefore, (w – aa') + (x-Ba)? +(y-ya') + (7 -ồa')} = a'd', we shall have, for the same reason as above,

a'a' <a”, or a" <a'. Now, by means of the formula (art. 94), if we multiply together the values of ad', and a'd', we shall find a product that is the sum of four squares, and of which each is divisible by a"; and having performed this division, we obtain a"a= (a - aw – Br – yy-ôz) + (ar — Bw. + y2 - ay) 

+(ay - yw + ôx - Bz)* + (az — 5W + By – 7x)";









or, for the sake of abridging this expression,

w" + x^ + y+ 2"? = a'a; and here we have a' < a'. If now a"' = 1, the above becomes

w" + x^2 + y^2 +2" = a, and the proposition will be demonstrated; but if a”, though <a', be > 1, we may proceed, in the same manner, to find a new product,

wo"? + x + y'" +2"=a'"a, and in which a'"' <a"; and by continuing thus the decreasing series of integers a, a', a", a'", a'', &c., we must necessarily, finally, arrive at a term a(m) equal to unity, and then we shall have a equal to the sum of four squares.




Q. E. D.




PROP. X.




120. Every integral number whatever is either a square, or the sum of two, three, or four

squares. This follows immediately from the foregoing proposition, and the formula (art. 94); for every number is either a prime, or produced by the multiplication of prime factors; and since every prime number is of the form

(w' + x* + y° +7°), and the product of two or more such forinulæ being still of the same form (art. 94), it necessarily follows, that every integral number whatever is of the form




(w" + x + y + z?). But it is to be observed, that no limitation in the çourse of the demonstration of the foregoing pro









position was made, that could prevent any one or more of these squares from becoming zero; therefore, every integral number whatever is either a square, or the sum of two, three, or four squares.




Q. E. D.




Cor. All that has been proved in the foregoing proposition for integral numbers, is equally true of fractions; for every

fraction

may be expressed by an equivalent one having a square denominator; therefore, every fraction is of the form
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this curious property, therefore, extends to every rational number whatever.

Scholium. The theorem that we have demonstrated, in the two foregoing propositions, forms a part of a general property of polygonal numbers, discovered by Fermat; which is this, “ Every number is either a triangular number, or the sum of two or three triangular numbers. A square, or the sum of two, three, or four squares. A pentagonal, or the sum of two, three, four, or five pentagonals. And so on for hexagonals, &c. Or the same may be more generally expressed thus: If m represent the denomination of any order of polygonals, then is every number x the sum of m polygonals of that order; it being understood that any of these polygonals may become zero.

Let, therefore, n be any given number, and r, y, 6, indeterminate quantities; then the different parts of the general theorem may be detailed in the following order:









x' + x y' + y2 + z ist, N= +

+

                                                   ; 
2 
        2 


                          2 
2d, N=w' + ir? + y° +2°; 
          3u– u 
                     310o – W 


                   3x’ – X, 3yo - Y , 3z:- % 
N 
        + 
               + 


                                               + + 
2 
         2 
                   2 


2 4th, &c. &c.

&c.

&c.




3d,




The second forin which relates to the

squares has been demonstrated in the foregoing proposition, and Legendre has also demonstrated the first case, for triangular numbers; but all the other cases, past the second, still remain without demonstration, notwithstanding the researches and investigations of many of the ablest mathematicians of the present time, and of others now no more: amongst the former we may mention Lagrange, Legendre, and Gauss; and of the latter, Euler, Waring, and Fermat himself; the latter of whom, however, as appears from one of his notes on Diophantus, was in possession of the demonstration, although it was never published, which circumstance renders the theorem still more interesting to mathematicians, and the demonstration of it the more desirable.

We have demonstrated the second case, but this carries us no farther, whereas, if we had demonstrated the first, the second would flow from it as a corollary; and it may not be uninteresting to show in what manner these different parts of the same theorem are connected with each other. First, let us suppose the possibility of the equation

x + x y + y 2 +




+









+




to have been demonstrated, from which may be drawn this, 8N +3=(2x + 1) + (2y + 1)2 + (2x + 1), or

8N +3=x" + y^2 + z", or

8N +4=x^2 + y'? + 32 +1; and since these four squares are all odd, the nuinbers x +y', X-Y', z' +1, and z'- 1, are all even; and hence we have, in integers, 4N +2= X' - y 

+ 2 or, for the sake of abridging,

4N+ 2 =w" + x + y^2 +2"} of which squares two are even and two odd, for otherwise their sum could not have the form 4N + 2; we may, therefore, write

4N+ 2 = 4r + 45% + (2t + 1) + (20+ 1); from which deduce

2x+1=(r + s) + (r – s)? + (t +v+ 1) +(t – v)'; that is, every odd number is the sum of four squares, and the double of a number that is the sum of four squares is itself the sum of four




we




squares, for




§ 2(m? + n° +på + q*) 

i (m + n) + (m, n) +(p+)* + (p-9)”; and, therefore, every number is the sum of four squares.

If, therefore, the case which relates to triangular numbers was demonstrated, that which relates to squares vrould be readily deduced from it; but the









+




+




+




or




2




2




2




converse has not place; that is, we cannot deduce 
the first case from the second. 
  The third case gives 
   3u – u 31° – 10 32° – 34*-4 35° 


                     32-3 
   + 
2 


2 24N + 5 = (6u— 1) +(6w – 1)* +(6x – 1) + (6y-1)+(62-1); So that the enunciation of this particular part returns to this,

Every number of the form 24N+5 is the sum of five squares, of which each of the roots is of the form 6n-1.

The fourth case returns to this,

Every number of the form 8N +6 may be decomposed into sir squares, of which the roots are of the form 4n-1.

And, in general, the proposition is always reducible to the decomposition of a number into squares, and all the partial propositions that we have considered are included in the general form, SAN + (a + 2)(a 2) = (2ax – a + 2)2 + (2ay-a+2) + (2az - Q + 2) + &c. the number of squares on the latter side of the equation being (a +2).
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CHAP. X.




On the different Scales of Notation, and their Application to the Solution of Arithmetical 

Problems. 




PROP. I.




where r may




121. Every number n may be reduced to the form x=ar" + bron-' + cra-? + &c. pri + qr + w, 

be 
   any 


number whatever, and a, b, c, &c., integers less than r.

For let n be divided by the greatest power of r contained in it, as r", and let the quotient be a, and remainder n', so that

N=ar +N'. Divide again n' by the next lower power of r, as poo !, and let the quotient be b, which will be an integer or zero, according as N'> or < pH-, and the remainder n", whence

N=ar+ bron-' + N". Dividing again n" by pon-, and supposing the quotient c, and remainder N"", we have

N=ar" + brn-' CM-2 + N'". And by thus continually dividing the remainder by the next lower power of r, we shall be evidently brought finally to the form N=an + bp-1 + cpn-..

pr’+qr + w; 









in which expression, as a, b c, &c., are the quotients arising from the division of a number by the highest power of r contained in that number, it necessarily follows, that each of those coefficients, a, b, c, &c., is less than r. - Q. E, D.

Cor. If r=10, then a, b, c, &c., are the digits by which any number is expressed in our common method of notation; thus,

76034 = 7.10* +6.10+0.10'+3.10+ 4,

18461 =1.10* +8.10' + 4.10° +6.10 +1, which form is always understood in cnumerating the value of any number proposed; that is, we give to every digit a local, as well as its original or natural value: thus, in the number 76034, the second digit from the right is 3, but we consider it as representing 30, on account of its local situation, being in the second place from the right; in the same manner, the 6 represents 6000, and the 7 70000, so that the value of each digit is estimated according to its local situation and its original value, the former indicating the power of 10, and the latter the number of those powers that are intended to be expressed.

Cor. 2. It is evident, from the foregoing proposition, that a number may be in the same manner represented by any other value of the radix r, and hence arise the different scales of notation, which receive the following particular denominations according to the value of the radix r.

If r= 2, it is termed the Binary scale. 
   r = 3, 


                      Ternary 
r= 4, 


Quaternary









If r= 5, it is termed the Quinary. r= 6,

Senary: r=10,

Denary, or common scale. p=12,

Duodenary. And since, by the foregoing proposition, a, b, c, &c., are always less than r, the radix of any system into which they enter; therefore it follows that for every scale we must have as many characters, including the cipher, as are equal to the number expressing the radix of the system. Thus, the only characters are, for the Binary scale, Ternary,

0, 1, 2. Quaternary, 0, 1, 2, 3. Senary,

0, 1, 2, 3, 4, 5. Denary, or com

0, 1, 2, 3, 4, 5, 6, 7, 8, 9. mon scale,

And hence it follows, that in the duodenary scale, we must have two additional characters for representing 10 and 11, and as these characters may be assumed at pleasure, we shall, in what follows, express 10 by the symbol ¢, and 11 by , whence the digits of the duodenary scale will be

0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 0, 7.




0, 1.
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}




PROP. II.




122. Having given the equation

N=apa + bronz-' + Crn- 2 pro + qr +w, in which N and r are given numbers, to find the unknown coefficients, a, b, c, &c., and the exponent n. Or, which is the same, to transform a









number from the denary to any other scale of notation.

It is evident that this may be done by proposition 1; namely, by dividing a successively by the highest power of r that is contained in it; but it is more readily performed by dividing n successively by r; thus, if

N=ara + bron-1 + cp-9 pro + qr + w be divided by r, the quotient will be ara-' + bra-o + cp2 – 3

pr +9, and the remainder w.

This last quotient being again divided by r gives for a new quotient ar=2 + b1-9 + cpon-4

P3 and a remainder q. And this quotient, divided by r, gives a quotient

aron-9 + bron-4 + cracy, and a remainder

p. Whence it is evident, that the successive remainders will be the coefficients w, 9; p, &c., or the digits that express any number in the scale of which r is the radix. Ex. 1. Having given the equation 17486=a.69 +6.61-1+0.6"-9

W, to find a, b, c, &c. Or, which is the same, let it be proposed to convert 17486 from the common to the senary scale.









Here, by the foregoing proposition,

6)17486
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Therefore, 17486, in the denary scale, is expressed by 212542 in the senary.

Ex, 2. Transform 1810 into both the binary and ternary scales. 2)1810

3)1810 2)905 rem. = 0

3)603 rem. = 1 2)452

3)201

0 2)226

3)67

0 2)113

3)22

1
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Therefore, 1810=11100010010, in the binary scale; and 1810= 2111001, in the ternary scale.

Ex. 3. Transform the two numbers, 844371 and 215855, from the denary to the duodenary scale. 12)844371

12)215855
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1
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12)3 4

10= $ - 3 Hence 844371 =348783

in the duodenary scale. And thus a number is readily transformed from the denary to any other system of which the radix is given; and hence we find 1000 is expressed in the following manner according to the value of the




Tadix r.
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Hence it is evident, as it is indeed from the nature of the subject under investigation, that the greater the radix is, the less will be the number of digits necessary for expressing any given number; but the operations of multiplication, division, &c., will be the more complex; and, therefore, in judging of the advantages and disadvantages of different systems, we ought to keep both these circumstances in view, as also a third, which is the number of prime divisors of the radix; and, on a just estimate of the whole, the radix 12 will be found preferable to any of the other systems: but on this subject we shall add a few remarks at the conclusion of this chapter.




PROP. III.




123. To transform a number from any bther scale of notation to the denary, or common scale.

This proposition is the converse of the foregoing one, and it is readily effected by the reverse operation. For let

aron + bron-' + cpol – 2 pri + qr + w represent a nunber in any known scale of notation, whose radix is r ; then, since a, b, c, &c., are also known, we have only to collect the successive values of the different terms, and their sum will be the number transformed, as required.

Ex. 1. Transform 7184 from the duodenary to the common scale of notation. First,

7184=7.12' +1.12+8.12 + 4.









Therefore, we have,

7.129= 12096 
1.12 = 144 
8.12 = 


       96 
4 = 4 





Duodenary 7184 = 12340 Denary scale. Ex. 2. Transform 1534 from the senary to the denary scale.

153451.6% + 5.62 +3.6 + 4

1.6= 216 5.6'=180 3.6 = 18

4




Senary 1534 = 418 in the common scale. Cor. By means of the two foregoing propositions a number may be transformed from one scale of notation to another, neither of which is the denary, by first transforming it from the given scale to the common scale, and then into the particular one required.




PROP. IV.




124. In every scale of notation, whose radix is r, the sum of all the digits expressing any number, when divided by r-1, will leave the same remainder as the whole number divided by r- 1; that is, if N=ar+ bra-' + cruce

pri + yr +w, then will N+(r-1), leave the same remainder, as (a+b+c. P+9+ w) + (1-1).









For make'r-1=r', or r=r'+1, then

30-- (r-1)=(r'+1)" = .? will leave a remainder 1, because every terin of the expanded binomial (r' + 1)" is divisible by r', except the last, which is 1; and, consequently, (r’+ 1)" + r', or p* (r– 1), will leave a remainder 1, and this property is entirely independent of the value of n; and hence it follows, that every power of r divided by r- 1 will leave a remainder 1, or the

power's ro", poza!, pa-, &c., are all of the form m(r-1)+1; that is, pot = m(r-1)+1, whatever integer value is given to n'. And hence it follows, that

ar #am(r-1) + a, 
broh-':bm' (r-1)+b, 
cph-cm"(r - 1) + €, 
&c. 


        &c. 
pro #pm'' (r - 1) +p, 
qr #qm"(r— 1) +9, 
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And, consequently,

N#m(r– 1)+(a+b+c+ p+9+w); and, therefore, when divided by r-1, it will evidently leave the same remainder as the sum of its digits (a+b+c, &c. w). – Q. E. D.

Cor. 1. Hence, if the sum of the digits in any system of notation be divisible by r–1, the whole number is divisible by r- 1; therefore, in the common scale, if the digits of a number be divisible by 9, the number itself is divisible by 9, and if there be any remainder in the former, there will also be the same remainder in the latter; and if the sum of the digits be even, and divisible by 9, then









will the number itself be divisible by 18; because, if an even number be divisible by an odd number, it is divisible by double that number (cor., art. 5). And since 3 is a factor of 9, the same property

that has been shown to belong to the number 9 belongs also to 3; namely, if the sum of digits of a number be divisible by 3, the number itself is divisible by 3, and if the sum be even also, then will the number be divisible by 6.

Cor. 2. It is upon this obvious principle that our rule for proving the truth of operations in multiplication, division, &c., is founded, by dividing by, or casting out the 9s contained in the two factors, and in the product; and what remains of this last ought to be equal to what remains of the product of the two former remainders divided by 9, if the work be right.

For let a and b represent any two factors, and make




a=9n+il', 

b=9m +b'. Then ab=9(9nm + ma' + nb') + a'b'; and, therefore, ab-9 leaves the same remainder as a'b' divided by 9: but the remainder of a-9 is the same as the digits of a by 9, and the remainder of b - 9 is the same as the digits of b-9, and the same of the product ab; and hence the reason of the rule.

The same is obviously true for any of notation, by taking the number next less than the radix for the divisor. Thus, for example, we have seen that 215855= $.1977 in the duo




other system









a




re




denary scale, and 215855 +11 leaves mainder 2: but

$ +4+0+*+x=10+4 +10+11 + 11 = 46, which, divided by 11, gives also a remainder 2.

Suppose it was required to multiply $4$## by 004, the operation and proof would stand thus: Operation. 

Proof by 11. 04077 rem. 2

004 rem. 2




4 




2




2




357778 881172 881172




95088918 rem. 4




It is unnecessary to observe, that in this operation, as in all others in which the radix is r, we must in multiplying, dividing, &c., divide by the radix; ; that is, by 12 in the above example, and set down the overplus, instead of dividing by 10 and setting down the overplus, as is done in the common scale.




PROP. V.




125. In any scale of notation whose radix is r, the difference of the remainders of the sum of the 1st, 3d, 5th, &c., digits by r + 1, and the sum of the 2d, 4th, 6th, &c., digits divided also by r+1, is equal to the remainder of the whole number divided by r+1. Let

N=ar" + brones + cro" - ? pr* + qr+w, then, I say, the remainder of (w +P + b&c.) + (r+ 1),









r+1




minus the remainder of (q+c+ a &c.) + (r+1), is equal to the remainder of N-(r + 1). For make r+1=r', or r=r- 1, then it is evident

(n-1)" that

will leave a remainder + 1, or -1, r according as n is even or odd; for all the terms in the expanded binomial (r' – 1)" are divisible by r', except the last, which is +1 or – 1, according as n is even or odd, independently of any other value of n; and, therefore, will also leave the same remainder in the same cases; that is, every

odd

power of r is of the form mér +1)-1, and every even power of r is of the form n(r +1)+1. Therefore, in the above expression, we have

+ w, gr sqm (r + 1)-9, pri #pn (r + 1) +p, Cr-o cm' (r + 1)-1, bra-' bn (r + 1) +b, ar sam"(r +1)-a, &c.

&c. And, consequently,

Nam"'(r + 1) +w – 9+p-c+b-a; and, therefore, when divided by r+1, it will leave the same remainder as

(W–9+p-c+b-a) divided by r+1, or as (w+p+b, &c.) = (r+1)-(q+c+a, &c.) + (r+ 1).

Q. E. D. Cor. 1. Hence, in the common scale, if the sum of the digits in the odd places be equal to the sum of those in the even places, or if one exceed the









other by 11, or any multiple of 11, the whole num: ber may be divided by 11.

Cor. 2. The above proposition furnishes us with another rule for proving the truth of operations in multiplication, division, &c., which, in the common scale of notation, the radix being 10, is as follows:

From the sum of the digits in the 1st, 3d, 5th, &c., places, subtract those in the 2d, 4th, 6th, &c., places in both factors, and in the product; also reserve the three remainders, when each of those differences is divided by 11; multiply the two former together, and cast out the 11s, which remainder ought to be equal to the remainder of the product, if the worķ be right. Note, if the sum of the 2d, 4th, &c., digits be greater than the sum of the 1st, 3d, &c., 11 must be added to the latter.

Thus, for example, to prove the truth of the multiplication in the following example:

741746 diff. of digits, 5

3462 diff. of digits, 8 1483192

11)40 4450476

rem. 7 2966984 2225238




5 




8




7




2567924652 diff. of digits, 7

This method, though not so easily expresséd, is nearly as ready in practice as the rule by 9s; and, being independent of it, we may conclude, with a very considerable degree of certainty, that any example that proves right by both rules is really so in the operation. And the same rule is applicable









to any other radix by making that radix plus ! the divisor.

Cor. 3. By means of cor. 1, art. 124, and cor. 1, art. 125, we are enabled to ascertain if a number be divisible by 3, 6, 9, 11, and 18, without attempting the operation, which is useful in finding the common measure of two numbers, reducing a fraction to its lowest terms, &c. And to these rules we may add the following; vit. If a number terminates with 5 or 0, it is divisible by 5 in both cases, and by 10 in the latter case; and if the two last digits of any nuinber be divisible by 4, the whole number is divisible by 4; if the three last digits be divisible by 8, the number is divisible by 8; and, generally, if the n last digits be divisible by 2", the whole number is divisible by 2".

For every number ending in 5 or o is of one of the forms 10x + 5 or 10N + 0, both of which forms are evidently divisible by 5, and the latter by 10.

Again, every number may be expressed by Ax 10" + B, where b represents the n last digits: thus, for example, 7846144 =784614 × 10 +4=78461 x 10° +44=

7846 x 10' + 144, &c, And since 10 is divisible by 2, 10"+2"; therefore, in the form 4 x 10" + B, which may represent any number whatever, 10" + 2" and B+2" by hypothesis: therefore A x 10" + B is divisible by 2", if B be $0; that is, if the n last digits be divisible by 2",




PROP. VI. 126. To perform duodecimal operations by means of the duodenary scale of notation.

Transform the number of feet, if above 126









into the duodenary scale, by art. 122, and set the inches and parts as decimals; then multiply as in common arithmetic, except carrying for every 12 instead of every 10, as in common operations. And, in the result, transform again the integral part of the product into the denary scale.

Ex. 1. Multiply 17 feet 3 inches 4 parts, by 19 feet 5 inches 11 parts. Proof by 11.

15:34 = 17 ft. 3 in. 4" 17:57 = 19




4




5 




11




2




2




13008 7248 POT 4 1534




Answer, 240-9688 = 336 ft. 9'6" 8" gir. Ex. 2. Find the solidity of a cube, whose side is 13 feet 7 inches 7 parts.

11.77=13 ft. 7 in. 7" 
11.77 


                               Proof by 11. 
7751 


3 

                        5 5 
7751 


                            3 
 1177 
1177 





4 3 




5 




135.9761

11.77




9049867 9049867 1359761 1359761




1571'281417=2533 ft 2' 8" 1" 4' 1' 7"









Remark. This method, which I first published in vol. xxv. of Nicholson's Philosophical Journal, appears to me to possess considerable advantage over the common rule, both on account of the facility of the operation, and the accuracy of the result, as, likewise, that it is thus submitted to proof, the same as common multiplication, which it is not possible to apply to the old method. The above examples are proved by 11, and they may also be proved by 13, according to rule, art. 125.

And in the same manner any other arithmetical operation, such as division, extracting the square root, &c., is performed with as much facility as in common numbers.

Ex. 1. Giving the area of a rectangle equal to 174 feet 11 inches, and its length 15 feet 7 inches; to find its breadth in feet, inches, &c. 174 ft. 11 in. = 126 and 15 ft. 7 in. = 13•7

13.7)1267(1.2841
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The breadth is, therefore, 11 feet 2 inches 8'4" 1".









As the above method of proving division is seldom or never given in books of arithmetic, it may not be amiss to say how it is effected, which is thus: from the sum of the digits in the dividend, take those in the remainder; then the remainder from the divisor and quotient, ought to be equal to that of the dividend thus reduced, if the work be right. The reason for which is evident, because the dividend minus the remainder may be considered as the product arising from the multiplication of the dividend and quotient,

Ex. 2. Given the breadth and area of a rectangle, equal to 24 feet 9 inches, and 971 feet 10 inches; to find its length. 24 ft. 9 in. = 20:9, and 971 ft. 10 in. = 687$

20-9)687.°(33.323

623
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139 Therefore its length is 39 feet 3 inches 2' 3".

And the same principles are equally applicable to the extraction of the square root, as is evident by the following cxample:









Ex. 3. Having given the area of a square equal to 17 feet 4 inches 6', required the length of its side.

15.46(4-2020
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47378 Therefore the side is 4 feet 2 inches O' 2" 10"".

And thus may any other numerical operation be performed with nearly as much ease as in common arithmetic.




PROP. vii. 127. Every number less than 2"+', is compounded of some number of terms in the series,

1, 2, 2, 2", 2", 2", &c. 2". This is made evident by transforming any given number n <a"+' into the binary scale, which, from what has been observed at cor. 2, art. 121, will assume the form,

N= a.2" + 6.2"-' + c.29-2 p.22 +9.2+W; where a, b, c, &c., are each less than 2, and consequently either 0 or 1; and as every number less than 2"+' may be thrown into this form, therefore, with the above series, every number whatever,









within the assigned limits, may be compounded of some number of those terms. Cor. 1.

What is said in the above demonstration, not only proves the truth of the theorem, but also points out the method by which it is to be effected; and at the same time it is evident that there is only one way in which the selection can be made.

Cor. 2. In the above theorem, the greatest power of 2 is 2", and consequently the greatest number that can be formed is 2942 – 1; but, if the power of 2 be unlimited, so also will the number that

may be compounded of those terms; that is, any number whatever may be compounded of the terms of the indefinite series, 1, 2, 2°, 2°, 2', &c. Ex. Having a series of weights of

1, 2, 4, 8, 16, &c., it is required to ascertain which of them mast be selected to weigh 1719 pounds.

First, 1719 in the binary scale is expressed by 11010110111: the weights therefore to be employed are,

lb. Ib. ib. lb. 1b. ib. Ib, lb. 
 1 + 2 + 2 + 2+ + 2' + 2 + 2 + 20. 





ib. Ib. 16. ib. 




lb. 




PROP. VIII. 




128. Every number whatever may be formed by the sums and differences of the terms of the geometrical series, 1, 3, 3, 3, &e.

For, by transforming the given number n into the ternary scale of notation, it will assume the form,

N=a3" + 63"-' + c3" - 2 p3' +93 +W;









where each of the coefficients, a, b, c, &c., is less than 3, and consequently they must be either 2, or 1, or 0. Now, in order to prove the truth of the theorem, it will be better to select a partial example, the reasoning on which will be evidently applicable to every other case. First, then, it is obvious, that, if no one of these coefficients be greater than 1, the question is resolved agreeably to the conditions of the proposition: we need, therefore, only consider the case, in which some one or inore of the coefficients are equal to 2. Let, then, Sx=3' + 2.3*-!+ 0.3*-' +2.3"-' + 3*-* + 0.39-5 +

2.3-6. &c.




And, since

3.3"-6 =3"-5, and 3.3"-5=3*--, 3.3*-' =3“, the above expression is the same as

(2.3" + 3"-2 +31-4 + 3*-s) – (3*-'+38-3 + 32-6)= (3***3*-* +3"-"+3"-)- (3" +3'-'+3^-^ + 3^-^)=N, agreeably to the conditions of the proposition.




0. E. D.




Remark. The latter part of the above demonstration is only for a particular case, but it is evident that the same reasoning will apply to any case, or even to the general form, but it would have only tended to lengthen and embarrass the demonstration, and at the same time would not have added to the certainty of the conclusion, for which reason it was thought better to proceed as above. This demonstration, like that in the foregoing proposition, has the advantage of pointing out the









1b. 16. 10. 




16. 
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method of solution, at the same time it proves

the truth of the theorem, and, like that, also shows that there is only one way in which the theorem can be effected:

Cor. It appears from this theorem, that with a series of weights;

1, 3, 3, 3', 3*, &c.; any number of pounds whatever may be ascertained; by placing some of those weights in one scale and some in the other, when the case requires it, or only in one scale when the given weight is compounded of any number of those terms.

The solution of which problem is readily deduced from the foregoing demonstration.

Ex. 1. Required in what manner the weights must be selected out of the foregoing series, to weigh 716 pounds. First, 716 in the ternary scale is expressed by

222112 Add




1
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therefore, 222112=38 – (3 + 3+1); that is, ze must be placed in one scale, and the three weights 3° +3 + 1 in the other scale, with the body to be weighed.

Ex. 2. What weights out of the above









series must be selected, to ascertain a weight of 1319 pounds ?

First, 1319=1210212 in the ternary scale.
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And hence we conclude, that the weights 3? +3* +3' must be put in one scale, and the weights 3* +3+3+1 in the other scale, with the body whose weight is to be ascertained.

These curious numerical problems are mentioned by Ealer at page 253 of his Analysis Infinitorum, and the possibility of any weight being ascertained by such a system of weights is rigorously demonstrated; but the demonstration in the two foregoing problems is much simpler, and they have moreover the advantage of indicating the mode of solution, which is not attainable by Euler's method.

129. Scholium. Before we conclude this chapter, it will not be improper to make a few general observations on the comparative advantages and disadvantages of the different scales of notation, that have been the subject of our investigation. On this head, simplicity is evidently the first con

R









sideration to be attended to, for in that alone consists the superiority of one system over another; but this ought to be estimated on two principles, viz. simplicity in arithmetical operations, and in arithmetical expressions: Leibnitz, by considering only the former, recommended the binary scale, which has certainly the advantage in all arithmetical operations, in point of ease; but this is more than counterbalanced by the intricacy of expression, on account of the multiplicity of figures necessary for representing a number of any considerable extent; thus we have seen (prop. ii. of this chapter), that 1000 in the binary scale wonld require ten places of figures, and to express 1000000 we must have twenty places, which would necessarily be very embarrassing, at the same time that all calculations would proceed very slow, on account of the number of figures that must be made to enter into them.

The next scale that has been recommended is the senary, which certainly possesses some, important advantages: first, the operation with this system would be carried on with facility; the number of places of figures for expressing a number would not be very great; beside, that those quantities equivalent to our decimals, would be more frequently finite than they are in our system: for example, every fraction whose denominator is not some power of one of the factors of io is indefinite, and those only are finite that contain the powers of these factors; and it is exactly the same in every other scale of notation; namely, those fractions only are finite, that have denominators com









a 




a 




,2"3"




pounded of the powers of the factors of the radix of that system; therefore, in the decimal scale only fractions of the form are finite, but in the

2"5" senary scale the finite fractions are of the form

and as there are necessarily more numbers of the form 2"3", within any finite limit, than there are of the form 2"5", it follows, that in a system of senary

arithmetic, we should have more finite expressions for fractions than we have in the denary, and, consequently, on this head, the preference must be given to the senary system; and, indeed, the only possible objection that can be made to it is, that the operations would proceed a little slower than in the decimal scale, because in large numbers a greater number of figures must be employed to express them. This leads us to the consideration of the duodenary system of arithmetic, which, while it possesses all the advantages of the

senary, in point of finite fractions, it is superior even to the decimal system for simplicity of expression; and the only additional burden to the memory is two characters for representing 10 and 11, for the multiplication table in our common arithmetic is generally carried as far as 12 times 12, although its natural limit is only 9 times 9, which is a clear proof that the mind is capable of working with the duodenary system, without any inconvenience or embarrassment; and hence, I think, we may conclude, that the choice of the denary arithmetic did not proceed from reflection and deliberation, but was the result of some cause









operating unseen and unknown on the inventor of our system; and it may, therefore, be considered as a fortunate circumstance, that for this accidental radix, that particular one should have been selected, which may be said to hold the second place in the scale of general utility.

All nations, both ancient and modern, with a very few exceptions, divide their numbers into periods of 10s, which singular coincidence of different people, entirely unconnected and unknown to each other, can only be attributed to some general physical cause, that operated equally on all, and which there is little doubt is connected with the formation of man; namely, his having ten fingers, by the assistance of which, in all probability, calculation, or at least numbering, was first effected.—See some ingenious remarks on this head, in Montucla's Histoire des Mathematiques, vol. i.

Our present scale of notation, however, though founded on this principle, was not the immediate consequence of this division, but was an improvement introduced a long time afterwards, as is evident froin the arithmetic of the Greeks, who, notwithstanding they divided their numbers into periods of tens, had no idea of the present system of notation, the great and important advantage of which is, the giving to every digit a local, as well as its original or natural value, by means of which we are enabled to express any number, however large, with the different combinations of ten numerical symbols; wherers the Greeks, for want of this method, were under the necessity of employing thirty-six different characters, and with which, for




[image: [ocr errors]]







a long time, they were not able to express a number greater than 10000; it was, however, afterwards indefinitely extended by the improvements of Archimedes, Apollonius, Pappus, &c.




A Dissertation on the Notation and Arithmetic 

of the Greeks. 130. We have before observed, that the Greeks divided all their numbers into periods of tens, but that, for want of the happy idea of giving a local value to their numerical symbols, they were under the necessity of employing thirty-six characters, most of which were derived from their alphabet, and with which they contrived to render their arithmetic very regular, and as unembarrassing as such a number of symbols would admit. Instead of our

1, , , digits, they employed the cha A, B, 7, 8, 6, S, S, M, 6. racters To represent

10, 20, 30, 40, 50, 60, 70, 80, 90, they made

1, m, a, M, , , , , 5. 




}




use of
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But the thousands, 1000, 2000, &c., were represented by a, ß, ?, &, ș, ș, ņ, $. 

That is, they had recourse again to the characters of the simple units, with this difference only, .t,









in order to distinguish them from the former, they placed a small iota or dash below the latter.

With these characters, it is evident that the Greeks could express any number under 10000, or a myriad. Thus,

991 was represented by 750, 9999

0756, 7382

STAB, 8036

925, 6420

Sur,




[image: [merged small][ocr errors]]


[image: [ocr errors]]


and so on for others: whence it is evident, that neither the order nor the number of characters had any effect in fixing the value of any number intended to be expressed; for 4001 is expressed by two characters, 6420 by three, and 7382 by four. Also the value of each of those expressions is the same, in whatever order they are placed; thus

6703,9 is the same as 77969, or as 4697); and so on for any other possible combination; but as regularity tended in a great measure towards simplicity, they generally wrote the characters according to their value, as in the examples above.

In order to express any number of myriads, they made use of the letter m, placing above it the character representing the number of myriads they intended to indicate. Thus,

B 

M, &c., represented 10000, 20000, 30000, 40000. Thus,




1




a 
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à 




M,




M,




M,
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à? also, m expressed 370000," 'M = 43720000; and, generally, the letter m placed beneath any number, had the same effect as our annexing four ciphers.

This is the notation employed by Eutocius in his Commentaries on Archimedes, but it is evidently not very applicable to calculations.

Diophantus and Pappus represented their myriads by the two letters Mu placed after the number, and hence, according to them, the above numbers would be written thus :

      Q.mu, B.Mu, y.mu, 8.my, &c. 
370000 =18.mu, and 43720000=ôroß.mu. 
Also 43728097 is expressed by droß.Munas, 
And 99999999 


by 07358.Mu 0250. This notation in some measure resembles that which we employ for complex numbers, such as feet and inches, or pounds and shillings.

The same authors, however, employed a still more simple notation, by dropping the mu, and supplying its place with a point; thus, instead of

Stoß.Mu 758, they wrote Stoß.7%; and for

67958. Mu 677,6, they wrote 87358.87958; this last number, with the addition of unity, be-' comes 10000 = 100000,000, which was the greatest extent of the Greek arithmetic; and, for common purposes, it was quite sufficient, because their units of weight and measure, such as the talent and stade, were greater than our pound and foot. It was, therefore, only astronomers and geometers
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who sometimes found an inconvenience in this limitation; thus, for example, Archimedes in his Arinarius, in order to express the number of grains of sand, that might be contained in a sphere that had for its diameter the distance of the fixed stars from the earth, found it

necessary to represent a number which with our notation would require sixty-four places of figures; and in order to do this, he assumed the square myriad, or 100000000, as a new unit, and the numbers formed with these new units he called numbers of the second order; and thus hç was enabled to express any number which in our notation requires sixteen figures: assuming again (100000000)' for a new unit, he could represent any number that requires in our scale twenty-four figures, and so on : so that by means of his numbers of the 8th order he could express the number in question, which, as we have said above, required sixty-four figures in our scale.

Hence, according to Archimedes, all numbers were separated into periods or orders of eight figures, which idea, as we are informed by Pappus, was considerably improved by Apollonius, who, instead of periods of eight places, and which were named by Archimedes octades, he reduced to periods of four figures; the first of which, on the left, were units, the second period myriads, the third double myriads, or numbers of the second order, and so on indefinitely.

In this manner Apollonius was able to write any number that can be expressed by our system of numeration; as, for example, if he had wished represent the circumference of a circle, whose









diameter was a myriad of the ninth order, he would have written it thus:

7. avis. Oote. yox0. Zmaß. yous. Bxuz. 
 3. 1415 9265 3589 7932 3846 2643.. 


γαλβ. 37ν. βωκδ. 

3832 7950 2824. Having thus given an idea of the Grecian notation for integer numbers, it remains to say a few words on their method of representing fractions. A small dash set on the right of a number, made of that number the denominator of a fraction, of which unity was the numerator; thus

Y=F, P=1, Ep=s, Pxa =T, &c.; but the fraction had a particular character, as C, or <, C, or K. 

When the numerator is not unity, the denomipator is placed as we set our exponents. Thus,

18, represented 15", or "*; and

30*a, represented 7"", or Tit: also oby.youbay.qvos = 2633544°31776 This last fraction is found in Diophantus, book 4, question 46.

As it was only onr intention in this place to convey to the reader a connected and general idea of the notation of the Greeks, in order the better to estimate the value of the inodern, or, as it is som 1etimes called, the Indian arithmetic, we have not entered into an explanation of their sexagesi




2 6 3 3 5 14 
33 1777. 










mals employed by astronomers in the division of the circle, and of which ours is still a representative, as is evident from the following example:

0. A gy" 13" bgie BV aan=

0° 59' 8" 17" 131 12' 31" 131. It still remains for us to explain, by a few examples, the method that was employed by the ancients in order to perform the common rules of arithmetic, with this complicated system of notation, and must refer the curious reader, who wishes for more particular information, to an ingenious essay on this subject by Delambre, subjoined to the French translation of the Works of Archimedes, to which essay we are indebted for many of the foregoing and following remarks,




EXAMPLE IN ADDITION. From Eutocius, Theorem 4, of the Measure of the 

                Circle. 
ωμ. γκα 


847 3921 
 60 8400 
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η. βτκα 




908 2321




In this example the method of proceeding is so obvious, that it needs no explanation, being performed exactly as we do our compound addition of feet and inches, or pounds, shillings, and pence; but it is more siinple on account of the constant ratio of ten between any character and the succeeding one.




;









EXAMPLE IN SUBTRACTION.




Eutocius, Theorem 3, on the Measure of the 

Circle. 
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This example also is so simple, that the reader will find no difficulty in following the operation, by proceeding from right to left, as in our subtraction, which method seems so obviously advantageous and simple, that one can hardly conceive why the Greeks should ever proceed in the contrary way, although there are many instances which make it evident that they did, both in addition and subtraction, work from left to right.

In multiplication they most commonly proceeded in their operations from left to right, as we do in multiplication of algebra, and their successive

products were placed without much apparent order, as is evident from the following examples; but as each of their characters retained always its own proper value, in whatever order they stood, the only inconvenience of this was, that it rendered the addition of thein together a little more troublesome.

As it is burdensoine to the memory to retain in mind the value of all the Greek characters, we have, for the ease of the reader, in the following e samples, made the substitutions as below, by









which means their operations will be the more readily comprehended. For d, B, 7, 8, &c. we write 1o, 2o, 3o, 4o, &c. +, *, 3, 2, &c.

1', 2', 3', 4', &c. P, O, T, U, &c.

1", 2", 3", 4", &c. A, B, 7, è, &c.

1", 2", 3, 4", &c.




And the myriads are represented by " placed over the number of them.




30, &c.




Thus, 1°, 2°, 3°, &c., have their proper value; 1', 2', 3', &c. will represent 10, 20, 1", 2", 3", &c.

100, 200, 300, &c. 1", 2", 3'", &c.

1000, 2000, 3000, &c. 1", 2", 3", &c. will be so many myriads.

After which it will be extremely easy to follow the work in all the succeeding examples.
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This example may be farther illustrated: thus, by beginning on the left hand, we have









pxp=d, or 100 x 100= 10000=1" pxu=ę, or 100 x 50 = 5000= pxy=t, or 100 x

3= 300=




5" 




3"




1" 5' 




Again, vxp=;

or 50 x 100 = 5000= v x v = ßo,or 50 x 500 = 2500= exy=py, or

50 X 3= 150 Also, gxp=t, or 3 x 100 = 7Xv=py, or 3 x 50= 7xy=v, or

3 x

3=
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Whence, by addition, we have 32




2" 3" 4"




99









The above example is exactly copied from Eutocius, and is sufficient to indicate the method that the Greeks employed in their multiplication, but it will not be amiss to present the reader with another example drawn from the same source.
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The division of the Greeks was still more intricate than their multiplication, for which reason it seems they generally preferred the sexagesimal division, and no example is left at length by any of those writers, except in the latter form; but these are sufficient to throw some light on the process they followed in the division of common numbers, and Delambre has accordingly supposed the following example:




EXAMPLE IN DIVISION. τλβ.γτκθ(αωκγ 332" 3' 3" 2' 9°(1" 8" 2' 30
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This example will be found, on a slight inspection, to resemble our compound division, or that sort of division that we must necessarily employ, if we were to divide feet inches and parts, by similar denominations, which, together with the number of different characters that they made









use of, must have rendered this rule extremely laborious; and that for the extraction of the square root was of course equally difficult, the principle of which was the same as ours, except in the difference of the notation, though it appears that they frequently, instead of making use of the rule, found the root by successive trials, and then squared it in order to prove the truth of their assumption.

From the foregoing sketch of the notation and arithmetic of the Greeks, the reader will be able to form some estimate of the value and importance of the present system, which does perhaps as much honour to its inventor as any otier discovery in the whole circle of the sciences, being that to which we must consider ourselves indebted for the

many brilliant advances that have been subsequently made in the modern analysis and astronomy. Let any one compare the complicated multiplications of the ancients with the logarithmic operations of the moderns, and he will soon be convinced that he cannot set too high a value upon the discovery of our present system of arithmetic, which laid the foundation of that of logarithms, and many other of the most important improvements that have been made for facilitating calculations, and thereby extending the bounds of science to their utmost possible limits. He will also perceive how slow and progressive are the steps to knowledge, and by what imperceptible degrees we arrive towards perfection: from the first rude efforts of the Greeks, when their notation carried them no farther than to write down 10000, or a myriad, he will be able
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to trace them through their several successive improvements, until it became indefinite like our own; first, by placing the character m under the number of myriads that they wished to represent, they exé! tended it to 10000', or 100000000; but this position of the character being found inconvenient, was changed for mu, following the number it was before placed under; and this again was afterwards dropped for the more eligible form of a point, separating the myriads from the simple units: afterwards Archimedes invented his octates, or periods of eights, and thus gave an indefinite extent to the Grecian arithmetic, an idea that was considerably improved upon by Apollonius, by making the periods consist of only four places instead of eight, and dividing all numbers into orders of myriads. In this form it seems most astonishing, that he did not perceive the advantages of making the periods to consist of a less number of characters; for having by this means given a local value to his periods of four, it was only necessary to have done the same for the single digits, in order to have arrived at the system in present use, which is the more singular, as the use of the cipher was not unknown to the Greeks, being always employed in their sexagesimal operations, where it was necessary; and, consequently, the step between this improved form of their notation and that of the present system was extremely small, although the advantages of the latter, when coinpared with the former, were incalculably great.

It is much to be regretted, that we are ignorant to whom the brilliant invention of the decimal scale









is due; even the nation where it took its origin is not distinctly known, though it seems most probable to belong to the Indians, it being from these people that the Arabs first acquired their knowledge of it, which they carried into Spain about eight hundred years back, and whence it soon after circulated among the other European nations.

132. We shall here conclude our Nuinerical Investigations, adding, by way of praxis, the following propositions, the demonstrations of which depend upon the principles that have been the subject of inquiry in the preceding pages: and shall, in the following part, endeavour to show their application to the Indeterminate and Diophantine Analysis.




MisceLLANEOUS PROPOSITIONS.




1. The

square

of any prime number p, of the form 411 + 1, is of the form 25no + m. 

2. The sum of any number of consecutive cubes beginning with unity is a square, the root of which is equal to the sum of the roots of all the cubes.

3. The common difference of three integral square numbers in arithmetical progression cannot be an odd number.

4. There cannot be four square numbers in arithmetical progression.

5. The common difference of three square numbers in arithmetical progression cannot be a




square number.




6. There cannot be three cube numbers in arithmetical progression.









7. There cannot be three square numbers in arithinetical progression either in integers or fractions, whose common difference is 1, 2, or 3.

8. If m be a prime number greater than 3, then will m* - 1 be divisible by 24.

9. In order to ascertain whether a given namber a be a prime number, it is only necessary to solve the eqnation a® + yo =z?, a minimum. Required proof.

10. No triangular number, except unity, is a cube number.

11. No triangular, except unity, can be equal to a pentagonal number.

12. The difference between a fraction and its reciprocal cannot be equal to a square.

13. No cube number, except 8, when increased by unity, can be a square.

14. The equation 2x + 3yo = x" is impossible.

15. The equation ax" 7yo = zo is impossible for every value of a, except those that fall under one of the forins 7n, or 71+1.

Every odd number prime to 5 is a divisor of any repetend digit, and the number of digits necessary to form the complete dividend will never exceed the number of units expressed by the divisor.

17. If r be a prime number, then will every prime divisor of the formula a" + 1 be of the form 2nx + 1; except only the divisor @+1, when the ambiguous sign is t, and the divisor a- 1 when that sign is

18. No square number can terminate with more than three equal effective digits,




16.









19. The squares of all numbers experi of less than ten units, as 11, 111, 1111. &c, a'ways have the form 1, 2, 3, 4, --. 4, 3, 2, 1.

20. The equation (1° + y) = (1-4)=zis impossible. 21. The folloiring equations are in passible:

1. z'y Iy'r=s'. 
2. abr* aly* =r. 
ə. 2a br* + 2a5'y'=z. 


4. 2a br* + 4aby* = z?. Required the demonstrations.

22. Find the rational valaes of r and y in the two equations 27* + 8y*=z', and 6r* + 54y* =:'; or prove that there can be no such values.

23. Every even number is the sum of two prime numbers, and every odd number is the sum of three prime numbers. Required proof.

24. Every prime number of the form 3n + 1 is also of the forin x + 3yo. 

25. Let 1, 2, 3, 4, &c. - - - n, represent any continued product of n terms, and let p be any prime number whatever; then will the above product be divisible by such a power of p as has its exponent expressed by the sum of the integral parts of the fractions

n n 
  + + 


&c. P p pe p' Required proof.

26. What weights must be selected out of the single series 1, 3, 9, 27, 81, &c., to weigh 100100 pounds? 27. How many terms must be selected out of




n 




N









sum may




square; then




1




3 




.




the single series 1, 2, 4, 8, 16, &c., that their

be 17845? 28. Let n be any number whatever, and a the difference of N, and the next greater square; also b the difference of N, and the next less will n-ab be a complete square. 29. The expanded binomial

n(n-1) n(11.- 1)(n − 2) (1 - 1)"=1-n+

+&c.=0; 1 2

2 and if these terms be respectively multiplied by the series

1, 2, 3, 4, &c. or by any power of these terms, except the nth, as

1", 2", 3", 4", &c. the suin of all the terms thus produced is equal to zero. Required proof. 30. The continued product 1. 2. 3. 4. &c., (1 - 1)n= 

                       n(n-1) 
n" – n(n-1)" + (n − 2) - 


          1.2 
n.(n-1)(n-2) 


(n-3)* + &c.

2 , 3 Required proof.

31. If a, b, and c, represent the three sides of a triangle, and c the angle contained by a and b,




1
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then, if
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PART II.




ON THE INDETERMINATE AND DIOPHANTINE




ANALYSIS.




CHAP. I.




Continued Fractions, and their Application to 

various Problems. 

DEFINITIONS. . 133. 1. Every expression having the following form, viz. 




1

1 +




1 +




1




c+ät &c. a, b, and c, being integers, is called a Continued* Fraction; and it is rational or irrational according as the number of its terms is finite or infinite,
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is a continued fraction; but in what follows we shall only have to consider those fractions that are of the form above given.









2. The series of fractions formed of the first term, the first two terms, the first three terms, &c. of any continued fraction, are called Converging Fractions; thus,
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bc + 1




when reduced to the following forms, 1 b 

&c. ā' ab +1° a(ab + 1) + c' are converging fractions,




PROPOSITION I. .




M




N




134. To reduce any proposed fraction, ta the form of a continued fraction.

Let >M; and suppose that n, when divided by M, gives a quotient a, and remainder P; then we have
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Dividing in the same manner M by P, and supposing the quotient b, and remainder a, we have, in the same manner,
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where a, b, c, &c., are the quotients arising from dividing, successively, n by M, M by P, p by @, &c. And if now we substitute for the fractions




M




P




N




&c., their respective values, found as above, we obtain the following expression:




M




Р
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M




N




and, consequently, the fraction is reduced to a continued fraction as required.

135. We are thus furnished with a very simple practical method of performing this reduction, in all such cases; viz. divide the denominator by the numerator, then the divisor by the remainder, and so on, as in finding the greatest common measure of two numbers; and the successive quotients will be the denominators of the fractions, above represented by a, b, c, &c.

Note. If the numerator be greater than the denominator, the continued fraction will be preceded by an integer,









Ex. 1.




Reduce

1171

to a continued fraction.

9743 1171)9743(8

9368
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which is therefore reduced to a continued fraction as was required.









743 Ex. 2. Reduce to a continued fraction.




611




611)743(1

611




132)61104




528




83)132(1

83




49)83(1

49




34)49(1

34




15)34(2

30




4)153

12




3)4(1

3




1)3(3

                                3 
And therefore we have for the required fraction 


743 
   =l+ 1 
      4+ 1 


   1 
+ 1 
 1+ 


     1 
2+ 1 


3+ 1




1




611




1+

3'




which is preceded by an integer, as stated in the foregoing note.









Remark. We call the integers a, b, c, d, &c., obtained in the foregoing operation, Quotients, being the results of successive divisions; and each of these, with its depending fraction, as a +

b+ 




P
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R




R




€+ * &c., is called a Complete Quotient. 




PROP. II.




136. To transform a given continued fraction to a series of converging fractions.

Let 1




1 at 




1
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1 C+

d+ &c. be any continued fraction: it is required to transform it to a series of converging fractions.

This is in fact performed by the common rules for the reduction of complex fractions to simple




ones; thus
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And in the same manner we find




1

1 at




 (bc + 1)d+b 
{(ab + 1)c + a}d + ab + 1 





1

1 C+

a




b +




But this reduction, when there are many terms in the continued fraction, becomes very embarrassing, and at the same time unnecessary; for, from what has been already done, a very obvious law of formation discovers itself, in order to render which the more manifest, let us resume our foregoing results, making also the successive substitutions as below; viz. 




[image: [merged small][merged small][merged small][merged small][merged small][merged small][merged small][merged small][ocr errors][merged small][merged small][merged small][ocr errors][merged small][merged small][merged small][merged small][ocr errors][merged small][ocr errors]]


Now here it is obvious, that po = 1

                      q° 
p = bpo 


                          a = bq° +1 
p” = p +° q" = cq' +9° 
 p'" = dp" + p' q'" = dq" + "' 
pii = ep'" +p" qil = eq'"' +q"; 










and thus the successive terms of the series of converging fractions may be obtained as far as we please, by means of the given quantities a, b, c, &c.; these terms being




pop pp 

&c. qo'9'' q' q'" 137. Hence we have the following very easy method of reducing any continued fraction to a series of converging fractions.

Write all the denominators of the successive terms of the continued fraction in a lipe, thus

a, b, c, d, e, &c.; then the first fraction will have unity for its numerator, and the first term, a, for its denominator; the second will have the second term, b, for its numerator, and for its denominator ab + 1; and the numerators of all the succeeding fractions will be found, by multiplying the numerator last found by the corresponding term in the above series, and adding to the product the preceding numerator; and the denominators are obtained in exactly the same manner, as is evident from the foregoing proposition: thus,




  de 
bc + 1 





1




a, b, c,

e,

&c. b

(bc + 1)d + b a' ab + T'(ab + 1)c+a's (ab + 1)c+ad+ (ab + 1), &c. the last term of which series will be the original fraction first proposed.









Ex. 1. Transform the continued fraction




1




1

      1 
6+ 


        1 
5+ 1 
    2 + 


3 




1




31




235




to a series of converging fractions ; Denominators, 7, 6, 5, 2, 3,

6

68 Conv. fractions,

7' 43' 222' 487' 1683 the series required.

138. It is also obvious, that we may thus find the series of fractions converging towards any given quantity, without reducing it first to the continued form. For we have seen (art. 135), that the denominators a, b, c, &c., of the terms of any continued fractions, are the quotients obtained from finding the common measure of the two terms of the given fraction; and, therefore, having found these quotients, we may immediately ascertain the series of converging fractions, without any intermediate step; in fact, the consideration of any quantity under the form of a continued fraction is entirely useless, otherwise than as it leads us to the properties, and the law of formation, of the converging fractions; for it is in this form only, that these expressions are at all applicable to any useful purposes.









Ex. 2. Find the series of fractions converging

39 towards the given fraction

187 39)187(4

156




31)39(1

31




8)31(3

24




7)8(1

7




1)707

7




1




1




4




Quotients, 4, 1, 3, 1, 7; 

5 39 Conv. frac.

A 5' 19' 24' 187? which is the series of converging fractions required.

139. If now any series of quotients derived from the fraction be represented by




M




N




a, bc, &c., v, u, W, 

&c.; a 

po p p" and

&c., 1'

pos ' q'" be the corresponding converging fractions; then, from what has been shown above,

p”_up' + po 

ug' +9° 









Z




and if instead of u, we substitute the complete quotient corresponding with it, as u + (remark, page 266), we shall have the original fraction,

p'(u +2 +p?

y 9'(u + 

+ P 




M




N




For it is evident, referring to the original form,
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that, by stopping at any particular quotient, and annexing thereto the remainder , we have the precise value of the original fraction, as will be still more obvious by turning to the form at art. 134. Let now u +

y 

u', then the above becomes
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and as the order of formation of the converging fractions does not depend upon any particular values of these quotients, it is obvious that the same law will obtain for the complete quotient u as for any other; supposing, thereforc,
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we shall have, on the principles of art. 138, 1

p'u' + po 1

qw+q°




Q te &c. 1




or
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M




Q. E. D.




N




            y 
p'(u +-) + po 


'(u +%) +9 For example, in the reduction of 211, if we stop at any term as below,

711)953(1




953' 




711




242)711(2 
    484 


            15 
227)242(1 


227 227




complete quotient




15 we shall have the following result:

15 Quotients, 1, 2,1 

227

             15 
       2(1 + -) + 1 
1 2 


                           227 
Conv. frac. - 


1 3

15

3(1+227) + 1 2(227 + 15) +227 717 

the original fraction; 3(227 +15) + 227 953'









and the same has place for every complete quotient, as is evident from the preceding demonstration.




PROP. III.
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be any




M




p' 140. If and

any two consecutive a a' terms in a series of fractions converging towards

then will N ;

pog' - p'qo= + 1; the ambiguous sign being + when

and
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&c. v,




a, b, C,

u, w, 

&c. 1 b 

pp p'" &c. 

&c. a ab + 1'

9 9 

q"" " represent any series of quotients, with their corresponding fractions; then (art. 139) we have p'" =p"w + p', and q'" =q"w+q'; or

'' 

q" and, therefore,

p"4" - p'q" =p"q" - p"I', or

p'"q" - p"q'" =p'q"-p. And, in the same manner, since p"=p'u+p", and q" =q'u+q°, we have

° 

; p' a 




P" 




т 









p"-°9' =p'" - p'q°, or 
p"q' - p'q" =poq-p'q°; that is, 


p"1" - p"q'" =1'1" - p"q'rp'q° - °9'; or the successive differences between the products of each numerator and consecutive denominator, and the product of the denominator and the numerator of the same fractions, are equal (abstracting from their signs); but the difference (ab + 1) - ab, that is of the first two fractions, is 1, and since the differences are all equal, they are each equal to 1; and, therefore, poq? - p'q° = +1. P 

p' But when

then

and, conse




M




M >

N
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;




N
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' 




M




then we




N




quently,

and

; and, therefore,

19 94 pol' > p’q°; that is, poq' – p’q°= +1. And, for the same reason, if

po 

9 have poa' -- p'q° = -1.-Q. E. D.

141. It is this property of converging fractions, that renders them so useful in the solution of all indeterminate equations of the first degree; for every equation of this kind has its solution depending upon that of the equation,

ax-by=+1, as will be shown in the next chapter.

Now the solution of ax – by=+1 is obtained by finding the series of fractions converging towards

and assuming for x and y the terms of that b 









a 




fraction, immediately preceding 7, as is evident from the foregoing proposition. Ex. 1. Find x and y in the indeterminate equation

16x – Aly=1. First,

16)41(2




32




9)16(1

9




7)9(1

7 
2)7(3 


6 




1)2(2




2
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2




Quotients,' 2, 1, 1, 3, 2,

1 7

16 Conv. frac.

2' 3' 5' 18' 41' whence we have r=18, and y=7, which gives

16x – 414=1, br 16.18 - 41.7=1.. And it is obvious, that we shall have the same result if we take x=18 + 41m, and y=7616m; m being indeterminate for this substitution gives also

16(18+ 41m) – 41(7 + 16m)=1; and by means of the indeterminate quantity m, an infinite number of values of x and y may

be obtained, that will answer the conditions of the equation.









If the given indeterminate equation had been

ar – by= -1, then we must have taken

x=41m - 18, and y=16m-7, which gives

16(41m – 18) – 41(16m-7)=-1; where the indeterminate quantity m is also the means of furnishing an infinite number of solutions to the equation ar – by= - 1.

But as this subject belongs properly to the next chapter, we must dismiss it for the present, and continue our investigation of continued fractions.




'PROP. IV.




M




N




P 

p' p' p' 142. If

quos q 7" , &c. be a series of fractions converging towards any given fraction

then will these fractions be alternately greater and less than the given fraction; but each approaches nearer to the true value of the original, than the one which precedes it.

The first part of the proposition is evident from considering the law of formation of these fractions: for let
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to have the exact value, we must add a certain quantity to the denominator a (equal to all the other part of the expression): and
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[image: [blocks in formation]]


for the same reason; whence it follows, that
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1




because, in adding to the denominator a, we make it too great, and, consequently, the fraction too small; and in the same way we find that
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and so on alternately. But, by article 136,




1

; a 




1

      1 
a + ; 


b 




1

      1 
a + 1 
    b+ .; 


C 




&c. 




&c.;




are the successive terms of the converging series, being equal to

P pa pa 

Yo'q' q'" and, therefore, these terms are alternately greater and less than the original fraction; and lience it follows, that the value of this last is always contained between any two consecutive terms of the converging series.
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Now, in order to demonstrate the latter part of the proposition, let us consider the difference between any converging fraction, and the original one to which it is an approximation. For which purpose,

po • let be the fraction immediately preceding?; and 2 

9 X let u +

be the complete quotient, corresponding
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M




N




M




tu 




N




then we shall have, the same as in art. 139,

pu' + po 

N 4 +4 from which we derive

p_poq-pq° F1 
 9 9(qu' +9°) ( 
po _ (pq° – poq)u' 


       qo`q°(qu' +4°) q° (qu'+q0): 
Whence we draw the following conclusions: 


P a po 1. That and

have always difa' 

9 ferent signs.

                      P 
2. That the difference 


i 
 which 


may 9 9 

i therefore always be represented by when d<1.

9 




M




N




N




M




1




<




2




N
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M




po




sign, than




N




1




that is,




(qu' +9°) 




; q the foriner being cqual to

u' and the latter to

9° (qu' +q) P 

1

                and 
 9 a qu' +99 
po 
           U 


                      1 
9 


q° qu'+ q* 




M




1









[image: [ocr errors]]


N




M




Х
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Now u'=u +-; and, therefore, u' > 1, and q>q°, from the nature of these fractions; much more,

u 1 then, is

Since, therefore, the difference 9 9 between any converging fraction and the original is less than the difference between the preceding one and the original, it follows, that the value of

P any fraction approaches nearer to that of

than 9 any one which precedes it.




M




N




PROP. V.




-143. To convert the square root of any given number n (not a square) into a continued fraction, and thence to a series of converging fractions, approximating towards the VN.

It is evident, in the first place, that this series must be infinite; because the square root of a number not a square cannot be expressed by any rational fraction (art. 18); but we shall find, that the quotient, whence the series of converging fractions are derived, will be periodical; and, therefore, the extraction may be carried on at pleasure. The









1




method of transformation, in this case, will be better shown by a partial, than by a general example; and we shall, therefore, first extract the square root of 19, and afterwards show the application of the same method to the extraction of

VN+M any quantity of the form

; N, M, and

P,

be

Р ing integers.




=2+




Extraction of vi9 in Continued Fractions. 
       V19-4 


3 

1 v19 =4+

=4+

            =4+ 
1 
        v19+4 ✓19 +4 


3 „19+4 v19-2

5

1 -=2+

                     =2+ 
3 


3 
        v19 + 2 V19 + 2 


5 N19+2 v19-3

2

                                                       1 
-=1+ 
                           =lt 


1+

                                                                                               ; 
5 


5 
        119 +3 


v19+39

                                         2 
119 +3 
         v19-3 
                                  5 


                                                                     1 
-=3+ 
         33+ 


                     =3+ 
2 


2 
        N19+3 


v19 +3




=
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N19 +2 v19-4

1 2+

= 2+ 3 

3 

N19 +4




             1 
2+ 
   V19 +4 


1
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And here, since we have obtained the same es









pression as we began with, we may discontinue our extraction; as 'the quotients 4; 2, 1, 3, 1, 2, 8; 2, 1, 3, 1, 2, 8; 2, 1, &c.; must necessarily recur again in the same order, ad infinitum. Now if we substitute for the fractions ✓19 + 4 19 + 2 v19+ 3

✓19 + 2

&c, 2

3 their respective values, as found in the foregoing operation, we shall have

1 v19=4+ v19+4

✓19 + 2 3 




3 




5




1 4+




1




2 +
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5




1 4+ 1 2+

1+




1




1




1




1




1




1 =4+

2 +

1+ ✓19 + 3

3+

lt 1 2

2 +

8+&c. and, therefore, the square root of 19 has been transformed into a continued fraction, as was required: and hence it is obvious that the same may be converted into a series of converging fractions, as in art. 136; thus, Quotients, 4, 2, 1, 3, 1, 2, 8,

4 9

48 61 160 Conv. frac.

&c, 1 ?3

il' 14' 39 each of which fractions expresses the square root of 19 nearer than any preceding one, as is evident from art. 142; and it is manifest, that they may be continued at pleasure to any degree of accuracy required.

The operation in this partial example is obvious:




13









we first find the greatest integer contained in v19, which is 4, whence

V19-4 v19=4+




1




and this quantity being transformed to the following form, by multiplying both numerator and denominator by v19+ 4, we have 119-4

3 

1 i vi9=4+

= 4 +

                    4 + 
1 
        v19 +4 


✓19 +4

3 We then proceed to find the greatest integer con

N19 +4 tained in

which is 2; hence this fraction

3 becomes ✓19 + 4 v19-2

5

1 =2+

                     = 2 + 
3 


3 
        119 + 2 


v19+2

5 And in the same manner we find the greatest integer contained in this last fraction, and so on, till we

V19-4 arrive at the fraction

which being the

1 same as the first, all the ternis will again recur in the same order, ad infinitum; and, consequently, the operation from that period may be discontinued. And it is obvious that the same principles may be applied to any quantity of the form

VN +M




-=2+




P




144. The above operation, which is tedious according to the method that has been explained, and which was necessary in order to show the origin of the rule, becomes extremely simple, by observing the









following law in the formation of the successive quotient; viz. let




[image: [ocr errors][merged small][merged small][merged small]]


represent any two consecutive fractions in the foregoing example, u and u' being their respective quotients, then will

m' = nu – m, and

19- m" n' =




;




n 




so that each value of m', n', and u', is deduced from those m, n, and u, in the preceding fraction: hence the foregoing operation, by means of this law, will stand thus;




v19+0

= 4 + &c. 1 ✓19 + 4

= 2+ &c. 3 ✓19 + 2

= 1+ &c. 5 ✓19 + 3

       -3+ &c. 
   2 
N19 +3 


           = 1+ &c. 
 5 
&c. &c. 





19-49 1.4-O= 4;

=3. 1

19- 2 3.2 - 4= 2;

= 5. 3 

19-3° 5.1-2=3;

= 2. 5 

19-32 2.3-3=3;

5. 2

19-2 5.1-3= 2;

-3. 5




Where the calculations on the right hand of the line are set down only to explain the operation, but they are unnecessary when this is once under









stood; and hence the extraction of the square root by this method becomes very simple.

145. This law has at present only been deduced from observation, but the universality of it may

be demonstrated as follows:

Let
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n 




or




VN + m' 

=u+ &c. 

n' be any two consecutive fractions derived from the

VN, N being any integer whatever not a complete square; then, from the nature of the operation, we must have

✓N + m' 

n VN - (nu — m) 

(N+ m') { VN - (nu — m)} =nn', and since this product is an integer, n and n' being each whole numbers, it follows, that m'=uu – m, for otherwise the product of the two factors would not be rational; whence again (VN + m')( VN -m')=n-m"=nn', or

N - m" na




;




n 




so that the law is universal.

And hence the square root of any number n, not a complete square, inay be extracted in the following manner, supposing a to be the greatest integer contained in VN, and u, u', u", &c., the greatest integers contained in the respective fraca. tions to which they correspond; viz. 









VN+0 =a + &c.




&c. 11




mas 




=n'. 




N - no -= a +

a-0 =m; 1

1 WN + m 

                               N 
      -=u + &c. n .u-m = =ni'; 
N 


n ✓N + m' 

N -=u + &c.n'.u'- m' = m"; 21' 

n' vN+m'' 

                              N 
          =u" + &c. n".u" - m" =m'''; 
72" 


n" &c. &c.




m'2 




m" 




✓N + m 




; after




n 




And by continuing thus the extraction, we shall always arrive at a fraction equal to which, the quotients will recur again in the same order, ad infinitum, as will be demonstrated in the following propositions.

146. Thus the extraction of V23 (omitting the calculations on the right hand side of the line, which are supplied very readily as we proceed) becomes,
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=1+ &c.




723 + 4

..7 And having thus arrived at a fraction equal to









723 +4 the second

the operation may be dis

7 continued, as the quotients after this recur in the same order as at first; and hence we may calculate · the series of fractions converging towards v23 to any degree of accuracy required; thus: Quotients, 4; 1, 3, 1, 8; 1, 3, 1, 8; 1, &c.

5 19 Conv. frac.

&c. ī ī' 4' 5' 44 Scholium. Numbers falling under any of the following forms, viz. 




4




24




211




2




p'+1, p'p, or pi= mp, have their square roots very readily extracted by continued fractions, the period of circulation never exceeding three terms: thus, for examples,

v17 +0

-=4+ &c.




1




w17 +4

-=8+ &c. 

1 which last quotient will be repeated, ad infinitum. 

✓15 +0

-=3+ &c.




1




115 + 3

=1+ &c. 6 




115 + 3

= 6 + &c.

1 the two last of which quotients will be repeated as before.

And it is the same with all numbers falling under any of the above forms.









PROP. VI.
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:




147. The series of quotients arising from the ex action of the

square root of

any

number N, not a sple, will be periodical.

We jave already seen, that this has been the case in the partial examples which we have given in the foregoing proposition; and it is here proposed to deinonstrate, that this law must necessarily have place for every possible value N, when it is not a square. First, let us suppose

pop p' 

to be

any con9 

? secutive fractions, converging towards the VN; and let u', u, u', be the corresponding quotients, u' being supposed the greatest integer contained in

VN+m the complete quotient

so that, in the following expressions,

cuo, u, ao, 
po p p" 


        &c., we have 
qo'i'a 
p_up+ po 


ľuq+qo And if instead of u we take the complete quo

VN + m tient

whence u was derived, we shall have, in the place of the foregoing equation,

VN +m 

р + po VN

(art. 139). + q 




n 




n 




n 




N+m 2 

n 









VN =
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which becomes, by reduction,

PN+ pm + pon 

I VN + qm + qon? whence we draw the equation

qN+ VN(qm + qon) =P WN + pm + pon; and since here we must have the rational part equal to the rational, and the irrational to the irrational, we obtain the two following equations:

qn=pm +pin, 

p=qm +9°n. Multiply the first by q°, and the second by po, gives

99°N=vqom + poqon, 

pro =qpom + pogon; then, by subtraction,

99°N - ppo =(pq° -9po)m, and

Pp -- N99=(P4° -- 9P°)n; this last being derived in a similar manner, by multiplying the first equations by q and p. 

Now, by the property of continued fractions (art. 140), we have pq° – qp' = + 1, if?> VX;

                  9 
pq° -9°= -1, if?< vn. 


2 Whence it appears, that pq° -9° has always the same sign as pp-xqg; because, if ?> VN,

PP 

> N;

99 and, consequently, pp> x99; and the contrary, if Pc VN; and hence again it follows, that n is always




9 




9 









positive, because pp-- Nqq=(pq° -9po)n, and pp – Ng9, and (pq° – 9po), have always the same sign. And this furnishes us with the means of ascertaining the limits of m. and n; for, since
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and n and n' are positive, it is evident, that m" < N, or m' < VN; also, m' being an integer, it can never exteed the greatest integer contained in N. And since m=mt – m' (by the same article), or m + m' =nu, and m and m' are each < VN, it follows, that neither in, nor ú, nor nú, can be greater than m + m'; and we have seen, that neither m nor mi can exceed a (supposing a to be the greatest integer contained in vn), therefore, neither n nor i can exceed 2a; or, which is the same, 2a is the limit both of m and the quotient u.

And hence it appears, that in the transformation of vn into continued or converging fractions; which (from art. 145) has always the form
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since m, n, and u, can never exceed certain limits; that is, m not > a, n not > 2a, and u not > 20: 









also, the expression itself being infinite, the same values of m and n must necessarily come together an infinite number of times; and thus form a series of periodical quotients, which will continue to be repeated ad infinitum, as we have seen in the partial examples in art. 143.- 4. E. D.




PROP. VII.
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148. In any series of quotients derived from VN, the second is that which first recurs, and commences the second, and all the other periods of circulation; that is, the quotients always recur in the same order as at first, excepting only the first a, which expresses the greatest integer contained in „N.

In order to demonstrate this (since we know that the quotients recur in periods), we shall suppose the first period to be a; a, 8, 7, 8, &c. B

à, u, u', u", &c.; and

W, u, u', u", &c., , part of the second period; and then prove, that a=w, the quotient preceding a = that preceding w, and so on to a; which must, therefore, necessarily be that quotient which commences each of the periods.

Let, then, Fa; a, b, y, • -- , ', u', u", &c.w, u, u', u"; &c.

pp i'

9° 9 represent any series of quotients, and their corresponding converging fractions; also, let




a 




Po




P
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be the corresponding complete quotients.

Then, from what has been demonstrated (art. 145), we have N-mo=nn", and N-mo=nn; whence no=n; and we shall also have (by the same article) m=ano – mo, and m=wn - m; whence we draw -=2-w. But (art. 147)

p qon qm + qon=p, or m= ; and since is an ap.

9 9 

9 

p proximate value of VN, we must have = a + à

9 




mo




m




no




P р 




fraction (a being as above the greatest integer

9 in vn), and hence result




qn-ji




Q- m 
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mo - m




9 And since q° <q; from the nature of continued fractions, we shall have a-m<n; and in the same manner å - mo <no, a-m<n; and, therefore, a fortiori; mo-m< no. But we have found

=%-w, which must necessarily be an integer or zero, because 2 and w are each whole numbers; and since mo-m<no, this cannot be an integer; it must, therefore, be zero, that is, mo=m, or a=w. And, in the same manner, it may be proved, that the quotient preceding w is the same as that
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no 









1




preceding a, and so on till we arrive at the quotient a; and, consequently, it is this which first recurs, and commences every period. --- 2. E. D.




PROP. VIII.




· 149. The last quotient of every complete period of quotients is equal to 2a, a being the greatest integer contained in vn.

Since we know the period of circulation by the foregoing proposition, we may now represent the series of quotients, converging towards VN, and their corresponding converging fractions, as follows; viz. li; A, B, 7, 8, a, u; a, b, y, po p p 

                                                                 Р° Р 
l' 
          qo'qq 


,&c. so that? is the converging fraction, which cor

9 responds to the last quotient u, of the first period

a, b, 7, 9, &c. 2, u; and let




2, u; &c.




[image: [ocr errors]]


a 




VN+m 




n 




be the complete quotient whence u is derived; that is,
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then, on the same principles as in art. 147,
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Now, if we attend to the law of formation, we shall have,




[image: [merged small][ocr errors]]


for the complete quotient, answering to

, which will be equal to that succeeding




VN + m 




n 




But it is obvious, from art. 145, that

VN + m VN - (nu — m) 

=U+




n 




n 




and the succeeding complete quotient is

VN + (nu — m) 
 N - (nu — m) 
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N




- a* 




n 




whence nu — mra, and, consequently, we have




[image: [blocks in formation]]


It also follows, from the above, that 
     N- (nu - m)? N-a' 


=N-a”, 




,




n 




shence we have n=1; and, therefore,
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we deduce immediately this equation,

PVN+p(u – a) + po 

9 VN+9(u-a) +9 which furnishes the two following equations;

p(u-a) + po=nq,

q(u - a) +q° = p, the second of which gives by division

(u -- a) +

q°_P 

9 9 whence again it follows, that u-a is the greatest integer contained in?; but as this fraction is an

9 approximation towards VN, the greatest integer contained in it is a: we have, therefore, u- a=a, or u=2a; that is, the last quotient in the period
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150. The equation p* – Nqo=1 is always possible in integers, if n be any integer number whatever not a square.

For, by the foregoing proposition, the complete quotient answering to the last quotient in any

VN + m period, as =u+ &c., is such, that u=2a (a being the greatest integer contained in vn); and, consequently, as we have seen, n= 1, because




n 









2a is the limit of nu (art. 147), therefore m=2a. 

po 

р If, now, we represent by

and

two converg

9 ing fractions, the latter corresponding to the

quotient 2a, we have also (by art. 147)

pi - Nq* =(pq° - poq)n; but, in the present case, n=1, and pq° – poq= 1, by the property of continued fractions; therefore,

p” – NT= +1; the upper sign having place when ? > nn, and

9 the lower one when

P 

< N.

9 But all the converging fractions in the even places are > VN, and all those in the odd places < VN, as is evident, because they are alternately greater and less than VN, and the first is always less than VN; but since these periods of quotients recur ad infinitum, if?, the first fraction answering

9 to the quotient 2a, be not in an even place, it must necessarily be so when that quotient recurs again; and, consequently, the equation

to – Ng=1 is always possible, n being any integer number not a square; and there are an infinite number of values, that may be given to P 

and

9 

whicb answer the conditions of the equation; viz. every fraction р 

standing in an even place, and corresponding to the quotient 20. - 2. E. D.









Cor. 1. It

appears,

from the foregoing proposisition, that the equation

* – NT= - 1 is also possible in all cases where the quotient 2a occurs first in an odd place, and that there are likewise an infinite number of values that

inay

be given to p and q, which will answer the required conditions; but if 2a occur first in an even place, then the equation

T-sq=-1 is impossible. Cor. 2. Hence also the indeterminate equation

x* — ayo = ?? is always possible in integers; for the equation

r* - ayo=1, gives

x?z? — ayoz* =**: this equation, therefore, is always solvible in integers; which has in fact been otherwise demonstrated in Part I.

151. It will not be amiss to illustrate what has been demonstrated in the foregoing propositions by a few examples:

Ex. 1. Find the values of x and y in the equation

                         x* – 15yo = 1. 
 Here we have, by the conversion of v15, 
„15 +0 


                     15-32 
=3+ &c. 
        1.3-0=3; 


= 6.

1 15 + 3

15 - 30 =l+ &c.

6.1-3=3; 6

6 v.15 + 3

= 6 + &c. 1.6 – 3=3; &c.




1




: 1.




1




1









Quotients, 3, 1, 6, 1, 6, &c.

3 4 Fractions,

&c. l'l




4 Now the first fraction which answers to the

I' quotient 2a, is in an even place; we have, therefore, x=4, and y=1, which gives

4 – 15.19 = 1




-0.




1




Ex. 2. Find the yalues of x and y in the equation

x' - 17yo = 1. 
  First, 
✓17 +0 


                 017-4 
=4+ &c. 
         1.4-0=4; 


1. 1

1 w17 +4

V.17-4 = 8+ &c. 

1.8-454; 1

1 717 +4

         = 8+ &c. 1.8-4=4; &c. 
1 
      Quotients, 4, 8, 8, 8, 8, &c. 


             4 33 
Fractions, 





î' 8




And here, the first fraction corresponding to 8 being in an odd place, we employ the second, which gives x=33 and y=8, whence

33% – 17.82=1.









1
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Ex. 3.

Find the values of x and y in the equation

                      X* – 13yo = 1. 
First, 
  13 + 0 


                  13-3° 
=3+ &c. 
         1.3-0=3; 


: 4. 
1 


1 V13+3

                   13-1% 
=1+ &c. 
         4.1-3=1; 


=3.

4 V13+1

                              13 - 2 
         =1+ &c. 3.1-1=2; 
3 


3 W13 +2

                 13-1 
1+ &c. 
       3.1-2=1; 


                        =4. 
3 


3 v13 + 1

13-3° -=1+ &c. 4,1-1=3;

1. 4

4 13 +3

6 + &c. 1.6-3=3; &c. 1




=3.




which last gives the quotient 2a, or 2.3; we have, therefore, for Quotients,3,1,1, 1, 1, 6; 1, 1, 1, 1,6; 1, &c.

3 4 7 11 18 119 137 256 393 649 Fractions, i'i'23'5' 33' 38

38' 71'1092180° Now here again the first fraction answering to the quotient 6, being in an odd place, we proceed till we meet with 6 a second time, which will necessarily be in an even place; and the fraction

649 corresponding to it is so that x=649 and

180° y=180 are the least values of x and y, that answer the conditions of the equation

x® - 13ye=1. If the proposed equation had been

2 * - 139° = -1,









we should have had, x=18 and y=5, for the least valnes of x and y that satisfy this equation,

But if the first fraction answering to the quotient 2a be not found in an odd place when it first occurs, then it follows, from what has been demonstrated, that the equation

x? - Ny' = -1 is impossible, as we have before observed. 152. Scholium. The solution of the equation

x? - Ny'=1 is one of the most important problems in the indeterminate analysis, it being necessary to the solution of many other interesting questions of this kind; and, notwithstanding the method we have given is direct and simple, yet the least values of x and y in many cases being very great, the task of finding them is very laborious: thus the least values of x and y that solve the equation

2117' =1, are x=278354373650, and y=19162705353, And the equation

** – 5658yo=1 has the least values of x and y as follows; viz, s 16610072525797731839820799846220132

4702014613503.

69825361641677048715777594022202100 y= 




=




{ 
 { 





These circumstances have induced a few celebrated inathematicians to form tables of the values of x and y, necessary for the solution of the equaton x? - Nyo = 1.









Euler first undertook this task, for all values of N from 1 to 100, which was afterwards doubled by Lagrange, both of which tables are given in the second volume of Euler's Algebra. But Legendre has extended the same to upwards of 1000, at least for the solution of the equation

x' – Nyo = +1; and he has shown the method of deducing from them the solution of every possible equation

x - Nyo = + A, whether the numbers in his table give

xe – NY' = -1, or x2 – Nyo = -1: a part of this table is subjoined to the present work, which will be found useful in many cases. See Table II.




PROP. X.




2 >




q2




may be a




P 153. Given the difference between and VK; riz. 

? 

              Ô 
P 


                  q 
ô being less than unity, to find the necessary 


р conditions for the value of 6, that

9 fraction arising from the extraction of VN.

р Let the given fraction be converted into a series

                       9 
of converging fractions, giving the 
     Quotients, a, b, C, 


                 ab + 1 po p 
Conv. frac. 
                         l' b 


2 2 




u. 




P 




O
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P Now if be à fraction converging towards „N,

9 it follows, that all the quotients a, b, c, &c. are likewise obtained from the same development; and, consequently, that the quotient u is followed by others, u', u', u'", &c. Let now the complete quotient, answering to the fraction be

q 
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then we have, on the same principles as in art. 147,
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the above expression will become

pue + po 

                        que +9° 
Whence, by substituting for vn, we have 


p_poq – pgo 
     9(qpe+q0)919p+qU 


8 which last expression must be equal to ; that is,




1
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or =




9 

9 qiq* (q +9) 

qutq Now since he is the complete quotient corre









q+q° 
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sponding with the fraction, it must be positive;

9 

9 and greater than unity, and, therefore, ö<

9 

9 and hence, conversely, if 8, the value of je must necessarily be positive, and greater than unity; and, consequently, will, in this case, be a frac

9 tion converging towards VN.

        P 
That is, if be any fraction, and the difference 


   9 
P 
             8 


9 

             and ó < 
9 
          ques 


                                  9 +9 
      P 
then is 


a fraction, which arises in the develop

9 ment of vn into converging fractions. Which is the condition required to be found.
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PROP. XI.




154. If the indeterminate equation

X° - NY= + A, be possible (A being < VN), A must be found in the denominator of one of the complete quotients, arising from the development of VN.

It appears from art. 147, that when A is found in the denominator of any complete quotient, as




[image: [ocr errors][ocr errors][merged small][merged small][ocr errors][merged small][ocr errors][ocr errors]]







ing fractions, the latter corresponding with this complete quotient, we shall have

pi – Ng'=A(Pq° - poq); or, since 
pq° – poq=+1, we obtain 


pe – Nqo= * A. And it is here proposed to demonstrate, that this equation can only have place when a is thus found in the denominator of one of the complete quotients, derived from VN, A being always supposed less than vs. Now, first, from the equation

pi- nq*= + A, we obtain
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And, if we represent, as in the foregoing article,
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Let now
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be the converging fraction preceding

9 P 

in the series of fractions arising from the develop2 ment of 2; then, by the preceding article, we

9 




have to prove




that
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;




Aq

9 

<

P +9 VN 9+9 for in that case it necessarily follows, that is a

9 fraction arising from the development of VN (art. 153).

8 Now, since ? 

we have 9 




[image: [ocr errors]]


[image: [ocr errors]]


[image: [ocr errors]]


p=q VN+-; again, if

9 AQ

9 

so is also P +9N 9+9 

A(q+q°) < (p+q vn); or, substituting for

P 

it becomes




O




A(q +9°) < (29 VN+




it




Now this inequality is readily demonstrated; for may

be 
   put 
      under the form 


                     Ò 
29 VN - A(9+q°) +->0, 


                  9 
(q+90)( VN – )+(9-99) VN+>0; 


9 and since VN > A, and q>q, the whole of this expression is positive; and, therefore, >0, at least when ò is positive; and if ô were negative, we should have evidently




+ >

9 




(9–9) mx >




VN>;

9 and, therefore, in either case the inequality is established; that is,
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A9

9 

P+4 N 9+° arid, consequently, is found among the fractions

9 converging towards the VN.

Therefore, when it is required to find the values of x and y in the equation

x? – Ny' = +A; A being < VN, we must convert n into a continued fraction, by the forms given in art. 145; and if a be found in the denominator of any one of the complete quotients obtained by this development, we shall have the solution sought, by finding the converging fraction answering to this quotient, which solution will give te – NY' =A, oỉ xe – Nyo 

ny' = - A, according as the fraction is found in an eveñi or odd place; and if a be not found in an odd place, the latter equation is impossible; and if a be not found in the denominator of any of these complete quotients, we may be assured, that the proposed equation is impossible under either sign.

Ex. 1. Find the values of x and y in the equation

                      X* - 23yo = 2. 
First, by the development of v23, we have 


23 +0

=4+ &c.




1




✓23 + 4

      =1+ &c. 
   7 
„23 + 3 


   =3+ &c. 
2 










and in this last fraction, 2 being found in the denominator, we have Quotients, 4, 1, 3, &c.

4 5 Fractions,

&c. 

i' 1' the last of which, answering to the quotient 3, gives x=5, and y=1; so that

x – 23yo = 2, as was required.

Ex. 2. Required the possibility or impossibility of the equations

X – 17yo= . 3, 
X – 17yo = 
X – 17y'= -3, 


                      x- 17yo = -2. 
First, by the development of v17, we have 


V17 +0

=4+ &c.




2,
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1




117 +4

           -= 8+ &c. 
     1 
&c. 


&c.




whence it follows, that since neither 2 nor 3 enters into the denominator of the complete quotients, the equations are all impossible. Cor. 1. The indeterminate equation

x' – (a’ +1)y* = ÍA is always impossible, if À > 1 and < vla' +1); because the complete quotients arising from vla* +1) have only unity enter for a denominator: we must of course except those cases also in which a is a









a + &c.




1




éomplete square, as these will always be possible from the equation x® – Ny=1. For, by the forms 'art. 145, we have

via +1) +

             1. 
va + 1) + a 


= 2a + &c. 

1 which last complete quotient will be repeated to infinity Cor. 2. The indeterminate equation

pe -(a' – 1)yo = + A is also impossible, under the same limitations, because, by art. 145, we have vla' – 1) +0

                            (a-1)+ &c. 
vla®– 1)+(a-1)-1 


    2a-2 
vla® – 1) + (a-1) 


=2(a – 1) + &c. and these two lasť complete quotients will be repeated ad infinitum; and, consequently, only 1 and 2(a – 1) will ever be found in the denominators of them. Cor. 3. The indeterminate equation

Xa – (a + a)yo = + À is always impossible, if a > 1 and <a, excepting, as before, those cases in which a is a complete square. For wla* + a) + 0

= a + &c.




+ &c. 




1




1
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The two last of which fractions will continually recur; and, consequently, the equation is always impossible under the above limitations. Cor. 4. The indeterminate equation

- (* - a)yo = + A is always impossible, if A >1 and < (a – 1), except the cases in which a is a complete square. For vla' - a) + 0

(a-1)+ &c.
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va' - a) +(a - 1)




+ &c.




Q-1




wla' - a 

1 which two last quotients will be repeated, as before, ad infinitum; and, therefore, no number under the above limitations, will enter into their denominators; and, consequently, the equation is impossible.




PROP. XII. 




155. If a be a prime number of the forın 4n+ 1, the equation

x? - ay' = -1 is always resolvible in integers.
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Let

P and q be least values (except 1 and 0) that satisfy the equation

på - aqe=1, or pe – (4n+ 1)qo=1; then it is obvious that q must be even, for if it was odd, q' would be of the form 8n + 1, and

aq +1=(4n+ 1) (8n' +1)+1 #4n" +2, which cannot be a square: since, then, q must be even, let us make q=2mn, m and n being integers prime to each other; then we shall have pe – 1 =4mono; but p being odd, and, consequently, p - 18n', it follows, that either m or n is even, and the other odd, for otherwise we should not have pe - 158n', and they cannot be both even, because they are prime to each other. Let us therefore suppose n to be odd, then the equation

(p+1)(p-1)=4amon', in which the factors p+l, and p- l, can have only the common measure 2 (and this must necessarily have place, because p is odd); will be resolvible into the four following forms:

p+1=2am, s p+1 = 2m, 
p-1 = 2n. 


                       P-1=2an, 
s p+1 = 2an 


                                p+1=2n", 
3. 
  lp-1=2mo. 


                P-1=2am”, 
Now the second and fourth of these forms give 


1 =m’ – an', or 1 =n' - amo; which equations cannot have place, because m and n are less than p and q; and these last were the least that satisfied the equation på – aq' =1. There remain, therefore, only the first and the third,




{




2.




{




which give









:-1,




n - am 1, or m* - an' and one of these equations must necessarily obtain; but either of them resolves the equation

co – agos – 1, which is, therefore, always possible, when a is a prime number of the form 4n +1. It

may

also be observed, that, of the above two equations, the last is the only one that can obtain; for, since n is odd and n even, it is evident that the first cannot become equal to - 1.

Cor. It results from this theorem, that when a is a prime number of the form 4n+ 1, every nnmber NEX - ay® is also ax" - y"; för since, in this case, we may suppose mo – an' = -1, we shall have N=(x* – ayo)(mo – ane) = a( my + nr) - (mr +any), 




PROP. XIII.




156. If a be a prime number of the form 81 +3, the equation

q– ay’ = -2 is always resolvible in integers.

For let p and q be the least nunibers that satisfy the equation

pi- aq* = 1; then it is obvious, that p and q cannot be both even nor both odd: we must, therefore, have either p even and q odd, or q even and p odd; which divides this proposition into two distinct cases.

Case 1. When p is even and q odd. 
Here, if we make q=mn, these quantities, m and 










.




1.




{




2. 




n, being supposed prime to each other, and both odd numbers, the equation

po - 1 = aq can only be resolved into factors in two different ways; viz. p+1=amo, 

s p+1=mo, 

{ 0 -1=no. 

p-1=an'. The second of which forins gives mo- ano =2, which cannot obtain; for m and n being both odd, and

a#8n +3, we have ano + 2 =mo, or

m=(8n'+3)(8n" + 1) + 2*8n" + 2, which is impossible. Therefore, if either of these forms be possible, it must be the first, which, by subtraction, becomes n' - am* = -2; in which case the equation a' - ay* = - 2 will be possible. When q is even and p 

odd. Here we may make q=2mn; whence

p - 1 = 4am'no; but since pis odd, p=8n' +1; and, consequently,

Amono+8n; therefore, either n or m is eyen, and the other odd: let, then, n be odd, and the equation

(p+1)(p-1)=4amon", in which the factors (p+1) and (p-1) must necessarily have a common measure 2 (and they can have no other), is resolvible into the four following forms; viz. Sp+1 = 2am, 

                                      p+1= 2m, 
Up-1=2n. 


                       -1= 2an. 
3. 
   s p+1 = 2an", 


p+1= 2n', 

4. p-1= 2m". 

Ip-1=2am. 




Case 2. 




2.




P-1 









The first form gives ne – am* = -1, which is im: possible; for, since n is odd and m even,

n* <4n' + 1, and am' =4n"; and, consequently, their difference cannot be equal to -1.

The second form gives m’ – an* = 1; and thus p and I would not be the least numbers, that satisfy the equation

p– aq° = 1; which is contrary to the hypothesis,

The third form gives m? – ano = -1, which is also an impossible equation; for m being even, we should have

4n-(8n! + 3)(8n" + 1)#41'"' +1, which can never become equal to - 1.

The fourth form gives the same result as the second, and, therefore, cạnnot obtain for the same




reason.




Hence it appears, that, of the several forms which have been given to the equation

pe - aqe = 1, only one of them can be possible, and this is the equation

m-am = -2; which arises in our first case, where we suppose q=mn: this, therefore, must necessarily obtain; that is, the equation

-2 is always possible in integers, if a be a prime number of the form 8n+3.
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PROP. XIV. 157. If a be a prime number of the form 8n-1, the equation

xi -- ayo = 2 is always resolvible in integers,

For let p and be the least numbers that establish the equation

pe - aq* = 1, then we may have either q=mn, or q=2mn, according as we suppose q to be odd or even, which give the four following resolutions of the equation

         po – 1 = aq°; viz, 
ŞP 


                     s p+1=m', 
1. 
    P-1=n' 


          Ip-1=an'. 
= 


s p+1 = 2in, 

4. P-1= 2n?. 

P-1= 2an The first of which forms gives

ami – no = 2, an equation that cannot obtain, because, m and n being both odd, the first side is of the form

(8n - 1)(8n' +1)-(8n"' + 1) =81'– 2, which can never be equal to 2,

The third form gives amo – no =l, which is also impossible; for if m and n were both odd, then am – no would be eren, and, therefore, not equal to 1. If m was even and n odd, then

am’ – n*#4n' +3, which cannot be equal to 1; and we have the same resnlt by taking n even and m odd: therefore, this equation is impossible.
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The fourth form'gives me - ano =1, which cannot have place; because p and q are the least numbers that satisfy the equation på – ago = 1.

Therefore, the second is the only possible form, and this gives

m– an* = 2; and, consequently, the proposed equation

ao – avo=2 is always possible, when a is a prime of the form




8n-1.




158. Cor. If, in the equation på - aq' = 1, we resolve a into any two factors prime to each other, as mn, we have, by transposition,

pe - 1=mng', which equation may be decomposed into factors four different ways; viz,

                            . 
Sp+1= fmg, Ş p+1= fng? 


 p-1=fnh, Ip-1=fmh. 
Ş p + 1 = fmngo, p+1=fa?, 


(p-1=fh, p-1=fink. From which result the four following equations;




{




2. 




3.




${
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2

ng” – ho, ge= - mnh, 

f where f must be either 1 or 2, which numbers, being successively substituted for f, give the following eight combinations; viz. 1. 5 mg” – alo =1,

nge – mho=1, 2. 1 mga – nh” = 2, 4. ng” – mho = 2,




3.
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1,




{




1 – ng” 

7. I go – nunho=1, 6.

h -- mnge = -2, 8. g”- tìnho=2; but of these, the seventh, viz. ge - mnho = 1, cannot have place; because we suppose here, as in the foregoing proposition, that p and q are the least values that satisfy the equation

på - aq* = 1, or på – mnq* = 1. Now by means of these decompositions we readily draw the following conclusions:

1. If the numbers m and n are both of the form 41 +3, no one of the bottom equations can obtain; for, in this case, whatever forms we give to the two squares g and hi', the equations will be of one of the forins 4n, 41 + 1, 411+3, no one of which can be equal to + 2. The fifth equation is also impossible on the same supposition; because this, hy transpo

h + 1 sition, gives

=&', an integer, whereas we have shown, that no number that is the sum of two sqnares prime to each other, can be divided by. numbers of the form 4n+ 3 (art. 105, and lemma 4, 
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page 200).
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There remains, then, only the two equations 1 and 3, one of which must, therefore, necessarily obtain; and hence we draw the following remarkable theorems.

1. If m and n be both of the form 411 +3, the equation 

mr' – ny' = +1 will be always possible in integer numbers; thut is, under one or other of the signs + or -1.

If we suppose m and n to be both of the form 4n+1, then the same reasoning will apply, except









to the fifth equation, and, therefore, in this case, our theorein inust be expressed thus:

2. If m and n be both of the form 4n+1, then one of the equations 

fi – inny'= -1, or mxe – nyo = +1, will always be resolvible in integers. 

And in a similar manner we may deduce the following theorem, which is still more general.

3. If m and m' be two prime numbers of the form 4n+3, and n a prime number of the form 4n' +1, it will be always possible to satisfy one of the three following equations : 

1 x mm'y' = +1, 
mx - m'n yö = +1, 
m'x- mn y = +1, 












PROP. I.




9° be any two con317










CHAP. II. On the Solution of Indeterminate Equations 

of the First Degree. 159. To find the values of x and y in the equation

ar – by = +1. We have already considered this cquation (art. 141), and it is only repeated here to preserve uniformity, and to offer a few remarks that could not be properly introduced in that article.

First, it may be observed, that'u and b must be prime to each other, for otherwise the equation will be impossible; because the first side of the equation would be divisible by the common divisor of a and b, but the other side + 1 would not. But, if a and b have these conditions, then the equation is always possible in integer numbers.

P Now we have seen, that if

9 secutive terms of a series of converging fractions, then poq-qop= +1; and, therefore, to find the values of x and y, in the above equation, we have only to convert into a series of converging fractions, and to assume, for these quantities, the terms









a 




a 
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of that, which immediately precedes

so shall we have ar- by= +1, the upper sign having place

Y when and the lower when

Y b

6 Let, then, p 

and

I 

be the terms of the fraction preceding 7; then, if aq – bp=- 1, we may convert it into +1, by making x=bm-9, and y=am - p, which evidently gives

a(bm - 9) - b(am-p)= +1. And, on the contrary, if aq-bp= + 1, it may

be converted to -1, by a similar substitution; and it is evident, that, by means of the indeterminate letter m, an indefinite number of solutions

may

be obtained in both cases; and when we require no change in the sign, then we have x=Um + and y=am + p. 

Ex. 1. Find the values of x and y in the equation

15x – 17y=1. First, by the rule for continued fractions,

15)17(1




2)1507

"1)2(2 Quotients, 1, 7, 2.

8 17 Conv. frac.

ī 7 15 whence p=s, and q=7, which give

15p - 179= +1;




1
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therefore, the general values of x and y are

x = 17m +8, and y=15m + 7; and by assuming m=0, 1, 2, 3, &c., we shall have, for the corresponding values of x and y, as follows:

x=8, 25, 42, 59, 76, 93, 110, &c.

y=7, 22, 37, 52, 67, 82, 97, &c. Ex. 2. Find the general values of x and Y 

in the indeterminate equation

              138 - 9y=1. 
Here, by the rule for continued fractions, 


9)13(1 
    4)9(2 


                   1)4(4 
Quotients, 1, 2, 4. 


1 3 13 Conv. frac.

1' 2' 9 whence p=3, and q=2, which gives

139-9p= -1; and, therefore, the general values of cand

x=9m-2, and y=13m – 3; and assuming m=1, 2, 3, 4, &c., we have the corresponding values of x and y; as follows:

x= 7, 16, 25, 34, 43, 52, 61, &c.

y=10, 23, 36, 49, 62, 75, 88, &c. These two examples, with what has been before done in the preceding chapter, will be sufficient to render the student ready in the solution of any equation of the above form, which is the more ne




y are









cessary, as we shall see that every indeterminate eqnation of the first degree, which has any possible solution, depends upon the solution of the equation

ar — by = +1.




PROP. II. 




160. To find the general values of x and y 

in the equation

ar - by = c. First, with regard to the limits of possibility of this equation, it may

be obseryed, that a and b must be prime to each other, or, if they have a common divisor, c must have the same, for otherwise the equation is impossible; and if each of these quantities have a common divisor, the whole equation may be divided by it, and thus reduced to another, in which a and b are prime among themselves; for, if this cannot be effected, the equation cannot obtain in integers. Supposing, then, a and b to be prime to each other, and 9 

and

р 

the least numbers that fulfil the conditions of the equation

aq-bp= +1, determined by the foregoing proposition, then it is evident that we shall have

a.cq-b.cp =+c; making, therefore, x=cq, and y=cp, we shall have the solution required: but it is obvious that the same result will be obtained by writing r=mb + cq, and y=ma + cp, which gives also

a(mb+c9) — b(ma + cp) = +C; where, by means of the indeterminate m, an in









ma+p, 




definite number of values of x and y may be obtained. And we may always convert the value of the equation from + c to - c, or from – to +, by taking cp and cq negative, and, in this case, m positive, in order that r and

y may

                be go; for, if 
d.c9-b.cp= +c, then 
a(mb - cq) – b(ma – cp) = -2; and if 
a.cq-b.cp=-c, then will 


         a(ml – cũ) – bí ma-p)= + c. 
So that the general values of & anid ý are, 


x=mb + cq, and y= the upper sign having place for cq and cp; when the expression aq - bp has the same sigu with c in the given equation, and the lower one when it has a different sign.

Ex. 1. Find the values of x and y in the indeterminate equation

9x – 13y = 10. First, in the equation

99- 13p= +1, we have q=3 and p=2, which gives +1, the same sign as 10 in the proposed equation; and, therefore, the general values of x and y are,

x= 13m+30, and y=9m + 20. Therefore, assuming successively

m= -2, -1, 0, 1, 2, 3, 4, &c., we have the following corresponding values of x and y, which are all deduced froin the first two, by adding successively to the valnes of x the coefficient of y, and to y the coefficient of x.




Y









é = 4, 17, 30, 43, 56, 69, 82, &c.

y=2, 11, 20, 29, 38, 47, 56, &c. Whence we obtain the following solutions:

9. 4-13. 2 = 10, 
9.17 – 13.11 =10, 
9.30 - 13.20 = 10, 
9.43 -13.29=10, 
&c. 


&c.




Ex. 2. Find the values of x and y in the indeterininate equation

78 – 12y = 19. First, the equation

79 - 12p= +1, gives q=5 and p=3, from which is derived

79-12p= -1, which is a different sign from 19 in the given equation; therefore, the general values of x and y are,

x=12m – 5.19, and y=7m. – 3.19; or

x = 12m - 95, and y=7m – 57. Whence we obtain the corresponding values of x and y, by assuming

m=9, 10, 11, &c.; and it is obvious, that we cannot take m< 9, because we should then have x and y negative; and these values of x and y are deduced from each other, as in the foregoing example, by simple addition.

 x = 13, 25, 37, 49, 61, 73, 85, &c. 
y= 6, 13, 20, 27, 34, 41, 48, &c. 










PROP. 111.




161. To find the general values of x and y in the equation

ar + by=c, and to ascertain the number of possible solutions, that the equation admits of in integers.

In the foregoing proposition, where the difference of two quantities was the subject of investigation, we found, that the number of solutions was infinite, providing a and b were prime to each other; but when we consider the sum of the two quantities, as in the present case, the number of solutions is always limited, and in many cases the equation is impossible; we have, however, demonstrated (art. 41), that this equation will always admit of at least one solution, if a and b be prime to each other, and c> ab - (a+b); and it is proposed, in the present proposition, to ascertain the exact namber of solutions when the equation is possible, and to point out more accarately the limits of possibility. The solution of the indeterminate equation

ax + by=c depends, like that in the foregoing proposition, upon the equation

                 aq - bp= + 1, 
though its connexion with it is not so readily per- 
ceived. 
  For let 


р 
  and 


9 

be the terms of the converging fraction, immediately preceding then we shall always have either

aq - bp = 1, or up- aq=1;




a 
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and, in this case, it is indifferent which of the two terins is the leading one, because we are only considering the sum

               ar + by=c. 
Let, then, aq-bp=1, then we have also 


a. ca-l.cp=c; and it is evident, that we shall have the same result if we make

x=cq- mb, and y=cp- ma; for this still gives

a(cq- nb) - hop- ma)=(: assuming, therefore, for m such a value, that cp- ma may become negative, while cq - mb remains positive, we shall have

acq- mb) + b(ma -- cp)=c; and, consequently, x= cq - mb, and y=ma - op; but if m cannot be so taken that cp - ma shall be negative, while cq - mb remains positive, it is a proof that the proposed equation is impossible in integers. And, on the contrary, the equations will always admit of as many solutions in whole numbers, as there may be different values given to m, such that the above conditions may obtain.,

And hence we are enabled to determine, a priori, the number of solutions, that any proposed equation of the above form will admit of; for, since we must have cq > mb, and cp < ma, the number of solutions will always be expressed by the greatest integer contained in

cg cp 
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b 









as is evident, because m must be less than the first of those fractions, and greater than the second; and, therefore, the difference between the integral part of thein will express the number of

ca 

is a comb 

ca plete integer, in which case, as m<

we must

b' take the next less integer; or, which is the same,

6 we must consider

T

as a fraction in this case, and reject it; but this must not be done with the other

ср quantity, because m>

Ex. 1. Required the values of x and y in the equation

9.C + 13y = 2000, and the number of possible solutions in integers, First, in the equation

99 - 13p=1, we have at once p=2, and q=3; therefore, the mumber of solutions will be




2000. X 3




2000 x 2

= 461 - 444=17. 9




13




Which are readily obtained from the formule r= ca- mb, and

y=ma – cp; or x=6000 - 13m, and y=9m - 4000; in which, assuming m=443, in order that 9m > 4000, we shall have the following solutions, each of which is deduced from the preceding ones









by adding successively 9 for the values of y, and subtracting 13 for those of x.

x=215, 202, 189, 176, 163, 150, 137, &c. 
y= 5, 14, 23, 32, 41, 50, 59, &c. 
That is, 


9.215 +13. 5= 2000, 
9. 202 + 13.14= 2000, 
9.189+13. 23 = 2000, 


       &c. &c. &c. 
Ex. 2. Let there be proposed the equation 


11x + 13y=190 to find the number of solutions, and the values of

y First, in the equation

119-13p=1, we have q=6, and p=5; therefore, 190.6

190.5

= 87 - 86=1:




x and y. 




13




11




whence it follows, that there is only one possible solution, which we readily obtain from the formulæ

ca- mb, and y=ma - op; or

x = 190.6 - 13m, and y=1lm – 190.5: where, by taking m=87, in order that 11m > 190.5, we have x=9, and y=7, which gives

11.9+ 13.7 = 190, as was required.

Ex. 3. How many different ways may 1000l, be paid in crowns and guineas ?

Putting x for the guineas and y for the crowns, and reducing 1000l. to shillings, we have









20000




21x + 5y = 20000; and it is required to determine the number of sp; lutions that this equation admits of in integers. For this purpose we have the equation

219 - 5p=1, which gives q=1, and p=4; then we have ca ср 

80000

= 190: b 

5

21 that is, 1000l. may be paid 190 different ways, by the combination of crowns and guineas. In this example we derluct 1 from the result, because 20000 = 5 is an integer.

Cor. If it were proposed to pay 1000l. in guineas and moidores, then we must have

21x + 27y=20000, which is an impossible equation; the first side of it being divisible by 3, but the other side not,




a 




PROP. IV.




162. To find the values of x, y, and z, and the number of solutions of any equation of the form

ax + by + cz=d. In the first place, we may observe, that, if any one, or more, of the coefficients a, b, orc, be negative, the number of answers is indefinite.

For, let 6 be negative, then the equation may be put under the form

ax + cz=d+by, in which, by means of the indeterminate y, an indefinite number of values may be given to the second side of the equation; and, consequently, also to,









1




x and z: we need, therefore, only consider equations of the form above given, in which the quantities are all connected together by the sign +.

Now, in this equation, as in that in the two foregoing propositions, if a, b, and c, have each a common divisor, which d has not, it becomes impossible; but if only two of them, as a and b, have a common divisor, the equation is still possible; but it requires, in this case, some other considerations, which shall be explained at the conclusion of this proposition: we shall, therefore, in the present instance, limit our investigation to the case in which two, at least, of the coefficients are prime to each other. The solution of the equation

ax+by+cz=d depends, like those in the foregoing propositions, upon the solution of the equation

aq – bp=1; for let one of the three terms, as cz, be transposed to the other side of the equation, then we have

ax + by= d.cz, in which the values of x and y, as determined in the preceding proposition, will be x = (1 -- cz)q - mb, and y=ma 

y=ma-(d–c:)p; that is, by substituting (d - cz) for c; which is the only respect in which this equation differs froin that of the last problem. And here the only limits to be observed are, 1st, cz<d; 

2d, mb< (il-cz)q; 3d, ma > (d-ca)p; 









by attending to which, all the possible values of x, y, and z, may be obtained: but as these questions generally admit of a great number of solutions, the object of inquiry is not so much to find the solutions themselves, as to determine, a priori, the number that the equation admits of in integers. Now we have seen (art. 161), that in the equation

ax +. by=c, the number of solutions is generally expressed by the formula

cq ср 

뽑 b 




a 




9 
  and p being first determined by the equation 


aq – bp= +1. If, therefore, in the equation

ar + by=d-02, we make successively z=1, 2, 3, 4, &c., the number of solutions for each value of 2 will be as below; viz. 

(4- c) (d– cọp ax + by=d – ļ, num. of solu.

b 

(d – 2c)(dl – 2c\p ar +by=d. – 20,

b 

(d– 3c)(d– 3cp ar + by=d-3c,
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a 
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The sum of which will be the total number that the given equation admits of; and, therefore, in order to find the exact number of solutions in any equation of this kind, we must first ascertain the









sum of all the integral parts of the arithmetical series, (d—c), (d) – 2c), (d-3c19 (1.-3cq (d - 409 

+ &c. and b 

b 

b (d-cp (d – 2c\p, (d–30p (d - 4c\p +

+ &c.:




+




+




+




+




+




a 




and the difference of the two will be the exact number of integral solutions.

Now, in both these series, we know the first and last term, and number of terms; for, the general terms being

(d-c219 (d - cz'p 




and
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we shall have the extreme terms by taking the ex

d. treme limits of x; that is, z=1 and :<

which last value of z also expresses the number of terms in the series.

Hence, then, having the elements of the progression given, we readily find the sums of the two whole series; and if, therefore, we also find the sums of the fractional part of the terins in each, we shall have, by deducting it from the whole sum, that of the integral part of the series, as required. The latter part of this problem is readily effected; for, the denominator in each term being constant, the fractions will necessarily recur in periods, and the number in each can never exceed the denominator: it will, therefore, only be necessary to find the sum of the fractions in one period, which, being multiplied ly the number of periods, will give the sum of the fractional part of the terms, and these,









taken from the total sum, will give the sum of the integral part of the series; then, from what has been before observed, the difference of the two sums will be the number of solutions required. It should also be observed, that, when the number of terms does not consist of an exact number of periods of circulation, the remaining terms, or fractions, must be summed by themselves, which is also readily effected, as they will be the same as the leading terins of the first period: and it must also

b be remembered, that is to be considered as a

b fraction in the first series, but not in the second, as is explained at page 325. Ex. 1. Let there be proposed the equation

5x + 7y +112 = 224 to find the number of solutions which it admits of in integers.

224 Here the greatest limit of << is 20; also

11 in the equation

59-7p=1 we have q=3, p=2, a=5, and b=7; and, therefore, the two series of which the sums are required, beginning with the least terms, will be

3.15 
      3.26 3.37 


                                S.113 
Ist, 
       7 7 7 


7 

7. 2.26 2.37

2.11a 2d,

+ &c.




3.4
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+ &c.




2.4 2.15 
   + 


            + 
5 


5 
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5 
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5 




3.11




The commoa difference in the first being




7









2.11
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in the second and the number of terms in

5 each 20; whence we have

930, for the sun of the first, and

868, for the sum of the second. Also the first period of fractions, in the first series, is

6

7

4; 7 7 7 7 7

7 7 7 7 7 and, in the second series, the first period of fraca tions is,




1




5 3 
 + 





  4 2 
+ + + 





+
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7




being considered as a fraction in the first 7

5 (art. 162), but not in the second.

Now the number of terms in each series being 20, we have 2 periods and 6 terms of the first series, = 2.4 + the first 6 fractions = 11, for the suin of all the fractions; and, therefore, 930–11=919, which is the exact sum of the integral terms, first series. And, in the second, we have 4 periods, =4.2 = 8: and, therefore, 868-8=860, the sum of the integral terms of the second series: and hence, according to the rule,

919-860= 59 is the number of integral solutions.

Remark. This example is the prob. 11, page 191, Simpson's Algebra, where the number of solutions is said to be sixty; but, apon examination, it appears, that one of the




same




as:









23




sixty which he has given cannot obtain; that is, 2=14, x=10, and y=14; which error being corrected, gives 59 for the number of solutions, as above. Ex. 2. Having proposed the equation

7x + 9y + 232=9999, it is required to determine the number of its solutions in positive integers.

9999 Here the greatest limit of << = 434; also in the equation

79 - 9p=1, we have

2= =4 and p=3, a=7 and b=9; also

9999 - 23.434= 17: therefore, the series whose sums are required are as follow; viz. 4.17 4.40 4.63

                          4.9976 
1st, 


        + 
9 9 9 


                         9 
3.17 3.40 3.63 


                          3.9976 
2d, 


         + 
7 7 7 


7 The common difference in the first being

4.23 2

=10-;

9 9 and, in the second,

3.23 6

=9=;

7 also the number of terms in each, 434, that being the greatest limit of z.

Hence we have the sum of,




+




+ &c.




+




+ &c.




First series, =963769,




Second series, = 929349.









Also the first period of fractions in the first series, 5 7 9 2 6 8 1 3 +

+ +

-5: 9 9 9 9 9 9 9 9 9 9
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+ 




+




+




+




434




and




2 - 48

9




or 48 periods and two terms




9




5

3 5.48 + + 241-.

9 9 9 And, in the second series, the first period of fractions will be 2 1

6 5 3 +-+0+ +

+

= 3; 7 7 7

7




+




431




and




=62, or 62 periods: therefore,




7 




62.3 = 186.




9




9




Ilence,

3 963769-2413=963528 { integral terms, first se

ries; and integral terms, second

{ 929349 - 186 = 929163

series. Whence the difference,

= 34365, is the number of integral solutions required.

163. Cor. We have at present only considered the case in which two, at least, of the given coefficients are prime to each other; and, when this is not the case, the following transformation will be requisite, and which will be better explained by a partial than by a general example.

Let it therefore be proposed to find the number of solutions that the eqnation









12x + 15y + 20%=100001 admits of in positive integers.

By transposing 20%, and dividing by 3, we have
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1




and as this last must be an integer, put
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or z=3u + 1, and this being substituted for s, the above equation becomes

12x + 15y + 20(3x + 1) = 100001; or, dividing by 3, and transposing

4x + 5y + 200=33327, the number of solutions in which will be the same as in the original one, but in this u may become 0, as we shall in that case have 2=1. Now here, the greatest limit of

33327

= 1666,




u<




20




and the equation

59 -- 4p=1 gives q=1 and p=1; whence the series will each consist of 1667 terms, because u may =0, and their sums will be 7 27 47 67 33327

1 1st, +

6945972–; 4 

                                                                  4 
     7 27 47 67 33307 
2d, 
     + 


         + 
5 5 5 5 


                                   5 
and the fractions of the first series will be. 





+ +

4




+ &c.




4




1




= = 55567775




4 




+




+ &c.




3 3 3 
 + + + &c.; 


4









where, each term having the same fraction, the sum will be




3 

1 x 1667 = 1250




o




În the secoud series the fractions are




2 2 2 
 + + 


+ &c.

5 5 5 the sum being

2

x 1667 = 666

5 and hence we have




6945972 - 1200 = 6941728, 
5556777 - 666 





4




= 5556111.

5 Whence the total namber

= 1388611. of solutions,

When there are four or more unknown quantities, the number of possible solutions is found in a similar manner.




PROP. V.




164. Having given any number of equations less than the number of unknown quantities which enter therein, to determine those quantities. Let there be proposed the two equations

a r+by+ z=d, 

a'x + b'y + c'ż= d'; to find the values of x, y, and z.

Multiply the first by a' and the second by ag whence, by subtraction, we obtain









(a'b – ab')y + (a'c - ac')x=a'd - d'a; bio, dividing each of these known coefficients by its greatest common divisor, if they have any, and representing the results by b", "', d, this equation becomes

by +c"z=d": Find now the values of y and x in this equation, and these being substituted for them, in the equation

dc 

- 03 — by will give the corresponding values of d; of which those that are fractional must of course be rejected, and also those that render (cz +by) > d. Ex. 1. Giving

3x + 5y + 7%= 560,

9x + 25y +49% = 2920, to find all the integral values of x, y, and %. Multiplying the first by 3, we have

9x + 15y + 21%= 1680,




a 




{




whence, by subtraction, we have

10y + 282= 1240; or,

5y + 14%=620: and here the values of y and are found to be, y=110, 96, 82, 68, 54, 40, 26, 12;

5, 10, 15, 20, 25, 30, 35, 40. And of these the only two that give

560–7% – 5y 

3 an integer, are the following; viz. 

z




T=









1




z=15, and y=82; whence r=15,

=30, and y=40; whence x = 50. Remark. Though this method of solution never fails of giving all the possible values of x, y, and z, in equations of this kind, yet we may frequently shorten the operation in particular cases, in the following manner: Having obtained, as above, the equation

5y + 1.12=620, we have, by divisioni,




1




y = 124 + 32

5' 80 that : must be a multiple of 5; make, then, z=5u, and we obtain

y=124 – 14u; which values of y and i, substituted in the first equation, give

3x – 35u= -60, or 3x=351 - 60, whence u must be divisible by 3; take, therefore, u=3t, and we obtain

x=35t - 20, y i 24 - 42t, and = 15t: the value of

Y 

limits t not to exceed 2; assuming, therefore, t=1 and 2, we have exactly the same

above.




solution as
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165. To decompose a given numeral fraction having a composite denominator into a number of simple fractions having prime denominators.

- This is in fact only an application of the foregoing propositions to this particular case; for let
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т 




or




in 

be the given fraction, and suppose, in the first instance, that its denominator consists of two prime factors, or n= ab, it will then be to find

po 

+ abd 

b' 

aq + bprm; in which equation, having determined the values of p and q, we'shall have and { for the fractions required; and as many different ways may any

such fraction be decomposed into others, as the above equation admits of integral solutions. If the given fraction be then we may first

abc' resolve it into two fractions, and one of these into two others; thus, let




m 




m 




р 9 

+ abc ab 

c' then we have

abq + cp=m; and having, from this equation, found the values of p and 9, we shall have

m P 9 

+ abc ab с 

c Again, let

р ab 




r S

+ a 

♡ 




whence we obtain




as + rb=p; 









find r’and s in this equation, iso shall we have




m 




r $ 9 

+ + a 

b 




abc as required. And we may proceed in the same manner to decompose any given fraction having a composite denominator. Ex. 1. Find two fractions, the denominators of

19 which are 5 and 7, whose sum is equal to




35°
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1




"=




and




and here we have p=1 and q=2: therefore,




2 5 




are the fractions required; for these give




1 2 19

+

7 5 35 Ex. 2. Find three fractions, the sum of which

401 shall be equal to

315 Having first found the denominator to be equal to the product of the three factors 5.7.9, it follows immediately, that these three numbers must be the denominators of the fractions sought; and if the given fraction cannot be decomposed into three fractions, having these denominators, it is in vain to seek the decomposition in any

others. Supposing, then, in the first place,









L9_401 
359 315' 





we have
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35




9p+ 359= 401; which give q=4 and p=29, whence

401

29. 4

       + 
315 
     35 9 


                             29 
  And now, in order to decompose we must 
have 


p 29 
  + 


                        or 5p' +79=29; 
         7 5 35 
which gives q' = 2 and p=3, whence 
        29 2 


    401 2 3 
and 


+ 35

5' 7 315 5 79 as required.




3 




4 +
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166. To find the least number that is contained ander two, three, or more given forms; or, which is the same, to find the least number which, being divided by given numbers, shall leave given remainders, Let

N=am+b=a'n+b'=a"p+b"= &c. it is required to determine the least value of n, that fulfils these conditions, Or, it is required to find the least number N, such that, being divided successively by a, a, a", &c., the remainders shall be b, b', B“, &c, First, since am +b=a'n+b, we have

am - a'n=b'- b; 









[image: [ocr errors]]


find, therefore, in this equation, the least values of and n (by art. 160), then will am+b, or a'n + b', express the least number that fulfils the first two conditions: let, now, this number be called c, then it is evident, that every number of the form aa'q+c will also fulfil these conditions, and we must proceed to find

aa'q +c=""p+b”, or aa'q-a"p=0" — c; that is, the least values of q and p in this equation, so shall we have aa'q + c for the least number that answers the first three conditions, which, being called d, we shall have aa'a"r+d, as a general expression for all numbers of this latter class: and thus we may proceed to any required extent.

Ex. 1. Find the least number which, being divided by 28, 19, and 15, shall leave for remainders respectively 19, 15, and 11. Here we have

28m + 19 = 19n +15=15p+11; now, in the equation

19n -- 28m= 4, the least values of m and n are fas deterinined by art. 160) m=8 and n=12, whence

28m +19=19n+15= 243; and we have now to find

28.199 + 243= 15p+11, or 5329- 15p= -- 232, in which equation p=512 and q =14, whence

5329 +243 =15P+ 11 =7691, which is the least number having the required conditions.









    MisceLLANEOUS EXAMPLES. 
Find the least values of x and 


y 

that fulfil the conditions of the equation 19.r - 1174= 11.

Ans. 56 and 9. 2. Find all the values of x and y that the following equation admits of in integers: 13x + 14y= 200.

Ans. 10 and 5. 3. Find the integral values of x and y in the equation

27x +394 = 7432, or prove there are no such values.

Ans. Impossible. To find whether the equation

7x + 13y = 71 is possible or impossible. Ans. Impossible. 5. Find two fractions having 5 and 7 for de

26 nominators, whose sum is equal to




35




1




3 Ans. and 7

59. 6. Find three fractions having prime denomi

276 nators, whose sum is equal to 1

385.

3 4 6 Ans. 

5' 119 7. What number is that, which, being divided by 9 and 13, shall leave for remainders 5 and 12?

Ans. 77. 8. Can 1001. be paid exactly in the present gold coin of this kingdom?

Ans. Impossible,









9. Required such values of x and y, in the indeterminate equation

7x + 19y=1921, that their sạm f+y may be the least possible.

Ans. x=3 y=100, 10. Find how many solutions the equation

5x + 7y +11% = 4000 admits of in positive integers.

11. Find such values of x, y, and, in the equation

5x + 1 ly + 13x=2000, that their şum x+y +may be a minimum.

12. Find the least number, that, being divided successively by the nine digits,

1, 2, 3, 4, 5, 6, 7, 8, 9, shall leave respectively for remainders the digits

0, 1, 2, 3, 4, 5, 6, 7, 8,
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CHAP. III,




On the Solution of Indeterminate Equations 

of the Second Degree, 




PROP. I, 167. To find the values of x in the indeterminate equation

ax' + bir +c=.




Though this problein fall under the general form of equations that are investigated in the following propositions, yet, as there are some conditions of the coefficients that render the solution more simple than others, it will be proper to state a few of those particulars, without, however, multiplying the rules too much, which would only lead to embarrassment, as it is by far better to employ one general method, that embraces all cases, althongh the operation may be a little longer, than to give a number of particular rules, suitable only to as many particular conditions. We shall, therefore, consider, in this place, only the three following cases; viz. when

Sc=0, or ax” +bx 

a=mo, or mor? + bxc + c = Ic=m", or u? + bc + m=s.









168. Case 1. To find the value of x in the indeterminate equation 

ar + br=2" Here we may assume z=XY, 

and hence we obtain ax? + bx = x*yo, or ax + b = xyo. 

b Whence x=

which will become more gey’ – a' 

p neral by making y=; and, substituting this valne,

9 




we have
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bge X =

p – aq? in which expression p and q may be taken any integral values at pleasure. Ex. 1. Required the value of x in the equation

5x® + 7x=z. Here, șince a=5 and b=7, the value of x becomes

792

på - 5q? in which

р 
 and 
            9 may 
            be taken 


any

numbers whats ever: by assuming p=3 and q=1, we have

7 




3 which fraction will be found to answer the




required conditions, Ex. 2. Required the value of x in the equation

2x - 3x = z?, Since a= 2 and b= -3, we have --39 

398 p* – 299 29. - P 
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or X=
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And, by assuming q=4 and .p=5; we have

which fraction will be found to answer the 7 required conditions.

In both these examples we have arrived at fractional results; but integral ones may, in all cases, be found, at least whenever b is positive; for, in that case, the denominator is always of the form pi- aq', which we have seen (art. 150) may be made equal to unity; but, when b is negative, this condition is not always possible, because the equation

aq - pi= 1, or ps-- aq'=-1, is not always resolvible (cor. 1, art. 150).

Ex. 3. Find such integral value of x as will render the equation

13x* + 7x= rational. Here we have from the general solution

799 

p- 139" and, therefore, we must find suc! values of P and 9, that will give

p - 139° = 1, which, by art. 151, are found to be p=649 and 9= 180, whence

x=7q;="180o=226800, which is the least integer having the required conditions.

169. Case 2, : To find the values of x in the indeterminate equation 

inox' + br + 6 =

;-:;




;









Assame z=mx+y, then we have

m*r* + bx+c=m*x® + 2mxy + y'. Whence, by cancelling mox, 

yo-C 




b- 2my 
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Or if, in order to generalize, we make y= 

this becomes

pe – cq 

bq* – 2mp2 In which expression p and q may be assumed at pleasure. Ex. 1, Required the value of x in the equation

9r+7% + 5 =%. Here, since m=3, b=7, c=5, the values of are contained in the expression

pe – 599 

79% - 6p9 in which, by assuming p=4 and q=2, we have

which fraction answers the condition of the equation, Ex. 2. Required the value of x in the equation

9.çe + 5 =%. Here m=3, b=0, Ç=5; therefore, the general value of is

pe – 50 5q* – pa 

- 6p9 бра By taking q=1 and p=1 we have r=ž, which




4




1




or




20
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or. X =









fraction will be found to answer the required conditions.

170. Case 3. To find the value of x in the indeterminate equation 

ar" + bx + m =%'. Assume %=m + xy, then we have

ax® + bx + mo=m* + 2mxy + x*y*. Whence




b- 2my 
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2




ye - a Which is exactly the reciprocal of the expression dednced for the value of x, in the preceding case, except that we have a instead of c; and if, in order to

P Tender it more general, we make y= it becomes,

9 bq* – 2mp? 

på – aq which latter equation may always be resolved in integers, because

på – aq' = 1 is always possible (art. 150); and this is true whether b be positive or negative, as we have only, in the latter case, to make either p or q negative; or, which is still the same, assume z=m- xy instead of x=m+ xy. 

Ex. 1. Find the integral value of x in the equation

             5x* + 7x+1=%. 
Here we have a=5, b=7, m=1, whence 


799 - 209 

p*— 59 Now, in order that we may

have









p - 54 =1, we find, by art. 150, p=9 and 9=4, whence x = 40, which number will be found to answer the required conditions.

Ex. 2. Find an integer value for x in the equation

72-5x + 1 =%. Since a=7, b= -5, and m=1, we have




- 59° + 2p9 




pand 




p-79 And; in order that this denominator may be equal to unity, we must find, by art. 150, the values of p and q, such that this condition may have place, which are p=8 and q=3; whence is obtained x=3, which makes

7.3–5.3+1=1, as required.

llence it follows, that when integral values of x are required, we must have particular values of

9, obtained by means of art. 150, or of the table subjoined to this volume; but when only fractional values are required, then we may assume p and q equal to any numbers at pleasure.

171. Cor. The foregoing solution will hold, whether m be known or unknown; in fact, wheni me is indeterminate, it may, in the expression

bq* – 2mp? 

pe - aq* be assumed at pleasure; and the solution is still more general, if m also enters into the middle term with X; thus, for example, if we write y for m, the equation under the latter supposition will be




X 









{




ac° + bc + ==°; which may always be found in integers by assuming

s x=2pq + by®, 

y= pi – aq”, in which expressions p and q may be assumed at pleasure; and, consequently, integral values obtained for x and y ad libitum (art. 101). Ex. Find the values of x and y in the equation

3x2 + 5xy + yo = z. Here a=3 and b= 5; therefore,

x=2pq + 50%, 

y= p - 39. Andy, assuming p=3 and q=1, we have x =11 and y=6, which values, substituted for x and y in the proposed equation, give

3.11? + 5.11.6 +6'= 27. And other values may be found by changing those of p and g. If b=0, and the proposed equation be ax® + y' = x*,

! then the values of x and y are

S x=2pq, 

l y= pé-aq'. Which is exactly the result obtained at'cor. 2, art. 54.

Remark. A few other partial rules might have been added here for particular cases or conditions of the coefficients; but, as the principles explained in the following propositions embrace every possible form of equation, a multiplicity of rules for conditional equations seems to be both unnecessary and improper.
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PROP. II.




172. Every indeterminate equation of the second degree, containing two unknown quantities, may be reduced to the form

u - At =B Let

ax* + bxy + cy® + dx + ey +f=0 represent any indeterminate eqnation of the second degree, in which x and y are the two indeterminates, and a, b, c, d, e, and f, any known integers positive or negative, or zero; then I say, that this equation may, in all cases, be reduced to the more simple form

u* - At' =B. For, first, multiply the proposed equation by 4ag which makes

4ax + 4abxy + 4acy* + 4adx + 4aey + 4af=0; add bʻyo + 2bdy+d to both sides, and transpose: so shall we have

(2ax + by + d )' = (by + d )' – 4a(cy® + ey +f); or 2ax + by + d ví (by + d)* -- 4a(cy® + ey +f)}. And, in order to abridge the latter expression, let

v{(by + d) – 4a(cy + ey +f)}= t;

fe - 4ac 2bd - 4ae 

= 28; d- 4af 

= h; that is, a will represent the multiples of yo, 2g the multiples of y, and h the absolute quantity which contains no indeterminate letter. Now these sub
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stitutions will furnish the two following equations ; viz. 

2ax + by +d=t, 

AY® + 2gy + h=ť. Multiplying this last by A, we have

Aoyo + 2Agy + Ah=Ato; adding &", this becomes

(Ay + g)'=Alt – 1) +g”, or

(Ay+g)' – ať' =g' – Ah. Substituting again ay+g=u; and gi - Ah=B, We have

– Ať =B; and, therefore, the proposed equation has been transformed, as required.

And it is obvious, that the values of x and y in the proposed equation will be immediately deduced from the solution of the transformed equation

u - At =B. For we have ay +g=u, or y="-&; and

ť-d— by 2ax + by +d=t, or x =

2a or, substituting for y, in this last, we have

(t-da-(u – g)b 




А
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X =
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And since, in the transformed equation, u and enter only in the second power, we may take t and u, in these last expressions, of the values of x and y, either positive or negative, at pleasure;









Ex. 1.




and when the solution of the proposed equation is required only in rational numbers, it is obvious, that we shall have it immediately from any rational values of t and u in the equation

u – At =B; but if the proposed equation is to be found in integers, then we can only employ such values of t and u as, when substituted in the expression for x and y, render these quantities integral; in consequence of which restriction, the solution, in these cases, is generally very tedious, and frequently impossible.

Let it be proposed to transform the equation

3x? + Sxy – 3y' + 2x - 5y=110, or

3x® + 8xy – 3y + 2x – 54 - 110=0, to another of the form

u - At =B. Here a=3, b=8, c= -3, d=2, е= -5, f=-110. Whence bd - 2ae=g=46

                    and 
ď - 4af=h=1324 
Sl 4ac=A=100 


lg - ah =B= - 130284; therefore, the transformed cquation is

u – 100* = -- 130284: and, if we had the values of t and u in this

equation, those of x and y in the original one would be reaslily obtained by means of the formulæ y="%, and x =

t-by-d 

2a 




}




-;




A









but the solution of the equation

u - At =B belongs to the following proposition, the transformation being all that is required in the present




case.
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Ex. 2. It is required to transform the equation 5.X° + 3x + 7

=y', or 5x® – y' + 3x +7=0, to another of the form

u - At' = B. Here a = 5, b=0, c= -1, d=3, e=0, f=7.

Whence we have bd - 2ae=g=0,

0 - 4ac=a= and

20,

go – ah =B=655; therefore, the transformed equation is

u - 201=655: and the values of u and t being found in this equation, by the method explained in the following proposition, we shall have those of x and y in the one proposed from the expressions ü 

t-by-d y = 




{




and x=




A 




2a




Remark. The general equation above given includes every possible form of an indetera inate equation of the second degree, and we have seen that this is always reducible to the form

- At =B; and, consequently, on the solution of this last depends that of every possible case wwuu tau arise in indeterminate equatious of this dimension: but









it should be observed, that, in the solution of the equation - At =B,

y we may have t and u fractional, as u = and t=




102




whence the above becomes




= B, or




x? - Ayo = BZ; an equation in which the indeterminates x, y, and z, are all integral, as well as the known quantities A and B; and as all possible cases are reducible to this form, the solution of it becomes the more particularly interesting.




PROP. III. 




173. In all cases in which the equation

x* – Ayo = Bz is possible, it may

be transformed to another of the form

ir" - y^ = cz". We have already (at art. 53) given a rule for judging of the possibility or impossibility of every equation of the form

X® – ayo =Bz", or, more generally, of the form

Ax* – Byo =czo; but, in that place, we were not able to show the absolute possibility in those cases in which the given equation fell under a possible form; we shall, fowever, by means of this proposition, show, that every equation falling under a possible form is









really resolvible, and the contrary when it falls under an impossible, which latter part is in fact proved in the article above mentioned.

Having, therefore, first ascertained the possibility of the equation

X – Ay=Bz", by the proposition above mentioned, the transformation of it to another of the form

x" — y'=cz" will be effected in the manner following: but, before entering upon this snbject, it will be proper to make a few preliminary observations; viz. 

1. The indeterminates x, y, and , may be considered as being prime to each other, as appears from lemma, art. 47:

2. The given quantities A and B may be supposed to have no square divisor; for let A= A'k*, and B=B’l”, then the equation becomes

x® - A'(ky)’=B'(lz), or

ai? — A'y" = B’:"?; by making kyry', and lz=z', we may, therefore, always consider A and B as containing no square divisor.

3. The indeterminate y is prime to B; for if Y and B had a common divisor, xã must necessarily have the same; and, therefore, x and y would not be prime to each other, which is contrary to what has been already demonstrated: and the same reasoning is equally applicable to A and z. 4. The quantities A and B may always

be supposed positive; for if they be not both positive, the equation may always be transformed to another similar one, in which the resulting quantities, re









presented by A and B, will be both positive: thus, the only possible cases are the four following; viz, 

1st, A positive, s positive. 
2d, A negative, B negative. 
3d, A positive, s negative. 


4th, a negative, b positive. Which give the following four equations:

ist, ai? - Ay' = + B2?. 
2d, x* + Ayo = - Bz'. 
3d, &* – Ay’ = - Bzo. 


4th, x + ay' = + Bz'. Now, I say, that the three latter equations are impossible, or reducible to the first form, in which A and B are both positive.

For the third and fourth equations are exactly similar, by only transposing the quantities ay', and Bz', and each of these is reducible to the first form; for multiply xi + Ayo =bz? by B, and transpose, then it becomes

Boz' – ABY’ = B_", which is precisely the form of the first; and the second is evidently impossible from its nature. Hence, therefore, it appears, that if in the proposed equation A and B are not both positive, it may (if it be a possible equation) be transformed to a similar one, in which the resulting quantities, represented by A and b, shall be both positive.

We may, therefore, in what follows, consider A and B as being both positive, as containing neither of them any square divisor; and the three indeterininates x, y, and 2, as integers prime to each other; also y prime to B and prime to a: which being premised, we shall proceed to the









transformation of the given equation, as announced in the head of the proposition. 174. Transformation of the equation 

2 - Ay' = B2 to the forin

a" - y" =ca". In the first place, let us suppose B > A, for, if it were otherwise, we should have only to put the equation under the form

x' – B2° = ayo, in which we have a >B; so that we may always suppose the coefficient of the second side of the equation to be the greatest of the two, unless in case of equality, which case forms a separate proposition. Let then, in the given equation,

x" — Ayo =bzo, B > A, and since we have y prime to b, by the foregoing article, we may make x=ny – By' (cor. 1, art. 40), n and y' being two indeterminates; which expression being substituted for x, in the above equation, it becomes

° – 2 BJJ + Boy” – Ao=B=”; or, dividing by b and transposing,

n2 - A

-y' -- 2myy' + BY" = zo;




B




A




and, since b is prime to y, it is evident, that no must be divisible by B, for otherwise the equality could not obtain, all the other part of the equation being integral; in fact, our rule for ascertaining the possibility of the proposed equation (art. 53) depends upon the condition of the equation
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k* being the greatest square contained in the qno

no tient of ; and this value being substituted for




A 




B




n2 - A




B




in the above equation, gives

B’k’yo – 2nyy' + BY“ = 7*. Now we have before shown (art. 44), that all squares are of the same form to modulus B, as the squares

1°, 2°, 3, &c., (B)*; and, therefore, the least value of n will never exceed B: we shall, therefore, be sure, by trying all the intermediate numbers from 1 to B, to fall upon the possible values of n between the limits 1 and +B, that render the above expression an integer.

Suppose, then, we have found one or many values of n within the above limits, which have the required conditions of rendering, an integer, we must, with each of these values, continue the transformation in the following manner; viz. Repeating again the equation

B’k’yo – 2nyy' + by“ = *, and multiplying by b'k', we have
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B









B" k*y– 2nB’k*yy' +B'Bk’y"? = b’k?z?, or

(B'k’y - ny') + B'bk’y" – n'y' = b’koz?; and, since no — A= Bébk", this becomes

(B’k*y – ny')' – AY“ = b'kozo; or, making s’k*y - ny' = x', and k*' = ", we have, for the transformed equation,

x"? - Ay" =B'x", which is exactly similar to the equation first proposed, except that in this B'<}B, for n< B, therefore n° - A< B’; and, consequently, since

no 
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B'k", 




B




we must have b'<4B.

We have, therefore, transformed the given equation to a similar and dependent one, of which one of the coefficients is less than in the equation proposed; and if, in this new equation, B' be equal to unity, or to any square, the equation is transposed as required. And the values of x', y', and z', being determined in this, will give us the values X, y, and z, in the original. For we have 1st, x =ny - By'. 

                     , 
2d, x' =Bk’y — nu'. 


          3d, z'=kz. 
From the second of these we have 


   x' + ny' 
y= 


B'k? which therefore thus becomes known. And the first gives

x' + ny' 

-1 – BY', B'k 
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But if neither of the above conditions have place, that is, if x'he neither equal to a square nor to unity, we must first ascertain whether B' be still > A, and if it be, we may proceed in the same manner to transform this last equation to another similar one,

x"? - AY'' = 3":"? ; in which last B” < _B': proceeding thus, by successive transformation, we must be finally brought to an equation in which B'") or c<A.

Having arrived at this equation, by transposing, we shall have

x!” – CZ" = Ay'', in which now, we have a >C. If, then, we represent this new equation by

xio – cyo = As, we may, by proceeding exactly as above, reduce this to another similar and dependent equation,

2" – cy" =A?! or, calling Aím} = D, to this,

x" – cy" =p2", in which aim', or <c; or, by transposing,

x" - Dz" =cy”, in which c>D. Representing this anew by

x® – dy' =cz, we may proceed to reduce it in a similar manner to the preceding one. Since then, at every step, we reduce the coefficients, so that A <B, C<A, D<c, &c., it









is obvious, that we must finally arrive at one that is equal to unity; for it has been seen that these coefficients are always positive, and they can never become =0. Now it is impossible for a series of integers to go on continually decreasing, under these conditions, without one of them becoming at :last equal to wity; and lience it follows, that when the equation

x® – Ay' =B32 is possible, it may always be transformed into another equation of the form

&" - y" =ca", which last equation is always resolvible (by art. 54); and, from the values of tlie indeterminates in this last equation, we may proceed by successive steps to those of x, y, and x, in the original one proposed, by means of equations analogous to those in the preceding part of this proposition; viz. 

  X + ml 
y- 


B'K 
 + mi 


-11 – BY' 




=
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175. From what has been explained in the above article, we derive the following simple method of arriving at the final equation, without absolutely performing the operation, which it was necessary to explain in order to show the principles on which the transformation was effected.









It appears from what has been said, that, in order to effect the successive reductions, we must make the following calculations,

no x® - Ay' =B ,

=B' k", 




- A




B




n'? 




=B"K? 




=B"k", 




A 




x* – Ayo = B'??,

B'

n'". A x* – Ayo =b":,

B”

&c. &c. x? – Ayo = B()z?, or cz", till we have c<A; then, transposing, our calculation must be carried on again in the same manner as above: thus,

n-C x – cyo=A ??,

= A' l*, 

n" -C c” – co=xx,

=A"l", 

" , A

n-C x® – cy* = A"z",

= A']!”, 

&c. &c. x - cy' = Az?, or dz, in which expressions k”, 1°, &c., are the greatest

n-C integral squares in the quotient

: which reductions and transformations must be continued, till we arrive at the equation required; that is, in which one of the coefficients above represented by A, B, C, &c., becomes unity; and having found the value of the indeterminates in this last, we shall arrive at those of x, y, and z, in the original equation, by means of equations analogous to the following:




A









   t' + mu' 
y= 


     B'k? 
X=ny – By'. 





ko




In the above forms, the accents of x, y, and , are omitted, to avoid confusion; but the reader will be aware that these letters are not of the same value in any two of the preceding equations. It may also be proper to add, farther, that though, in order to show the successive transformations, we have employed several forms, yet there are few practical cases in which these are numerous. Ex. 1. It is required to transform the equation

x - 5y' = 1122 to another of the form

x"? - y" =cz", and hence to determine the values of x, y, and 2, in the equation proposed. Here we have

n - 5

=B'K=1, by assuming n=4, whence B’=1; and, therefore, the transformed equation is

x"? – 5y“ = z", or

z" =5y". Now the general values of x' and y' in this equation are (by art. 54)

x' = pe + 5m' = 14, 
x = p – 5m = 4, 
y'=2pm 


: 6,




11
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1




that is, by assuming p=3 and m=1; whence those of x, y, and 2, in the equation proposed, are

x' + ny' 

              14 +24 
Y = 


                =38, 
       B'K 
x =ny - By' = 4.38 – 11.6=86, 
                       4 


             = 4, 
k 


1 which numbers answer the required conditions, for

86- 5.38°=11.4. And, by giving different values to p and m, various other integral solutions may be obtained.

Ex. 2. Required the values of x, y, in the equation

2? – 12yo = 13zo. First,

n - 12

=B'k=1,




and 2,




13




by assuming n=5; whence we have, for the transformed equation,

– 124'' = z", or x" — 2"=12y', in which we readily find a' = 4, 2'=2, and y'=1; ühence

r' + ny' 

              4 + 5 
y = 


        B'ki 
x=ny - By'=5.9 - 13.1=32, 


z' 

k which numbers answer the required conditions, for

32 - 12.9= 13.2.




= 9,




1




2




= 2,




1














In these two examples, we have arrived at the equation required by the first transformation, in which cases we readily find integral values for x, y, and z; but if two or more transpositions be requisite, then we must be satisfied with fractional results, at least we cannot always obtain integral ones, under those conditions.

Ex. 3. Required the values of x, y, and 2, in the equation

x? - 10yo = 312. First,

n° - 10

=B'K = 6,




31




by assuming n=14, and thus we have b'= 6.k=1, so that the transformed equation is

P"? – 10yo = 6z", or

{X" - 6z" = 10y". Then again,

n'? - 6

=c'l=1,




10




by assuming n' = 4, whence c=1, and the new transformed equation is

s —

x" – 6z" = y'', or

x"" – y'' = 6z"; in which last we find readily a" = 5, y" = 1, and Z"= 2. And having thus obtained the values of the indeterminates in this equation, we readily deduce those of x', y', and z'; and hence again those of x, y, and z, in the equation proposed. Thus,









B'K? 




x" +nz" 5 +4.2

             = 13, 
c'l 


                              1 
a' = n''-cz" = 4.13 – 10.2=32, 
   y'' 


                            1 
y' = 


1: i 

1 which numbers answer the conditions of the equation

x" - 10y" = 62" ; and hence again we have &' + ny' 

32 + 14.1 23 y = 

6

3' 23

229 X = ny – 31y' = 14. - 31.1=

3 

3 13

39

= 13, or j k 

1 and these fractions, or their numerators only, will answer the required conditions; for

229 -- 10.23=31.392. It will be readily observed here, that the first set of equations, whence we derive the values of x', y', z', are exactly analogous to the last, from which we find x, y, and z; the only difference being, that z" and y" stand respectively in the place of y' and z' in the preceding one, as must necessarily be the case, because the equation we transformed was

2' - 6z" = 10y", in which z' occupies the place that is given to y in the first.




3 









/ 




PROP. IV.




176. To find the values of x, y, and ., in the equation

X* — Ayo = Azo. In the foregoing proposition, we have always supposed one of the coefficients to be greater than the other; and though we may still make use of a similar principle when they are equal, and thus include both these propositions under one, yet, as the present admits of a simple process, it will be better to consider it separately. Since then

– Ay' = Az, it follows that x is divisible by A, and as we may always suppose a to contain no square factor, therefore x = a.r', or x = Ax”; whence we have

Aor" – Ayo = A7", or

             + = AX": 
and since here A contains no square factor, x', y, 
and z, may be considered as prime to each other; 
because, if they had a common measure, the whole 
equation might be divided by it, as we have before 
seen: this then being the case, make 


y=nz - Ay', whence 
mo +1 


za – 2nzy' + Ay" = ";




A 




therefore n° +1 must be divisible by A, for otherwise the equality cannot obtain: let then

n° + 1

= A'k®, or n + 1 = AA’k,




A 









which substitution gives

              A’k"- 2nzy' + Ay' = n". 
Multiply both sides by aʼk”, and we have 
    A”k*2* — 2 a'nkozy' + (n° +1)y” = A'x“k', or 


(Ak*7 – ny')? + y^ = A'r“ko; or, for the sake of abridging, make

A'koz – ny'=z', and x"k’ =x", and our equation becomes

2" + y'' = A'x'", which is exactly similar to the equation proposed, except that, in this, A'<A; and if Á be now unity, the equation is resolved, as we have, in that case, only to find

2 +y* = x'”, the solution of which is given cor. 3, art. 54. But if A' be still > 1, we must proceed in the same manner to reduce it again to a similar equation, in which A" < A'; and it is manifest, that, by thus continually decreasing the values of A, A', A", &c., we must, at last, arrive at a term equal to unity; and then the equation will be transformed, as required. And from the values of the indeterminates in this last equation, we arrive, by successive steps, to those of x, y, and %, in the equation proposed, for in each of these we shall have analogous equations to those first obtained; viz. 

z' + ny' -- Ay', whence 2 =

Ak2 š' = A'koz – ny', y = nz – Ay'; 




Y = nz
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x'
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and r= A.X'.
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2




Ex. 1. Find the values of x, y, and z, in the equation

x* – 13yo = 13x: First; making x= 13x', the above equation becomes, after division,

y? + z = 132", also 
    n+1 


-= A'ko = 2;

13 by assuming n=5; whence A' = 2, and k* = i, so that the transformed equation will be

y' + 2" = 2x” Now here we have a known case, namely, when y'=1, z'=1, and x" = 1; whence again z'+ ny 1 +5.1

                 = 3, 
     ak 
y =nz - Ay'=5.3 – 13.1= 2, 


       x" 
a' = 


k and, consequently, a= 13x' = 13, y=2, and z=3, are the values of x, y, and z, required for

132 -- 13.2 = 13.32. 177. Scholium. This problem may also be resolved upon principles entirely different from the foregoing; for it is demonstrated (art. 105), that the sum of two squares can only be divided by numbers that are also the sums of two squares; and, consequently, when the equation is reduced to the form

y® +--=Ax", it is evident, that both a and re are the sums of two squares, because y* +z* is divisible by each of




=1;









those quantities; and, farther, it has been shown (art. 91), that the product of two numbers, each the sum of two squares, is of the same forin. Hence, then, we have the following solution: assume A=p'+q', and x' =p" +9", then will

(p' +9°) (p" +9) = (m/' +49') + (pq' Fp'9)"; that is,

(PP' +990+ (PA' Fp'9)' = Au”; and, consequently,

Sy=pp' 94', 

12=P9' 7p'q. In which expressions p and q are known, being the roots of any two squares, of which a is the sum, and p' and q' must be such, that p + q* = x"; any square; that is (by cor. 3, art. 54),

Sp'=mo - n1", 

la'= 2mn, with which values any equation of this kind may be solved; and it is obvious, if a be not a number of the form pe +q', that the proposed equation is impossible, either in integers or fractions.

Ex. 1. Required the values of x, y, and z, in the equation

y' +x? = 65x”. From the foregoing formule we have

Sy=pp'+99', 

x=pq' F po. Also,

65 = 8€ + 19 = 7° +4"; therefore, p=8 and q=1, or p=7 and q=4.









Again,

p'=m* - n' =3, 5, &c.,

29'= 2mn = 4, 12, &c.; by assuming m=2 n=l, m=3 n=2, &c.

Now these values, substituted for p, q, p, q, in the above formulæ, give the following results:

y = 29, 20; 37, 5; 52, 28, &c. 
 z=29, 35; 16, 40; 91, 101, &c. 
 x = 5, 
            5; 5, 5; 13, 


5; 13, 13, &c. Each of which sets of numbers will answer the required conditions of the equation.

Cor. 1. The same principle is equally applicable to the solution of certain other forms of equation; viz. to the following:

x + y' = Az", X° + 2yo = Az", x – 2yo = Az?, X® + 3yo = azo,

x’ – 54° = AX". For as these formulæ can only be divided by numbers of the same form as themselves (art. 105, et seq.); therefore, when any of these are possible, A is of the same form as the first side of the corresponding equation, zo being likewise, so; and then again, the multiplication of two formulæ of this kind, as

(po + aq)(p“ + aq^)=x + ayo: that is, they give a product of the same form.

Hence, then, representing the above equations by the general form

x? +ay' = Az,









the solution may be obtained as follows: Find

p° + aq' =A,

p* + aq" =%, the latter of which equations is readily found by art. 54, and the former is always possible if the equation be so; and having thus found the values of P, q, p', and q', we shall have

(p? + aq) (p" + aq”) = Az* =

(pp' aqg') + a( pq' F p’9). Whence again we derive, by comparison,

s x=pp'taqa', 

y=po' Fp'q. Ex. 1. Required the values of x, y, and 2, in the equation

x + 2yo=6z?. Here, A is of the form x + 2y', for

A=6=2 +2.1°; therefore, p=2 and q=1. Also, assuming zo = 3?, we have

z=3°= 1 + 2.2" ; therefore, p'=1 and q=2. Whence,

Ş x=pp' +299'=6, or 2;

y=po' F. qp' = 3, or 5. Which numbers answer the required conditions ; for,

62 +2.3°= 6.3,

2? + 2.5o=6.3. And various other values might be found by assuming any other square for z?, which has the









q=1. 




form p" + 29"; and this may always be done by squaring any number of the same form. Ex. 2.

Required the values of x, y, and z, in the equation

x® – 5yo = 113?. Here, a being of the form x* – 5yo, or

A=11=4-5.1°; therefore, p=4 and Also, assuming ze=2, we have

z=2=3--5.1°; therefore, p=3 and q'=1. Whence,

x=pp' +599' =17, or 7;

y=pq'+ qp= 7, or 1. Which numbers give the following results :

S 17o – 5.7°=11.2?,

72 – 5.1°= 11.2. And various other values might be obtained, by assumning other squares for z=p" – 59%. 

It will be observed here, that the ambiguous signs in the compound expressions for x and y are

+ and F in the first example, but + and † in , the second; that is, the ambiguous signs are + and F, when the connecting sign is t in the proposed equation, but † and + when that sign is — : the reason for which change will become obvious by considering the nature of the two products,

Cor, 2. In the above equations, we know immediately, from the form of a, whether the equations proposed be possible or impossible; as in the former case, A must have the same form as the first side of the equation with which it is connected,









tions may




at least with an exception in the two last, when a is even (sce art. 108 and 109). And thus far these

equabe considered as forming a separate class, but in other respects the same principles may be employed for any equation whatever; 'that is, when A is of the same form as the first side of the equation in which it enters; but when it is not of that form, it does not imply the impossibility of the proposed expression, as is the case in those we have been considering:




PROP. V.




n – A




A 




B




178. Every equation of the form

x– Ay' =bz, mo – B in which

and are both integers, is resolvible in rational numbers.

We have before investigated this theorem (art. 53), but it will be observed, the rule thence deduced, although perfectly correct, is deficient in this, that it is not demonstrated, when an equation falls under a possible form, that it admits of a rational solution; the only certain conclusions being with regard to impossible forins: it is therefore proposed, in the present proposition, to supply this defect, by demonstrating the absolute possibility in the former case, the truth of which, or of the above theorem, results as an immediate consequence of the transformations effected in the preceding propositions, and the demonstration of art. 52. But in order to render the investigation as simple and conclusive as possible, it will be









proper to resume here the forms of reduction, as in art. 175; viz. 

no X – Ayo = B zo,

=b'k',




A




B
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In which last equation, Bím), or c< A.

Then again,
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till we have D<c; and so on, as has been before explained, in art. 175, k, k", &c., l', 1", &c., being, as in that article, the greatest squares contained in the respective quotients, arising from the division of n* -- A, n* – C, &c., by B, A, &c. And it is to be demonstrated, in the present proposition,

mo 

n that, if it be possible to find and

both




B




A 




B




integers, that all the other above analogous forms are also possible in integers; and, therefore, that the equation

x? – AY? = B2C is reducible to a dependent equation of the form

x" - Yo=cz, in which last form the solution may always be ob









tained, and whence the values of x, y, and %, in the original equation, also become known. Now, first, if

n* – A

-=

B’ka, 




B




Bk;




we have evidently, by transposition,

n* - A

B' n - A but if be an integer, so likewise is B'

(n – UB')? – A

B' where the indeterminate u may be so assumed, that

(n– UB') <B'; therefore, calling (n - UB')=n', we have




,
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an integer; and here again we have also

(n' – UB')– A 
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an integer; or, making n' – UB" =n",
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n - A




an integer, and so on, for as many transformations as are requisite; that is, if gives an integral quotient, so likewise will all the other analogous forms




B
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And it therefore now only remains to be shown, m* – B

mo – C that, if be an integer,

is so likewise ; for, this being demonstrated, it will follow, from what is shown above, that the analogous forms




A




12
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с
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с




A"




&c. Á will also give integral quotients; and, therefore, that the possibility of the original equation depends upon the two conditions of

m® – B and
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B




being integral.

In order to demonstrate this, let us repeat again our first equations, na 

n - B B'K whence

1 ;




- A




=Bʻk”, 




B
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and, consequently, BB'k, b'b”K”, B"b'"K", &c., are found amongst the remainders of the squares









no, no, no, ốc. to modulus A; that is,

PA + BB'k, p'a + B’s”R”, &c. are all possible forms, when compared with A as a modulus. Cut we have demonstrated, that the product of a possil!o and impossible forın always produces an impossible form (art. 52), therefore, B and B' must be of the same kind, with regard to possible or impossible, to modulus a; for if b was a possible remainder to modulus A, and b' an impossible, then would bi'k be also impossible, as is evident from the proposition above quoted: but we have seen that boʻk’ is a possible remainder, and, consequently, B and B' are both of the same kind, as to possible or impossible, to modulus A. And, in the same way, we shall have b” of the same kind to B', and, therefore, also to B; and the same of the other quantities B”, B'', &r. to c: therefore,

mo if be an integer, or




B




mpa + B, 'we shall have also

Me pA+C; and the same reasoning will apply to every transformation. Now, since the solution of the proposed equation,

x? – Ayo =Bzo, depends upon its transformation to the form

x"? -- y" = cz"; and this transformation depending upon

the

possibility of the integral quotients above stated; also,









these having their possibility involved in those of the two conditions

n° - A

mo - B and
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B




A 




being integers: it follows, that when these two obtain, the solution of the proposed equation may always be obtained in rational numbers. - 4. E. D.

Cor. And in the same manner it may be shown, that the equation

AX' - By' =cz is always possible, if it falls under a possible form, according to the method employed at art. 53.




Lemma. 




179. We have, in the foregoing propositions, given a general method for solving all possible indeterminate equations of the second degree, and of ascertaining their impossibility when they admit of no rational solution; and, in the following article, it will be shown, how, from one known case, an infinite number of others may be obtained; but, before we proceed to this, it will be advantageous to the reader to collect, under one point of view, all that has been demonstrated in this and the foregoing chapter relating to the equation

re -- NY' = + A. First, then, it has been demonstrated, in art. 105, that the equation

xi – Nyo = + 1 is always resolvible in integers, providing u be not an exact square. As to the equation









x* – Ny'= -1, it is only resolvible in certain cases; that is, wheri the fractions arising from VN recur in periods, consisting of an odd number of terms. Also the equation

x - Nyo = +A is always possible, if a be found in the denominator of

any of the complete quotients arising from the WN; but the equation

X? – Ny'= - A is only possible when a is found in the denominator of one of the complete quotients, that occupies an even place; and, consequently, the corresponding fraction an odd place. In all these cases, however, if there be one solution possible, there are an indefinite number of others; and, in the following propositions, it is proposed to find general expressions in which the values of x and y are contained for each of the above cases.




                PROP. VI. 
180. To find the general values of x and y 


in the equation

2 - NY' = +1, from the values of p and q in the equation

p - Nq' = +1. The present problem divides itself into three cases, on account of the ainbiguous sign +, which are as follow; viz. To find the values of x and y in the expression ro – Ny', under the following conditions:









1st, x* – ny' =1, from the known case på – nq= 1; 2d, x– nyo =1,

pi-nq= -1; 3d, x' – nyo = -1,

pe - N'= -1. Case 1. Resolve the two equations

p* – nq'=1, and x* – Nyo = 1, into the factors

$(p+qvN)(p-9vN)=1,

(x+y „N)(x - Y VN)=1; then we have also

(p+q və)"(p-1 ~~)*= 1"=1: equating these with the factors in r and y, we obtain

X + Y VN=(p+q vn)",

X – Y VN=(P-9VN)". Whence again, by addition and subtraction, (p+9 VN)" + (P-9 VN)*

",




2
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which values of x and y will always be integral, and will, therefore, be the general values sought; and these are evidently infinite in number, because m is indefinite.

Case 2. The same method may be followed here as in the preceding case, except that the powers represented by the exponent m must be

even, in order to convert - 1 into + 1, as is obvious from inspection; and, therefore, the general values of x and y, in this case, are

(P +4 4x) + (y-4 /1)?




2
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Case 3. Here again we have evidently the same result as in the former cases, except that the powers of m must now be odd, for every odd power of -1= -1; therefore, the values of x and y are now (p+qv)

+(2-9 VN)2m +1




2m +1
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(p+q və) 2m +1

)- (2-4 /s) + y = 

2 /N The number of values of x and y being indefinite, as in the former cases.

Let us now illustrate these rules by a few examples. Ex. 1. In the equation

pe – 14qo=1, having given p= 15 and q=4, to find the general values of x and y in the equation

xi? — 14y =1. Here, making m=2, we have (15 + 4 v14) + (15 – 4 v14)

= 449,
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2
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(15 + 4 v14) – (15 – 4 14)

= 120; 2 714




which give




449o – 14.120o=1: and other values may be found by assuming any other power instead of the second. Ex. 2. Given p=4 and q=1, in the equation

pi-179= -1,









to find the values of x and y in the equation

                x' – 17y' = +1. 
Here we have again 
                 (4 + v17) + (4 – 117) 


= 33,




2




8;




(4+ 717) - (4 - 717) y = 

2 717 whence

33° – 17.8°=l; and other values may be found by assuming any other even power instead of the second.

Cor. This method of deducing the values of x and y in the equation

x' Nyo = 1, from those of p and q in the equation

pi – nq' = -1, is very useful in finding those values of x and

y, being much more ready than continuing the extraction by continued fractions; because, whenever the minus sign arises, it always happens before the plus sign; this will be evident from the following example.

Ex. 3. To find the values of x and y in the equation

ir? – 13y' =1. We find in five terms, proceeding by continued fractions, that, in the equation

p* – 139' = -1, p=18 and q=5; therefore, without pursuing the extraction any farther, we have, by means of the above formulæ,









X=




(18 + 5 13) + (18 – 5 v13)

                    =649, 
                2 
y= 
      (18+5 V13) – (18 – 5 v13) 


= 160;

2 v13 which, as we observed above, is a much readier method than carrying on the extraction, as in ex.3, art. 151. Ex. 4. Given p=4 and q=1, in the equation

p' – 179= -1; to find the values of x and y in the equation

x– 174° = -1.
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67;




(4+ v17) -(4- 717) y = 

2 v17 whence

2689 - 17.67* = -1: and other values may be found by assuming any other odd powers instead of the third.




PROP. VII.




181. To find the general values of x and y in the equation

vre - Nyo = $ A, A being < VN.

We have already shown how the first values of x and y are to be obtained (art. 154), and shall therefore now suppose that these values are known, or that we have found the values of m and n in the equation

m-Xn = +A;









and also those of p and q in the equation

pi - Nqo = +1. Then it is obvious, that

(po – Nao) x (mo - Nao)=A; but, by art. 95,

    (po – Ng°) x (mo – n°)= 
s (pm + nqn)' - N(pn+qm)', or 


? (pm,- nqn)' – N(p-qm)'; tvhence we have, for the values of x and y, 

S x=pm + nqn, 

y=pn + qm. But the general values of p and q in the equation

pi -- Nq* = +1, are, by the foregoing proposition,

p= 
   _(p+9 VN)" +(p-q WN)" 


                 2 
   (p+q v)» – (p-qvw 
  =" 
a'= 


2 NN m being even or odd, as the case requires; which general values of

P 

and q, being transferred to the formule

x = pi + non, 

y=pn + qm, will furnish the general values of x and y 

in the equation proposed. Cor. If the known case be

pe – Ng' = - A, and we wish to deduce fronı this

x? – NY' = + A, we must find p and q in the equation

p - Nq* = -1; and then









x = pm + nqn, 

y=pn + qm, will be the values of x and y required.

And generally, if the known case have a different sign from the equation proposed, then we must employ the equation

på – Nqo=-1. But if it have the same sign, the equation

po - Nq = +1 is that from which the general values of x and y are to be obtained.

Ex. 1. Having given the values of m and n in the equation

m” – no =2; viz. m=3 and n=1, to find generally the values of x and y in the equation

x? — 77= 2. First, in the equation

pe - 799=1, we have p=8 and 9=3; whence the above formula give x=pm + ngn, 

that is,

Sr=3, or x=45; y=pn #qm; 

Ry=l, or y=17; and it is obvious, that, by finding the other values of p and q in the equation

pö -79=1, we should readily deduce those of x and y in the equation proposed; but it is perhaps as well to consider the values of x and y just found, as new values of m and n, and then we have immediately




}









}




or
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x=pm + Non, S x=717, 
y=pn + qm; 


                        y=271; 
and so on for other values, ad infinitum. 
  Ex. 2. 
          Find the general values of x and 


and y in the equation

xo - 13y' = -3; having given those of m and n in the equation

m'-13'3; viz. m=4 and n=1.

In this equation, sịnce the absolute quantity has a different sign from the known case, we must employ the equation

på – 13q' = -1, which gives p= 18 and q=5; whence x=pm + nqn, 2 

x=7, or 137; y=pn + qm ; 

y=2, or 39; which are two of the values sought, for

7- 13. 2= -3,

137– 13.38°= -3; and other values are readily found, as in the foregoing example.




that is,




PROP. VIII.




182. To find general and rational values of # and y in the equation

x* – Ny’= A, A being any number whatever.

In this case we have no direct method of finding integral values for x and y, as we had in the foregoing propositions, unless a fall within the limits prescribed in the last problem, in which case the









solution belongs properly to that article, and we have, therefore, in this place, only to attend to the case in which a > N.

Now if a, though greater than VN, be made up of

any number of factors, as a', A", A', &c., each of which is less than the VN, the solution of the equation

X® – Ny* = FA, when it is possible, may be deduced from those of the equations

m? – Nn =

   nn = +a', 
m" - NN" = + A", 
 m" – NN" = + A'", 
&c. 


&c. because the continued product of factors, each of the above form, is itself also of the same form (art. 95); and we shall therefore have

(m? – Nno)(m“ – NN”)(m"– Nn'?) = xo – nyo = + A, where the values of x and y will be always deter, minate, and integral functions of

m, n; m', n'; m", n", &c. , For, by the same article,

(m? – Nno) x (m”? – Nn") =

(min' + nnn') – N(mn' + m'n)". And making now

mm' + Nnn'=P,

mn + m'n =@, we have

           (mo – N7°)(m^^ - Nn”)=P° – Na. 
Again, 


(p' - Neo)(m'' – Nn":)= 
(Pm" + Nan")– N(Pn" + am")"; 










making, therefore,

PM" + nan" = x, 

PN" IQ m" =y, we have (mo – Nno)(m“ – Nn")(m"? – Nn'") = x.* – Nyo = + A.

Also, substituting for p and e, in the foregoing values of x and y, we obtain

S x=m"(mm' + Nnn') + Nn" (mn' + m'n), 

y=n" (mm' + xnn') + m" (mn' + m'n). Whence x and y are determinate and integral functions of

m, n; m', n'; m”, n"; &c.; which are known integral quantities.

Having thus found one integral value of x and y in the equation

2? – Ny’ = + A, we shall have the general values of those quantities from the equation

p - wy*= + 1, as in the foregoing propositions; that is, calling the values of x and y, found as above, m and n, the general values of x and y will be

x=pm + NN, 

y=p+qm; the general values of p and y being expressed by

        (p+q VN)" +(p-9vN)" 
p'= 


          v, 
      (p+q VN)” – (P-9 VN)" 
I' 


2 VN the indeterminate power m being even or odd, as the case may require.




2
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Ex. 1. Required the values of x and y in the equation

x? –

- 13yo = -9. First, having resolved -9 into the factors +3 x – 3, we must find the values of m and n, and m' and n', in the two equations

s m - 13n = +3,

m" – 13n" = -3; and also the values of p and q, in the equation

på- 1399=1, and then the general values of x and y may be determined as above; thus, in the present case, we have, from example 2 of the foregoing proposition, m=4 n=1, m'=7 n'=2; whence the first values pf x and y are

x=mm' + Nnn' = 2, or 54;

y=m'n + mn' = 1, or 15. And by means of these values, and those of p and

9 
   in the equation 


pi – 13q' = +1, an indefinite number of other values may be obtained, as in the last proposition.




PROP. IX.




183. To find rational values of x and y in the equation

22 – nyo = + A, in those cases in which A cannot be resolved into such factors as was supposed in the last article. When in the equation

X– Ny= + A,









A is > VN, and cannot be resolved into factors, each of which is less than VN, we have no general method of solution for integral values; in fact, the equation will not always admit of such values, although there may be fractional ones that will obtain, which is not the case if A< VN, or resolvible into factors that are < VN. We must, therefore, in this case, employ a different method of solution; that is, we must find the values of t and u in the equation

ť – Nuo= + Az, by art. 176, and then, dividing the whole by 2*, we have

t? 

u

Nozz = $A;

t pr, making

:= m and ==n, this equation becomes




N
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m-Nn' = +A; and, calling this the known case, we shall have the general values of x and y, by means of the equation

på – xq' = +1, as in the foregoing article; that is,

S x=pm + san, 

ly=pn +pm; only in this, the general values may be fractional instead of being integral, as in the former case.

Hence it appears, that in all cases when one solution is given, as many others may be dednced from it as we please; and when the given case is integral, all the other solutions will also be integral;









and when the first is fractional, all the other de pendent solutions will be fractional likewise.

Cor. The methods that have been explained, in the preceding proposition, for finding the general values of x and y in equations of the form

x° – NY' = A, are equally applicable to equations of the form

x* – Nyo = Az", as is evident; because this equation being multiplied by

pi - Nq' =1, will leave the second side of it the same as at first.




PRACTICAL EXAMPLES.




1. Find the least integral values of r and y in the indeterminate equation

x? — 54' = 1.

Ans. x=9; y=4. 2. Find the integral values of x, y, and z, in the indeterminate equation

– 5 = 135°, or prove that there are no such values.

Ans. Impossible. 3. Required to ascertain the possibility or impossibility of the equation

5x – 7yo = 112°.

Ans. Impossible. 4. Find the least integral values of x and y 

in the indeterminate equation

x? — 77°=1, and also in the equation









x' – 7y' = -1, if the latter be possible.

Ans. 

x=8, y=3, 1st equation,

Impossible, 2d equation. 5. Find the two least integral values of x and y in the equation

X° – 13yo = 1. 
    Ans. 


S x=649, 842431;

y=180, 233640. 6. Find the least values of x and y in the

equa. tion

æ* – 13yo =4.

Ans. 

S x=119,

= 33. 7. Required the least integral square that, when multiplied by 113, shall exceed another integral square by unity.

x=1204353, Ans. 

y= 99296. 8. Required the least values of r and y in the equation

79.r.* – 101yo=1.
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CHAP. IV.




On the Solution of Indeterminate Equations of the Third Degree, and those of Higher 

Dimensions. 




PROP. I.




184. To find rational values of x in the equation

ax + bxo + cx + d=zo. It is only under one partial condition of the absolute term d, that this equation admits of a direct solution, that is, when d is a complete sqnare, as d=f, in which case the equation becomes

ax + bx® + cx +f= **; and, when this condition has not place, we have no other method of proceeding but by trial; and even when it has, we can find but one solution at a time, which is obtained in the following manner: Ist Method. Assume

+ 

2fi"; then, hy squaring, we have

ar' + bx® + cx +fo=fo + cx +




or
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c?




ar* + bxo =2-X°; whence,

c* — Abf 

4af 
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2









=




23




as re




Exl. Required the value of x in the equation

r + x + 3x +1=2. Here a=1, b=1, c=3, and f = 1; therefore,

c* -- 4bf? _5 

4af which value, substituted for x, gives ?=)

) quired.

2d Method of finding the value of x in the equation 

ax' +bxo + cx +fo = . Assume

%=f+gr + hro; then, by squaring, we have

are +bxo + cx+f? 

f? +2fgx + (g* +2f h)xo + 2hgr' + 1*2*, Now make

2fg =C,

go +2fh=b, and there will remain

ax' = 2hgro + h*x* ; or

a - 2hg 

h* But the two preceding equations give




{




=
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f 




4f9bh= 

8f Which values, being substituted for h and 8 

in the above expression for x, give

8aft – 4bcf + 
    (46f" -- ()* 


x 8f 









X= 
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Ex. 2. Required the value of x in the equation

- 5x + 6x? - 40+1=z. Here we have a= -5, b=6, c= – 4, and f=1; which values, substituted in the above expression, give x= -1, which number answers the conditions of the question.

If we employ the formula obtained by the preceding method; viz. 

c?– 4bf? 

4af 2 we find x= which also answers the required con

5° ditions.

Remark. It should be observed, that though these two methods generally give different results, yet, when one of them fails (as is the case when b=0 and c=0 at the same time), the other fails also; and we must then have recourse to the method that is explained in the following propositions: but even this cannot be employed unless we know one case in which the equation obtains.




PROP. II.




185. Having given the value of m in the equation

am + bm° +cm+d=f? to find the values of x in the indeterminate equation

ax + bare + cr+d=z. Assume y + m= x, then we have









ay' + 3amy' + 3am'y + am' = ax', 
        by' + 2bmy + bm' = bxo, 
                cy + cm = 


= cx, 

- d=d. Whence, ay' + (3am + b)yo + (3am? + 2bm + c)y +f' = . Or, writing

=a', (3am + b) =U' 

(3am' + 2bm +c) =c'. We have

a'y' +V'y' + c'y +f=z. Which being thus reduced to the form of the equation in the preceding case, its solution may

be obtained by either of the methods there given; viz. 

C”? – 4bf y= 









or




4a'f"? 
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sa'f * -- 41'c'f" +C" y = 

x 8f". 

(4bf%c'-("') And having found the value of y in this last, we shall have x=y+m; and, therefore, x, in the proposed equation, will thus become known. Ex. 1. Required the value of x in the equation

x +3=z. Here the known case is m=1, which gives

1+3= 2, therefore f=2; also a=1, b=0, c=0, d=3. And, applying these values as above, we have

= a' =1, (3am +b)

=b' =3, (3am' + 2bm + c) = ('=3. Whence the new equation is

y' + 3yo + 3y + 4 = zo.




a 









a 




And the value of y, by the first formula of the preceding proposition, is

C’ – 4bf_9- 48 -39 y= 

4af 16 16 Therefore,

-39 - 23 x=y + m= +1=

16

16 the value sought. Ex. 2. Required the value of x in the equation

3x+1=z. Here we have a known case, m=1, which gives

3m' +1=fo=4, therefore f=2; also a=3, b=0, c=0, and d=1; and hence

='=3, 3am + b 

3am' + 2bm +c=c' =9. Whence the new equation is

3yo +9y® + 9y+4=z?. And here the value of y by the first formula (art. 184) is

co – Alf" y= 

4af 16 And, consequently,

- 21 - - 5 x=m+y=1+

16 16 Which value of r will be found to answer the required conditions of the equation proposed.

If we had employed the second formula instead of the first, we should have found

    – 1952 - 629 
y=- 
    1323 


1323




=b' =9,




-21




and x=









answers.




And it is obvious, that we might now consider. either of these results as the value of m in the known case, and thus proceed to find other values of x, providing the equation admitted of more

But this is not always the case, as it often happens that from one known value of xwe cannot derive another; and this is still not owing to any defect in the method we employ, for it is demonstrable, that some of these equations admit of only one answer; such is, for example, the equation

2 + 1 =2", which obtains when x=2; but there is no other value of x, either integral or fractional, that will fulfil the conditions of the equation, as may be demonstrated on similar principles to those employed in Part I. chap. v.




PROP. III.




186. To find rational values of x in the indeterminate equation

axt + bx + cx? + dx +e=a.




This proposition, like the preceding one, only admits of a direct solution in particular cases; viz,

1st, When e is a complete square, as e=f. 2d, When a is a complete square, as a=mo. 3d, When both the foregoing conditions obtain.

And when no one of these circumstances has place, a direct solution cannot be obtained, there. being, in fact, no other means of proceeding but by trial; if, however, in this way, one solution is









found, a variety of others may commonly be dedaced from the one known case, as is shown in the fol lowing proposition.

187. Case 1. To find a rational value of x in the indeterminate equation 

axé + bx® + cx? + dir +f9= . Assume

ž= px* + qe +f; then, by squaring, we have p*x* + 2pqx' + (q* + 2pf ).x2 +29 fr+f' = 

dx +f?. And now, by making

s 29f 

19 +2pf =c, we have

pr* + 2pqa' = ar* + bxo, or

(p' -- a)x* = (b – 2p9).x'. Whence, from the latter equation,




art +




bx2 +




c.x2 +




=d, 
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40f-d P= 

8f" 




Which values being substituted in the foregoing expression for x, we have

(81f4 – 4cdf+ d')8f? 

160081 -- 64afé – 8cdf* + d* and this formula will always render the proposeil egnation a square.




: ;









Ex. 1. Required the value of x in the equation

* + x + y + x+1=z. Here, since a=1, b=1, c=1, d=1, and f=1, we have
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which fraction, being substituted for x, gives

101

-),

121 as reqnired. Es. 2. Required the value of x in the equation

2x* - 3x + 1 = zo. Here we have a= 2, b=0, c=0, d=-3, and f=1; whence

216

47' wbich fraction, being substituted for x, will be found to answer the required conditions.

188. Case 2. To find a rational value of x in the indeterminate equation 

mor* + box + cx + dx +e=. Assume

z= mx + px +9; then, by squaring, we have

mox* + 2mpx' + (p® + 2mq)«* + 2pqx + q* = 
m*x* + 


              bir + 
And here, making 


ј 2тр 

=b, 

pe + 2mg=c, there remains

2pqx + qo=dr + e.




cX® +




dxte.









[image: [merged small][ocr errors][merged small]]


[image: [ocr errors]]


2m' 
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or




Also, from the preceding equations is obtained

b 

                        C-p 
P= 
        and 


         2m 
    4cm - B 
g= 


8m Which values of p and q, being substituted in the above expression for x, we have

16com* - 64emo -- 8cb*mo + b4 

(&dın– 4cbm" + b*)8m Ex. 3. Required the value of x in the eqnation

a* - 3.2 + 2 = 2. Here m= 1, b=0, c=0, d= -3, and e=2; whence

2

3' which fraction, being substitnted for x, will be found to answer the required conditions.

Remark. It will readily be observed, that the above formula fails, as does also that obtained in case 1, when the second and fourth terms are wanted, that is, when b=0 and d=0, for in this case the denominator becomes zero, and the value of x infinite, so that in equations of the forni

mort + cx? +e=z?, and

and + cx' +f'=>', we have no method of solution, although they fall under the forin we have been considering; and indeed it frequently happens that such equations









are impossible, as may be demonstrated on other principles: thus, the equation

** - & +1=7 is impossible, either in integers or fractions, and several others. But in many cases x has a real value, though we have no other means of arriving at it but by trials; and in this manner we minst proceed under every form of the general equation except those of the three cases pointed out in the leading part of this proposition.

189. Case 3. To find rational values of x in indeterminate equations of the form 

m*x* + bx' + cxo + dx +f*=z'. This equation belongs to each of the foregoing cases, and may therefore be solved by either of the formulæ above given, and it also admits of other solutions, distinct from both of them, which are as follow: 1st Method of solving the indeterminate equation 

mort + bx? + cx® + dx + f'=zo, Assume

z=mxo + qr+f; then, by squaring, we have

mor* + 2mq.ro +(q* + 2mf ).x® + 29 fr+f? = 
mor* + bxs 


cr' +

dx +f. 

d Where, by making d=29f, or q= 

273 

there reinains

bxo + cxo = 2mqx +(q° +2mf )«. Whence,

qe +2mf -c 




+









or




d Or, by substituting for 9 its equivalent this

2f expression becomes

d + 8mf' – 4cf? 

 Abf* – 4mdf 
d - 8mfs - 4cf? 


4bf? + 4mdf Here the last formula arises from supposing f negative, which may always be done, because it enters into the original equation only in the second power, and therefore f itself may be either + or - . Ex. 1. Required the value of x in the equation

4x* + 3x + 1 =z'. Here we have m=2, b=0, c=0, d=3, and f=l; therefore,

d + 8mf'- 4cf? - 25 
  Abf' - Amdf 


                   24' 
do – 8mfs – 4cf? -7 


4bf? + 4mdf 24' both of which fractions answer the required con-. ditions, the former making

926




X =
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z'=7926 




576), 




and the latter, on the same principles, giving

,447




576) 




2d Method of solving the indeterminate equation 

m*r* + bx + cx' + dx + fo=z'. Assume

=mx +qx+f, as before; by which means we have again
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we have




or
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m*x* + 2mqx + (q* + 2mf )x* + 2qfx+f*: 
mor* + 


6x® +

dx +fo.

b And now, making b.= 2mq, or q= 

2m' cx® + dx = (q* + 2mf )x2 + 2q.f«. Whence,

d-29f qe +2mf-c 

6 Or, by substituting for q its equal this

2m' formula becomes

 4mod – 4mbf 
6 + 8mf- Amoco 


4m’d + 4mbf 

6 – 8mf-4c? the second formula being obtained as before, by supposing f negative. Ex. 2. Required the values of x in the equation

r* -- 3x +4=2". Here m=1, b=0, c=0, d=-3, and f=2; therefore,

  Am’d – 4mbf 
6° +8m°f – 4moc 


Amod + 4mbf 

b– 8m f – 4m'c 4' either of which fractions, substituted for x, will be found to answer the required conditions.

Remark. It will be observed again here, that the formulæ which we have thus found, all fail under the same circumstances as before; viz. when b=0 and d=0: we must, therefore, in all such cases,




3 




X=




+3









endeavour to find one value of x hy trials; and, if this cannot be done, then it is in vain to attempt the solution of the equation, which, as we before observed, may not admit of one; but, if one value can be found under any circumstance, then we may deduce others from this one, as in the following proposition.




PROP. IV.




190. Having given the value of m in the equation

am* + bm' + cm + dm +e=f?, to find values for x in the indeterminate equation

axt + bx' + cx + dx +e=z?. Assume y+m=x, then we have ay* + 4amy' + 6am’yo + 4amoy + am* = ar", by' + 3bmy® + 3bm'y + bm' = bx", cy® + 2cmy + cm= cr', 

dy + dm = dr 




e =l.




And now, writing




 a 
4am + b 
6am + 3bm + c 
4am + 3bm + 2cm + d 
  am* + bm + cm + dm + e 





=a', 
=b', 
=c', 
 =d', 
 =f, 





we have




a x* + b x + c x® + d x +e = z', or

a'y' + b'y' + c'y' + d'y +f=zo. And now, the last term of this formula in

y 









being a square, we have, by case 1 of the preceding proposition,

(8bft – 4c'd'f? + d'')8fo 

16c'f* – 640'fo – 8c'd'j* + d'i and, consequently, since x=y + 111, we shall have the value of x as required. Ex. 1. Required the value of x in the equation

5.&* – 1=zo, the known case being m=1, which, in the equation

5m - 1=f, gives f’ = 22.

Here we have a=5, b=0, c=, d=0, and e= -1; therefore, a'=5, B = 20, ('=30, d'=20, f=2; whence

(8b'f– 4c'd'fo + d")8f? y = 

16c'f' - 64a'f– 8c'd'if+ d" 11' and




24
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And, since x enters only in the fourth power, we may likewise take x positive as well as negative; and, therefore, the value of a sought is




13




X=+

11' which fraction will be found to answer the required conditions, making

358

.

121 Ex. 2. Required the value of x in the equation

2.x*-1=2. Here we have a known case, viz. m= 1, and f=1;




-) 









therefore, since a=2, b=0,c=0, d=0, f=1, and m=1, we have a'=2, b'= 8, c'=12, d'=8, and f=1; whence

        (8bft - 4c'd'f? +d")8/? 
y=16coft - 64a'f6 – Be’d'ef? +d" 


= 12; and, consequently, y + m, or x=12+1=13; which may be taken either +

or --1, because only the fourth power of x- enters into the proposed equation, and this number answers the required conditions for

2.13* – 1=(239). We might now, in both the foregoing examples, consider these known values of r as new values of m, and thus proceed to find others; but it is obvious that we should soon be led to very complicated fractions, which would render the practical operation very laborious.




PROP. V.




191. To find rational values of x in the indeterminate equation

ax' + hr + cr + d=. This equation, in its present general form, will not admit of a direct solution, this being only obtainable uuder the three following conditions; viz.

Case 1. When d is a complete cube, or d=f'. 
Case 2. When a is a complete cube, or a=m'. 
Case 3. When both these conditions have place. 


192. Case 1. To find the value of r in the indeterminate equation 

Y? + ba? + cx + f = z'.
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bx2 +




с 




we ob




X
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X=




Assume

pr+f=z; then, by cubing, we have p*x + 3pFx® + 3pfox+f'= 

cx+fo. And now, making 3pf’=c, or p= 

, 3fës tain

ax' + bxo = p'x' +3pofx, or

3p?f-6 

a-p And, by substituting here the above value of this expression becomes

(cʻ – 3bf')9fs 

27afo – C Ex. 1. Required the value of x in the equation

3.1 + 2x + 1 = 23. Here a=3, b=0, C=2, and f=1; whence

(c* — 3bf')9f: 36

27 af“ – CS which fraction answers the required conditions for 36 36

              97 
3(---)' + 20 +1=(). 
  73 
         2673 


73 Ex. 2. Required the value of x in the equation

I - 5.0 -1=z". Here a=1, b=0, c= -- 5, and f= -1; therefore,

(c* – 3bf *)9f - 225

27 af - C 152' which fraction answers the required conditions, making




73'




[image: [ocr errors]]


223









193. Case 2. To find the value of x in the indeterminate equation 

m'r? + bxo + cx + d=%. Assume

%= mx +P; then, by cubing, we have

mor' + 3m'p.ro + 3mpir + p' 
mor + 


b And now, making 3m?p=b, or p=3mes

there remains

er+d=3mp*x + p'. Whence




bir +




cx + d. 




pi




= 




1




c-3mp*' 

b Or, substituting for p its equivalent we have

3m? 7- 27 dni 

(3cm – b*)9m Ex. 3. Reqnired the value of x in the equation

                          X - 3x + x=2'. 
Here m= 1, b= -3, c=1, and d=0; therefore 


    b - 27dm 
(3cmi' -- b*)9m 3' 


1 which fraction gives ==), as required. Ex. 4. Required the value of x in the equation

x + 2-7=2". Here m=1, b=0,1=1, and d=-7; therefore,

[-27dm 

=7,

(3cm – 6°)9m which is the value of x required.









194. Case 3. To find the value of x in the indeterminate equation 

mox + box + cx + f* =%'. Under this form the equation belongs to each of the foregoing cases, and may therefore be solved by either of them; it also admits of another solution on the following principles: Assume

2= mx +f, then, by cubing, we have mi'r+ 3m°fx2 + 3m 

fr* + f', mer + b.rs + cr +f. Whence, b.x® + cx=3m*fro +3m f?r, or

3mf? - C 

b-3mf* We have, therefore, for indeterminate equations of this form, the following distinct solutions; viz.

(c'— 311)9f By case 1, r=

27mfo

bi – 278°m" By case 2, x=

(3cm – 5%)9m 

3mf-c By case 3, x=

6-3mf* That is, by writing m' for a, in case 1, and fs for xl, in case 2. Ex. 5. Find three values of x in the equation

- 3r+1=z. Here m=1, b=-3, c=9, f=1; whence the three values of X, as determined by the above forinulæ, are x=3, x:

, 3=;
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and :=




2









-3




2




Ex. 6. Required the values of x in the equation

r - 3x – 1=2. Since m=1, b=0, c= -3, f=-1; therefore,

- 1 the required values of x are, x=

and

3' x= 2.

Remark. The above are the only cases in which the proposed equation admits of a direct solution, and even these all fail when b and c aré both zero at the same time; that is, in equations of the form

ax +d=?', which are, in fact, frequently impossible, as we have seen in Part I. chap. v. But if in any proposed equation of this kind one solution is known, others may be deduced from the known case, according to the following proposition.




PROP. VI. 195. Having given the values of m in the equation

am + bm' + cm + d=f', to find the values of x in the indeterminate equation

ax' + box + cx + d='. Assume

y + m=r; then we have ay' + 3amy® + 3am'y + am* = ax', by® + 2b my + bm°= b.vo, - cy + cm = CX, 

-d =d. 









a 




*;




And now, writing

=a', 3am + b 

=b', 3am' + 2bm +0

=c', am + bm' + cm +d =f, tve have

a x + b x? ++ x + d =%, or

a'y' + b'y' + c'y +f*=*'; · which last equation being of the form of that in the first case of the preceding proposition, we have

(e? -- 3bf9f" y= 

27af" - c and, consequently, since x=y+m, the value of this quantity will also become known. Ex. 1. Having given m=1 in the equation

2m – 1 =f", it is required to find the values of x in the equation

2x-1=2!! Here, since

2m' - 1=l', we have m=1, f=1, a=2, b=0, <=0, d=-1; therefore, a' = 2, b' = 6, c'=6, and f=1. Whence

(1“ – 317f°)9f'= -1,

27a'f'- CS so that x=y + m= -1+1=0, or x=0; that is, we cannot find a second value of the indeterminate equation: and this is no imperfection in the rule, for the proposed equation is impossible, except in the particular case of m=1, as may be readily demonstrated by the principles contained in art. 69.




Y 









-18




Ex. 2. Required the value of x in the equation

r? +x+1=) the known case being m= -1.

Here a=0, b=l, c=1, d=1; and, therefore, by the foregoing formula, we have a' =0, 1'=1, c'= -1, and f=1; whence

(c" – 35°f)9f% Y y=

- 18; 27a'fR-6" + 1 whence x= -18-1= -19, which number will be found to answer the required conditions for

199 -- 19+1=7'. We shall here conclude our investigations with regard to those indeterminate equations in which there enters only one unknown quantity, and proceed to those in which two or more indeterminates are concerned, which, notwithstanding their apparent difficulty, frequently admit of general solutions, as will be seen in the following propositions.




PROP. VII.




196. To find the general values of x and y in the equation

x* + axy + by' = We have demonstrated (art. 100), that if m and n are the two roots of the quadratic equation

02 - 00 +b=0, the product of the two formulæ (-2+ my) and (x + ny), will be equal to

x + ary + by?; or, writing t for x, and u for y, we have

(t + mu) x (t + nu)= ť + atu + b 









It also follows from art. 101 (retaining t and u instead of x and y), that the product of any

number of factors of the form t+mu is also of the same form; thus

(t + mu)(ť + mu') =T+MU, by making t= tť – buu', and u=tu' + t'ủ + aut'; and, in the same manner, we have

(T +mu)(t” + mu")=r'+mu', where T'=rt" -- buu", and v' =Tu" + t'u + avu"; whence again,

(t + mu)(t' + mu')(t" + mu")=T + mu', and

(t + nu) (t + nu') (t” + nu") =r'+ nu': and, therefore, the continued product of these six factors gives

(I' + mu')(T' + nu')=T" + AT'U'+bu”. Now if in the above six factors we make

t=ť = t", and u=u'=u", our product will become

(t + mu)'(t + nu)'=" + ar'u' + bu", or

(t + atu + bu®)=T" + at U' + buo; that is, we shall have m? + AT'U' + bu” a complete cube; and it only remains to find the values of r and u in terms of t and u. Now, for this purpose, we have

T=tt' – buu', and u=tu' + t'u + auu'; or, since t = t = ť", and u=u'=u", these become

T=ť – bu®, and u=2tu + au’ But we have again,

T'=tt” – buu", and u'= tu" + t'u + avu"; and making t" =t,u" =u, and substituting the above value of t and u in this expression, we have









T' =ť – 3btu’ – abu", 

U'=3ťu + 3atu +(qvi – 1)!!. Hence, then, we have the general solution of the equation

t"? + at'u'+bu" =', or

x' + ary + by' =?. For we have only to assume

x = ť – 3btuo – abu', 

y=3tou + 3atu? + (a - b)uo; and in these expressions we may give any values at pleasure to the indeterminates t and u, and we shall thus have

2 = (t + ału + bu?)'. Ex. 1. x

Required the values of x and y in the equation

x2 + 3xy + 5y' =z'. By the above formulæ, we have a=3 and b= 5, whence

x = ť – 15tu’ – 154',

y=3t'u + gtu? + 4u'. And here, if we assume t = 1 and u=1, we have x=1 and y= 16; but if, in order to obtain a different value for x, we take t=5 and u=1, then the formulæ give x = 35 and y=124, whence

Q2 + 3xy + 5yo = 45°; and it is obvious, that we may thus obtain an indefinite number of values of x and y, by only changing those of t and u. Ex. 2. Required the values of x and

and y in the equation

4° – xy + 2yo = 3".









Here we have a= -1 and b=2, so that the general values of r and y are

x=ť - 6tu + 2u", 

y=3t'u – 3tư -- u'. And here, assuming t=3 and u=1, we have x=11 and y= 17, whence

x? - WW + 2y = 8'. Ex. 3. Find the values of x and y in the equation

r' – 7yo =z'. Here we have a=0 and b= --7, whence the general expressions become

x=ť + 21tu, 

y=3t’u +7u'. Assuming now t = 3 and u=1, we have x=90 and y = 34, which gives

x? -- 74° = 2. And an indefinite number of other values of x and y may be found, by changing the values of t 




and u.




PROP. VIII.




197. To find the general values of x and y in the equation

                x' + axy + by' =7*. 
By the foregoing proposition, we have 


(t + mu) =T' + mu', and

(t + nu)' = T' + nu'. In which expressions we have

T' =ť - 3btu – abu", 
U'=3t'u + 3atu® + (a - b)u'. 










Now, from what has been before demonstrated,

(T' + mu')(t + mu)=1" + mu”,

(T' + nu') (t + nu) =1" + nu”, in which we have

I'=T't - bu'u, and u" =T'u + tu' + au’u; and since

(t + mu)' = T' + mu', and

(t + nu)' =T' + nu', we have

(T' + mu')(t + mu)=(t + mult=1" + mU",

(T' + nu') (t + nu) =(t + nu)* = " + nu". And hence (by art. 101) we obtain

(t + mu)*(t + nu)=T"" + at"U" + bu", or

(to + atu + bu?)=T"? + At"U" + bu”. It therefore only remains to find the values of T” and u" in terms of t and u. 

Now we have 
T"=T't-bu'u, and u" =T'u + tu' + au'u; but 


I'= f -- 3btu -- abu', and

l'=3t'u + 3atu + (a - b)u'; and substituting these values of T' and u' in the above expressions, we have

t" = f* - 60%*u* -- Habtu' - (u'b - b*)u', U"= 4t'u + 6utu® + 4(a – b)tu' + (a' - 2ba)u*. Hence, then, we have the general solution of the equation,

T"" +at"U" + bu”, or 2* + axy + by' = 2*; having only to assume for x and y, as above; viz. 

 x = t - 66tox® - 4abtu - (ab -6°)u*, 
yestu + Guti' +4(a* - b)tu' + (a' – 2ba)u“, 





.









in which expressions we may give any values at pleasure to the indeterminates t and u, and we shall thus have

z+=(to + atu + buo)*. Ex. Required the values of x and y in the equation

xv + 7yo =24. Here we have a=0 and b=7, whence the general values of x and

y 

      will be 
c=t – 42tou” + 49u', 


y=4t'u - 28tu'. And as it is indifferent whether x and y be negative or positive, we may assume t=1 and u=1; whence x=8 and y=24, which gives

x® + 7yo =8*. And it is obvious how other values may be ob tained by changing the values of t and u, 




PROP. IX.




198. To find the general rational values of x and

y 
  in the equation 


x2 + axy + byo = z. As the quantity x’ + axy + by’ is formed from the product of the two factors,

(x + my)(x + ny), in order that it may become a power of the dimension k, each of its factors must be also complete powers of the same dimensions. Let us therefore make

(x + my)=(t + mu)", and 
(x + ny) = (t + nu)". 










From the development of the first of which ex, pressions, we have, by writing 1,0, 2, 7, ô, for the coeificients of the expanded binomial,

 (t + mu)* = x + my= 
 t+ .tk -'(mu) +B+ - ? (mu) +głk-? (mu)' + &c. 
Now, since m is one of the roots of the equation 


- $ + b=0, we shall also have

m® – am +b=0); therefore,

mo=ma-b, m'=m’a - mb=(a - b)m -- ab, because a= (m + n), and b=mn, whence

(a - b)m - ab=mo; and, in the same way, we find

m* = (a - b)mo – mab= 

(a – 2ab)m – ab + bo; and so on for the other powers of m. 

We shall therefore only have to substitute these values in the preceding formula, and then we shall find that the expression will be compounded of two parts, one wholly rational, and the other a multiple of m; equating therefore the first with X, and the oth:er with y, we shall obtain the general values of these quantities. And if, in order to simplify the result, we make

B' = 0,

                                      B" =b, 
A'' = aa” – ba', 


                                         B'' = ab" - LB', 
A = QA" - bA", Bi = AB'' - 6B", 


A = aa'' – ba", B' = abi – bb'', we shall have




A =1, 
A' = , 










 m = A' m - B', 
m= A' M – B”, 
m = A''m - B'", 
m*= Aim - B, 


&c. &c. Therefore, substituting these values, and comparing, we shall have S x=ti – atk-'UB' – Brk-ou'B” – ytt-Su'B'' –

        stk - 'B'— &c. 
Sy=utf-'ua' + Btk - ?u*A" + gtk-su'A" + 


otk - *u*Aiv + &c. 1, d, B, 7, &c., representing, as before, the coefficients of (t + u)". 

And, as the root m does not enter into this expression, it is evident that, having

X + my=(t + mu)", we shall likewise have

x + ny=(t + nu)"; and, consequently, multiplying these two equations together, we obtain

x' + axy + byo = (t + atu + bu?)"; and the values above found will be the general values of x and y in the equation

x? + axy + by' =zk. Cor. When the coefficient a, in the above formula, becomes zero, and the equation takes the form

x' + byo = *, the above values of x and y become more simple, the alternate terms being destroyed; and we have then









A' = 1 A' = a 
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x=t* – Btk - ub+ ot*-*u*b* – stk - uob- &c,

y=atk-'ugt-Prb+ et uob– &c. Ex. 1. Required the values of x and

Y 

in the equation

x2 + 2xy + 3yo = 7'. Here a= 2 and b=3; therefore, 1, B' = 0

0 2, B" =b 

3 A"= QA" – BA' = 1, B'' = ab" - BB' Aiv = aa" – bA" = 4, Bi = ab'' – bB" AY = ani - bA"=-11, B' = abi - B'' = -12. Also the coefficients of (t + u)', being

1, 5, 10, 10, 5, 1, we have a=5, B= 10,7=10, ô=5, e=1; whence the general values of x and y become

x=ť – 10.3t'u® – 10.6tu – 5.3tu* + 12u', y=5t*u + 10.2tu? + 10.1tu' – 5.4tu* - 11u'. By assuming t=1 and u=1, we have x= -92 and y=4; whence

X* + 2xy + 3y =6'. Ex. 2. Required the values of x and y in the equation

ao + y^=^. Here a=0,b=1, k=6; and, therefore, we have a=6, B=15, y=20, ô= 15, e=6, s=1, for the coefficients of (t + ulo. Whence, by the foregoing corollary,

x=ť – 15t'u + 15t’u* — u", 
y=6t – 20t'u +6tu'. 










Assuming here t= 2 and u=1, we find x=117 and y=44, which gives

x® + yo = 5*, as required. And other values may be found by changing those of t and u.




PROP. X.




199. To find the general values of x and y in the equation

** + ar'y + bry' + cyo = zo. This is one of the most difficult problems we have yet attempted, and is deserving of particular attention, not only on account of its difficulty, but because a general solution would be obtained with very great difficulty, if indeed it be at all possible to arrive at it hy any other method.

Here we must consider the product of these three factors

(t + mu + m*w)(t + nu + n°w)(t + pu + p'w), m, n, and p, being the three roots of the cubic equation

D'-ap2 + b® -c=0); and, consequently,

m+n+p=a, mn + mp + np=b, and mnp=c. 

Now by the real developinent of the above factors we obtain

(t + mu + now)(t + nu + now)(t + pu + p'w)= 

t + 
(m+n+p)t'u + 
(m + n° + p)t'w + 
(mn + mp + np)tu” + 










=1,




(m'n + mop + nom + n°p+pom + p'n)tuw + 
(mono + mop’ + n°p)two + 
(mnp)u' + 
(m'np + nomp + p'mn)u'w + 
(monop + mopon + n°pm)uw° + 


(monop)w'. And, since

m+n+p=a, mn + mp + np=b, and mnp=c, we shall find that

1 
(m+n+p) - 


                      =a, 
(m° + n° + p) 


                      =a − 2b, 
(mn + mp + np) 


                    =b, 
(mon+ moPmm + nop+2m + Ton)=ab – 3c, 
(mono + moto + nor°) 


                    =h - 2ac, 
(mnp) 


                     =C, 
(mʻnp + n°mp + pomn) 
(monop + Pon + 01 m) 
(m tro) 


=c. Therefore, making these substitutions, the product becomes

ť + ať u + (a’ – 21)ť'w + btw? +(ab – 3c)tuw + (b? – 2ac)two + cu + acu'w + bcuw? + c'w'. But any two factors of the form

(t + mu + mow)(t' + mu' + mow'), always produce a product having the same form as each of those factors; and, therefore, the above forinula will have this property, that, if we multiply together as many similar forinula as we please, the product will always have a similar form.




=ac, 




=bc,









{




Suppose, for example, that it were required to multiply the above by a similar formula, t" +at"u' + (a* - 21)t"w' + bt'u" + (ab -- 3c) t'u'w' + (6 - 2ac)t'-0"? + cu' + acu'w' + bcu'w" + cow". 

Since this last may be supposed to be generated from the multiplication of

(t + mu' + m'w') (t' + nu' + n°w')(t' + pu' + p'w), we have only to seek the product of the six following factors, § (t + mu + mow)(t + nu + now)(t + pu + p'w) 

(t + mui' + m'w')iť + nu' + n'w')sť + pu' + p'w'): and, first, let us take two of thein; viz. 

(t + mu + mow)(t' + mu' + mow), the product of which is s tt + m(tu' +ut') + m"(tw' + wť' +uu') + m' (uw' +

wu') + m*ww'. Now, m being one of the roots of the equation

0 – 010° +1° -c=0, we have

m– am* + bm – C=0, or

m'= am- bm + C; whence

m' = am' - bm + mc= (u – b)mo – (ab - cm + ac; so that substituting these values, and, in order to simplify the result, making

T = tt' + c(uw' + wu') + acuw', 
U =łu' + ut' — \{www' + wu') - (ab -- C}ww', 


w=tw' + wť + uu' + a(uw' + ww') + (a - b)ww', we shall have

(t + mu + mow)(t' + mu' + m'w')=T + mu + m'w;











and, in the same manner, we obtain

(t + nu + now):ť + nu' + n'w')=T + nu + n'w, (t + pu + p'w)(ľ + pu' + p'w') =T +pu + p'w. And, therefore, the product of the six foregoing formula is the same as that of the three,

(T + + mow)(T+ nu + n'w)(T + pu + p'w)= 
T +at’u + (a* -- 2b)row + bru' + (ab – 3c)Tuw + 
(6 – 2ac)Two + CU + acu'w + bcuw + cow'. 


Now, making t=ť, uru', w=w', this last formula becomes equal to the product

(t + mu + m'w) (t + nu + now)'(t + pu + p'w)?, and is therefore a square, and the values of t, v, and w, before determined, now become

T=ľ + 2cuw + acw, 
 U = 2tu - 2buw - (ab - c)wo, 


w=2tw + ++ + 2auw + (a - b)wo. We bare, therefore, the general solution of the equation above given; viz. 

T? + UTU + (a - 2b)row + btu? +(ab - 3c)TUW + (52 – 2ac)Tw? + CUR + acu'w+bouw + cow=2". But in order to make this apply to our equation

x + ax'y + bryo + cy' = 2*, we must take r=t, y=u, and 0=w, which reduces it precisely to our case.

Therefore, when it is required to find rational values of x and y in the equation

1.2.2 +ar'y + b.ry' + cy' = **, we must have, first, 2tw + u’+ 2auit + (a - b)w'=0); or

+ 2auw +(a’ – b) we 

210 









Then we obtain, by writing x and y for r and u,

S x=ť + 2Cuw + acwo, 

y=2tu – 2buw – (ab -c)w*, in which expressions u and w may be assumed at pleasure, but the value of t will depend upon the equation

W + 2auw + (a - b\w t 

2w Cor. When any of the coefficients a, b, or c, become zero, the result is much simplified; thus, if a=0 and b=0, or the equation takes the form

a + cy' =z", then the values of x and y will be expressed by the formulæ

u

and

      2w' 
s x= t + 2cuw, 


y=2tu + cw* ; or, by substituting for w, we have

си? r=t*




t 
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x = 4t* — 4cu't, 

y=8t'u + cu*; the last formulæ being found by reducing the two first to the common denominator 4to, and then rejecting it in both the values of x and

Y. Ex. 1. Required the values of x and y in the equation

x + y'=z*.









Here we have c=1, and therefore the values of x and y are expressed by the formida

x = 4t - 4u't,

y= 8t'u +14, where t and u may be assumed at pleasure; if we take t= 1 and u= -3, we have x ==112 and y=57, which gives

x + y' = ??, or 112° +57 = 1261°; and other values of x and y may be found by changing those of t and u. 

Ex. 2. Required the values of x and y in the equation

2* – 3y = 2". Here c= -3; and, therefore, the general values of x and y may be represented by the formula

F x=1t' + 12u't, 

Ly=8lu – 3u*; where, by taking t=2 and 1= 1, we have r=SS and y=-61, which give

88 - 3.61' = 23°; and if we had taken t= 1 and u=1, we should have had t = 16 and y=5, whence

16-3.5 = 61°; and an infinite number of other values may be found for x and y, by changing those of t and u. 

Ex. 3. Find the values of x and y in the equation

x + 5y' = 2". Here c=5, and hence the general values of x and

s x = 4t* – 20u't, 
Ly=8t'u +50"; 





y are









by taking t=2 and u=1, we have x=24 and y=69, whence

248 + 5.69'=1287°; and, by changing the values of t and u, an infinite number of integral values may be found for x and y. Ex. 4.

Find the values of x and y in the equation

x + 2x®y + 2xy* + y' =>". Here we inust have recourse to our first values of r and

Y; 
    viz. 


        u + 2auw + (a - b)w2 
t= 
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t 




sr=ť + 2cuw + acw', 

y=2t1 – 2buw – (abs - c)mo. In which expressions we have a=2, b=2, c=1, and u and w indeterminates that may be assumed at pleasure; by taking u=1 and w=1 we have

1 +4+2 7

2' 49

63

4' y=7-4-3= -14; which values of x and y answer the required conditions of the equation, as will also the integers

x = 65 and y= -56.




2




+ 2 + 2 = 4









or




16' 




5 




or




or
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         PRACTICAL EXAMPLES. 
1. Required the value of x in the equation 
          X +3=%. 


- 23 1873 Ans. 

1521 2. Required the value of x in the equation 3x + 1 = 2.

8 - 629 Ans. 

16' 25 1323 3. Required the value of x in the equation

2x* - 3x + 2 = z", and x4 – x + 1 = 2*, or prove that such values cannot be found, except in the obvious case of

X= +1.

Ans. Impossible. 4. To ascertain the values of x in the equation a* + 8x+1=z.

15 58 Ans. I= 2, or

or 28

2911 5. Reqnired the values of x in the equation XP +2=z',

383 Ans. =5, or

1000 6. Required the possibility or impossibility of the equation

x + 1 =z, except in the known case of x= 2.

Ans. Impossible.
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x =




7. To find the values of x in the equation 
                                3.x +3=z. 


- 20 Ans. x=2, or

17 8. Required the values of x in the equation m? +4=;

- 1090 Ans. x=11, or

27 9. To find the value of x in the equation x + 7 = 24.

367 Ans. 

144 io. Required the integral value of x and

y 

in the equation

x? + 7xy + 5yo =z?. 11. To find the integral values of x and y in the equation

x® + 7yo =2. 12. Required rational and integral values of a and

y 
  in the equation 


x + 7yo = z. 13. Find integral values of x and y in the equation

22° – 7 =163.
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CHAP. V.




On the Solution of Indeterminate Equations 










of the Form X" - b=m(a). Or the Method of determining x, such that x" -- b may be divisible by a. 




PROP. I.




200. To ascertain the possibility or impossibility of every equation of the form

q" - b=m(a), and the number of solutions in the former case, a being a prime number.

First it is obvious, that, if b=a, or any multiple of a, the equation adınits of an infinite number of solutions, by assuming «=a, or any multiple of a; we shall therefore only consider those cases in which b is prime to a. 

Let, then, b be prime to a; and suppose, first, that n and a 1 have a common measure w; that is, suppose n= n'w, and a - 1 = a'w; then I say, that, if the equation admits of one solution, it will also admit of w solutions, and no more. For, if the eqnation be possible, we shall have

x"* w -- b = m(a). But, since a is a prime number,

illa'io - 1 = M(a) (art. 87).









And now, if by art. 159 we find two other numbers, p and q, such that

n'p-a'q=1, or n'p=a'q+1, we shall have, by means of this and the foregoing equations, which, by rejecting the multiples of a; may be written thus,

x"w.**b, and row $1, the following results; viz. 

b" =*Pn’to x?a'w +1 -5x", or 2*5bo; whence

qui _bP = M(a). Therefore, when the equation is solvible, x must have such a value that x", when divided by a, shall leave the same remainder as l" divided by d; but (by cor., art. 87) the equation

mö -c=m(a), will have w different solutions, and no more; and, consequently, when the proposed equation is possible, it will have also w solutions, and no more.

Now, with regard to the possibility of the equation, it will depend upon that of
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that is, if 6*- 1 be divisible a, the proposed equation will be possible, but otherwise it will not. For, since ve sb and xel, we have

b*:xaw +1" i, or l1;




* This character indicates, that r" is of the same form as ľ to modulus a, or that their remainders are equal when divided by e.









a-1




but a-1=d'w, therefore ai 




; and, conse




a-1




quently, b " *l, or

"- 1 =M(a), which equation must necessarily have place when the proposed equation is possible; and, therefore, by means of this, the possibility or impossibility of the proposed equation may be readily ascertained; and, in the former case, the number of its solutions will be ro, as we have seen above, the whole of which are contained in the equation

2" — B” = M(a). And it is obvious that, when one of these solutions is obtained, the others will be found by multiplying the known root by each of the roots of the equation

x" – 1=M(a); for if pa divided by a leave a remainder b, and gold divided by a leave a remainder 1, then will røp?* divided by a, also leave a remainder b; therefore, if r be one root of the equation

2*-- l;=M(), and r', r", p.""'&c., be roots of the equation

x" - 1 = M(Q), the other roots of the first equation will be

r, rr', r?", r', &c. We shall, therefore, after illustrating what has been taught by two examples, proceed to the solution of this last equation.

Cor. 1. If n>(-1, we need only consider the









remainder arising from the division of n by a-1. For since

2:4-!-- 1=M(a) (art. 87), or, according to our contracted notation, 29-15:1, we shall have
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that is, gría-1)+" will leave the same remainder as z", when both are divided by a. Cor. 2.

It follows also from the above proposition, that when n is prime to a- 1 the equation is always possible. For in this case w=1, and, therefore, x=b', the exponent p being deduced from the equation

pn-la-1)=1. Ex. 1.

It is required to ascertain whether the equation

x? – 11 =M(29) he possible in integers.

By the above proposition, if this equation be possible, so also must
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1 - 1=M(a). Now, in this case, a= 29, b=11, and w=*; and, therefore, this last becomes

11'-1 =M(29); which equation being impossible, the proposed equation is impossible also.

Ex. 2. Required the number of possible solutions that may be given to the equation

2" – 2 = M(31).









Here a=31, b=2, and w=6; and since we have

2 0 - 1=M(31), the equation is possible, and admits of six solu, tions.




31-1




PROP. II.
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201. To find all the values of x in the indeterminate equation

x" – 1=m(a), a being itself a prime number.

Case 1. When n is prime to a-1.

Here we shall have (by art. 87, and by writing r instead of x) pre-! – 1=M(a); and, consequently,

pre-1)" – 1 =M(a), or (ru-?)"– 1=M(a); and, therefore,

(2:4-1)" = x", or x = pol-l=1; that is, x=1, which is the only possible solution in this case.

Case 2. Let n be a divisor of a-1.

Since we may here make a – 1=d'n, we shall have (by art. 87)

porn – 1=M(a); and, consequently,

porn=x", or x=ra, where r may be assumed any number whatever prime to a. 

If now we make me ur', r being the remainder arising from the division of per by a, then, since

pm – 1=M(a), we have also

pemn – 1 =M(a);









therefore, if rbe one root, pm will be another, whatever value we give to m, and since the equation

gup -- 1=M(a), can have but n solutions, or roots, these will be found, either wholly or in part, in the series,

p', r", p", r', &c, pp-?; that is, this series, or the remainder of each term when divided by a, will furnish all the roots of the proposed equation, if these remainders be all different from each other, but they will give only a part of the n roots, if any two or more of them leave the same remainder.

Remark. When the root rol is such that the terms of the above series leave different remainders, then r' is said to be a primitive root of the equation

X" – 1=M(a); and as we shall have frequent occasion to employ these quantities in chapter vii., it will not be amiss to demonstrate here some of the principal properties of these roots, after which we will give a few examples by way of illustration.




PROP. III.




If r be a root of the indeterminate equa




202. tion




X" – 1=M(a),




and such that poi – 1 be not divisible by a (m being any divisor of n), then I say, r is a primitive root; or, which is the same, all the roots of the above equation will be contained in the series









r, r°, r, m*, &c. ph-?; or the remainders of these, when divided by a, will be all different from each other.

For, if possible, let any two terms of this series give equal remainders, and let them be denoted by pp and g?, then it is obvious that we shall have

pop - p = m(a), or

pop-1-1=M(a); or, making p-q=s, it becomes

pr - 1=M(a): and let the common divisor of n and s be k, which will be unity, when n and s are prime to each other; and if now, as in art. 200, we resolve the equation

mp' -- sq'=k, or np'=sq' + k, we shall, as in that article, have this result,

potp' poupP+k; and since, by hypothesis,

pin – 1 =M(t), and you – 1 = m(a), We shall have by rejecting the multiples of a, p*=1; therefore,

popop' I pute? + k pok. ; that is,

puke - ] =M(a). Now, since s=p-q must necessarily be less than 1, and since k is the common divisor of s and n, we may make n= mk, or

mk, or -=

=k, and s=s'k; and, consequently,

po - 1 = m(a),
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n 
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which is contrary to what we have supposed; therefore, no two of the terms in the series

r, ??, ??, ??, &c. podo! can leave the same remainder, and, consequently, r is in this case a primitive root of the proposed equation; and, therefore, all its n roots will be found in the above series.

Cor. It follows from this demonstration, that, if n be a prime number, every root r, of the equation

x" – 1 = m(a), is a primitive root, and will give, by its successive powers, all the roots of the proposed equation. Thus, for example, since

3' – 1 = M(11), we shall have also 9-1, 5'-1, 4-1, each divisible by 11; or, which is the same,

3, 3°, 3°, 3*, or their remainders when divided by 11; viz.

3, 9, 5, 4, for the roots of the equation

2 – 1 =M(11).




PROP. IV.




203. If m, p, q, &c. be different prime divisors of n, then will the number of primitive roots of the equation

xi" – 1 = m(a) be expressed by the following formula,

p1 9 

р 2 




пX
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n




For (by cor., art. 88) there are only n values of x, that satisfy the equation

x" – 1 =M(a); and there must also, by the same article, be values only that fulfil the condition of the equation

- 1=M(a); and, consequently, out of the n first roots, there

that will not answer the last condition;




m 
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n 




are n 




m 
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and, in the same manner, we find there are n-

P that will not fulfil the conditions of the equation




2P-1=M(a); and proceeding thus with all the factors of n, we ascertain, finally, from the same principles as those employed at art. 24, that the whole number of primitive roots is expressed by the formula
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9-1, &c.




Х




р 
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Q. E. D.




Cor. 1. If n be a prime number, every number that is prime to a is a primitive root.

Cor. 2. If n be any power of a prime number, as n=m”, we must assume such a root r for x, that the equation
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r 




- 1 = M(a) has not place, then will the successive powers of r be the roots sought.

α βγ Cor. 3. If n be of the form m p q', we may
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B make m“ = je, po = ', q' = re", by rejecting the multiples of a, if these quantities are > a, and then resolve the separate equations

pur 2 – -1=M(a), x - 1=M(a), x -- 1=M(a). Now supposing the roots of these equations to be

r, r', r", the root of the proposed equation will be rrip"; and the other roots will be the successive powers of this last quantity.

Ex. 1. Required the seven values of x in the equation

x?–1=M(379). Since 379-1=7.54 we have x=pt, wherer

any number prime to 379 (art. 201). Assume, therefore, r=2, and we have, by rejecting successively the multiples of 379,

goo 5:64, p125306, ppi $23, 7048 5150, p=125. Therefore, x=125; and since the power 7 is a prime number, this root is a primitive root, and gives, by its successive powers, or by their remainders, all the seven roots of the proposed equation; that is, x = 125, 125°, 125, 125*, 125, 125°, 125%; or x=125, 86, 133, 195, 119, 94, 1; which last are the seven roots required.

Ex. 2. It is required to find the values of r in the equation

- 1=M(379). Since 63 = 7.9 we may (cor. 3, above) resolve the two equations




may be




63









27 – 1 =M(379), and x – 1=M(379); the roots of the first being r=125, and of the second r' =180; and the product of these, rejecting the multiples of 379, is 139, which is one of the roots of the proposed equation, the others being contained in the series

139, 139, 139, 139*, &c. 139°.




PROP. V.




204. To find the value of x in the indeterminate equation

men + 1 = mía), a being a prime number, and an a divisor of a - 1. Find the general value of x in the equation

2*" -- 1=(a) by the foregoing propositions, and let this general root be represented by pm, then will pent' be the general root of the proposed equation

2° + 1 =M(a), where p may be taken any number whatever. For, ph being any root of the equation

2+" – 1 = M(a), it follows, that p?is a root of the equation

xn-l; because mm, being substituted for x in

XAM – 1 = m(Q), is the same as pm, substituted for x in the equation

22" – 1 =M(a). Now

izis" – 1 = (x** — 1)(x?” + 1); and since the first of these factors has for its roots
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all the even powers of r, there remain all the odd powers of r for the roots of the other factor, which is the equation proposed. Ex. Required the values of x in the equation

X6 + 1 = M(433). First, the solution of the equation

2?? – 1=M(433), by proposition 2, gives x=r", because

433 - 1 = 432 = 72 x 6. And by assuming r=5, we have 5o =37, rejecting as before the multiples of 433; and, therefore,

372"+1 = x, is the general root in the proposed equation, which, by assuming p=0, 1, 2, 3, &c., and rejecting the multiples of 433, we have the following solution:




s + 37, 8, 127, 203, 79, 99, 2, 140, 159,

128, 133, 216, 35, 148, 32, 75, 54, 117, the sign + being common to each of the roots.




{




PROP. VI.




205. To find the values of x in the equation

pru - b=M(a), B being such that 6" + 1 is divisible by a, and ma divisor of C -1.

This proposition divides itself into two cases, viz. first when n and m are prime to each other, and second, when these quantities have a common measure.




n 









Case 1. When n and m are prime to each other. Find two other quantities, p and q, such that

m-qm=1, or pn=qm +1; then will x=boy be one root of the equation sought, y being itself a root of the equation

y" - (+1)=M(A). For, by making x=boy, we have

x"+:b"y" $1,4m+"y"+by" *b; and, consequently,

2* – b=M(a). Case 2. When n and m have any common divisor w. Let n=n'w, and find the values of p and

9, 

such that

pr'- qm=l, or pn' =qm +1; then we shall have x" =bøy, or

21" — B”Y=M(a), y being one of the roots of the equation

y" -(+1)= m(a). For, by making bere x =by, we have

men #bphy" #: bum+'y#by" #b; and, consequently,

X" – b=M(a). Remark. By means of the above proposition, we are enabled to convert a number of equations, such as

20" -- b=m(a) into others of the form

x" + 1 = m(a). It furnishes us also with the means of resolving, in an infinite number of the cases, the equation

ir" – b=m(a),









into n' equations of an inferior degree, as will appear from the following examples. Ex. 1. Required the values of x in the equation

x + 49=M(223). First, since 223 – 1=3.74, and

(-49)– 1 =M(223), the proposed equation is possible (art. 200); which fact being ascertained, we have m=74, and it now remains to find

3p-749=1, or 3p=749+1, which equation gives p= 25. Whence

=(-49)", y being a root of the equation

y' - 1=M(223), the general form of which (by art. 201) is y=r, where r may be assumed at pleasure; and, therefore, the required root x, of the proposed equation, is

x=(--49)*5.7 the remainders of which, when divided by 223, will be the simplest form of the root sought: thus we find the required roots are

- 36, -66, +102. Remark. We should have obtained this solution more readily by first solving the equation

x + 7 = M(223), the three roots of which, squared, would have furnished the roots of the equation proposed.

And this method may be employed in all cases




X =
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in which b is a complete power; for, generally, if r be any root of the equation

X" - b=M(a), we have pk for a root of the equation

2." – 1=Mía). Ex. 2. Required the value of x in the equation

2° + 20 = m(61). First, since 51 - 1=6.10, and b= - 20, we have

(-20)" – 1 = M(61), or ( – 20) + 1 =M(61); therefore the proposed equation is possible (art. 200); and since this last exponent 5, or (m), is prime to that proposed 6, or (n), it follows, from the first case of the preceding proposition, that x=boy, p being first found from the equation

6p-54 = 1, or 6p=59 + 1, and y from the equation

y" -- 1?=M(61); therefore p=1 and 1=1; also (by art. 204) the general root of y is 2924+'; and, consequently, the general value of x, in the proposed equation, is

r = – 20.29**+1, which, by involving and dividing, gives

x = +7, +24, +30. Ex. 3. To find the values of x in the equation

2:"0 – 5 =M(601). Here we find

1+1=M(601), and since 10 and 6 have a common measure 2, we shall have, by the second part of the above proposition,

x = boy, or xe – b'y=M(601),









y being a root of the equation

y' - 1=M(601), the general root of which is y=(-169)*; and thus the proposed equation may be transformed into the five following ones of the second degree; viz. 

ra – 120 = M(601), ro - 154=M(601), 
x® – 276=M(601), 2* — 234 =M(601), 


x + 183 =M(601).




               PROP. VII. 
206. To find the value of x in the equation 


X" – b=M(a), in which

b" – 1= m(a);

a-1 w being a divisor of

Let x=pm be the general root of the equation




n 




nw _ 1 =M(a),
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now, since b is found in the series

g", pen, muss, ptr, &c., pp/20 = 1)", Jet the term in which it is contained be plan, then will the general root of the proposed equation be

t=78+ For, since pomw+le

=x, we have

r" = prmw+ufe = price = b; and, consequently,

x" -- b=M(a). It therefore only remains to be demonstrated, that b must necessarily be found amongst the remainders of the series r", poe", pos", poram, &c., per-1)









Now, because gom is the general root of the equation

*** - 1 = m(a), we shall have

(70mm) " – 1 =M(a); that is, puun is a general root of the equation

x" – 1 = m(a); and since, also,

66 – 1=M(a), it follows, that b must necessarily fall amongst one of the remainders corresponding with man; that is, in one of the terms of the series

gom, gos, post, pta, &c., poze – 1)n. Remark. There is no exception to this method of solution, but it will sometimes be

very

laborious to find b in the above series of roots. Ex. Required the value of x in the equation

x'' -5=

=M(601). We have already considered this example, and have decomposed it into five equations of the second degree; we shall now attempt the solution on the principles of the last proposition.

Since b= 5, we have, by rejecting the multiples of 601, 6°* - 1 and 6"=1; thus w=12. Now the complete solution of the equation

2120 – 1 = M(601), found by article 201, is x=(-140)", and, consequently, x in the equation

2:12 – 1 =M(601), is x=(-- 140) =120"; therefore, bought to be contained in the formula 120", and we find this









succeed in taking m=5. Therefore, the complete solution of the proposed equation is

x=(-140)5+12m, or r= 214.(169)", from which expression result the values

x = +214, +106, +116, +229, + 237. Remark. We might have pursued this subject much farther, by finding the value of x in similar equations, in which the divisor is any power of a prime number; and, finally, for any composite number whatever: but what has been said will enable the ingenious reader to arrive at the solution of these cases, and others that may arise, by the application of the rules and principles laid down in the foregoing pages.

207. Scholium. In all the propositions which have been hitherto the subject of our inquiry, we have been able to pursue the investigations, and derive the results of our operations, by means of certain rules and principles, as direct and satisfactory as in any other branch of algebra; but in what follows, few or no rules can be given, and consequently much must necessarily be left to the skill and ingenuity of the analyst himself: still, however, the results that have been obtained in the preceding chapters will be found of essential service in our future inquiries, nothing more being requisite than a judicious application of them to the various cases that may occur; and it will therefore be convenient, for the sake of reference, to have exhibited here, in the form of a table, such of the foregoing resulting formulæ as are most commonly employed in Diophantine researches.









TABLE OF INDETERMINATE FORMULE.




         FORM I. 
     Equation ax – by= e. 
General value of x=mb + cq, 


- y=ma + cp. In which expressions m is indeterminate, and the values of p and q result from the solution of the equation

ap - bq=ii (art. 160).




II.




      Equa. ax + by=c. 
General value of x=cq- mb, 


y=ma-op. 

са с Num. of solutions =

b a The quantities p and q being ascertained as above; also m indeterminate (art. 161).




                11. 
     Equa. ax + by + cz=d. 
General value of x=(d– cz)9 – mb, 


y=ma - (d - cz)p. The quantities p and q being found as above;

d also m indeterminate, and % any integer < (art. 162).
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IV.




      Equa. * – ago ==*, 
General valụe of x=p' + aq*, 


- y = 2p9, 

%=p' - ag*. In which expressions a is given, and P 

and

9 indeterminates (art. 171).




are




      Equa. xo + ay' = 2°. 
General value of x=p - aq, 


y=2pq, 

%=po + aq'; a being given, and p and q being indeterminates as above (art. 171).




             VI. 
    Equa. ax + bxy + y = x. 
General value of x=2pq +bq”, 


y=p’- aq, 

z=po + bpq+aq°; P and q being indeterminates, and a and b known quantities (cor. 1, art. 100).




       VII. 
Equa. ax + bx=x?. 


                        bq 
General value of x= 


p-aqa' 




bpg 
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when

P and q are indeterminates (art. 168),









         VIII. 
Equa. m*x* + bx+c=%. 


                       pe - eq 
General value of x= 


bq* – 2mpq 
mp? + mcqi - bpq 


bq* – 2mp? Here m, b, and c, are any given numbers, and P and q indeterminates (art. 169),




IX.




Equa, ax® + bx + m* = 2".

                  bqi - 2mp? 
General value of x= 


 pe -- aq 
mp* + amg' — bpq 


på - aq In which expressions a, b, and m, are known, and p and q indeterminates (art. 170).
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Equa. a* - Ny' = $ 1.

(p+q VN)" +(p-923)* General value of x=

2 (p+q VN)" -- (P-2 VN)" .y= 

2 N Where p and q are determined by the equation

pe – Nq* = +1, and m is indeterminate, except that it must be eren or odd, as the case may require (art. 180).









XI.




Equa. x - Ny' = + A. General value of r=pm + nqn, 

y=pn+qm. Where the values m and n are first found from the equation

mo - Nno = + A, and those of p and q from the equation (art. 181)

pe - Nqo= +1.




XII.




Equa, ax' + bx + cx + f'=x®.

c' – 4bf? Particular value of x=

  4af? 
(8af“ – 4bf*c+co)8f* 


(46f" -co) All the coefficients, a, b, c, and f, being given and determined quantities (art. 184).




or




XIII,




Equa. ax* + bx' + cx? + dx +fo=z'.

(8bf4 – 4cdfo + do)8f Particular value of x=

16c°f- 64af6 – 8cděje + ď" Where a, b, c, &c., are known quantities, as above (art, 187),









XIV.




Equa. m*x* + bx' + cx® + dr +e=zo.

16cm - 64em - 8cm + 6+ Particular value of x=

(3dm -- 4cbm + b)8m® Where, also, m, b, c, d, and e, are determined quantities, as above (art. 188).




XV.




2




or




Equa. m*r* + bx* + cx® + dx + fo=z?

d + 8mf' – 4cf? Particular value of x=

4bf? F Amdf 
4m'd+ 4mbf 


b? 78mf- 4moc In these expressions m, b, c, &c., are known quantities, but, with regard to the ambiguous sign, it must be observed, that when that, in the numerator, is taken +, the corresponding sign, in the denominator, must be -- ; and the contrary (art. 189).




XVI.




Equa. ax + bxo + cx+f' = z'.

(c* – 3bf)98 Particular value of x=

27af- 0 a, b, c, &c., being known quantities (art. 192).
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XVII.




Equa. m'xo+bxo + cx+d=z.

b - 27 dn Particular value of x=

(3cm' – b*)9m? Wherem, b, c, &c., are given quantities, as above (art. 193).




XVIII.




or




Equa. mox? + bxo + cx + f'=z,.

(co – 3hf*)9f" Particular value of x=

27m*f'- c 

hi - 27fomno (3cm – bo)9m 3mfo-C

b- 3 mof Where, also, m, b, c, &c., are known quantities (art. 194).




or




XIX.




       Equa. x2 + axy + by’=%. 
General value of x= ť – btu’ – abu', 


y = 3t’u + 3atu' + (a' – bu', 

2= t + atu + bu'.. Where a and b are known quantities, and t and u indeterminates, that may be assumed at pleasure (art. 196).









XX.




Equa. 22 + by' = z'. General value of x=ť - btu, 

y=t' – bu, 

z= t + bu'. Note. This is deduced from the foregoing one, by making a=0.




XXI.




y = 




= {




Equa. ** + ary + by*=2*, Gen. value of x=ť -6bt*u* - 4abtư – (a'b-6?),

4t'u + bat*x® + 4 (a* – b) tu' + (a*

- 2ab)u,

x=t* + atu + bu', Where a and b are known quantities, and t and u indeterminates which may be assumed at pleasure (art. 197).




XXII.




Equa. xo + by' = Z'. Gen, value of r= t - 6btu + b'u', 

y= 4t'u – 4btu', 

z=t' + bu. Note. This form is deduced from the foregoing one, by making a=0.









XXIII.




            Equa. *? byo =z". 
Gen. value of x=f" — Btr-ub+ôt- *u*b* - &c., 


y=atn-'u-gt-Sub + st" - uob* - &c,,

z=ť + bu. In which expressions b and m are known quantities, as are also 1, A, B, 7, 8, s, &c., these letters representing the respective coefficients arising from the binomial (t +u)"; but t and u are indetermi. pates that may be assumed at pleasure (art. 198).




XXIV.

Equą. x + cy' =>". General value of x=4t* – Actu', 

y=8t'u + cu, 

z=ť + cu'. Where c is given, but t and u are indeterminates (cor., art. 199).




XXY.




Equa. x + axoy + bry' + cy' =zo.

u° + 2auw + (a* – b)we Particular value of t=

2w General value of x=ľ + 2c0w + acu“, 

y=2tu – 2buw — (ab - c)w'. In which expressions a, b, and c, are any given quantities, u and w indeterminates; but t is limited by the above equation, and depends upon the values of u and w (art. 199).
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CH A P. VI.




The Solution of Diophantine Problems, 




PROB. I.




208. To divide a given square number into two other square numbers.

Let a represent the given square, and x® and ye the required squares; then we have only to satisfy the equation

sa'=x* +yo, or

           į a-y*=x*. 
In order to wbich, let us assume 





aty=Pr




9 9.c 




2(1 = 




+




a-y= 

                 р 
From which we readily deduce 


pir qr_(p: +99).r 
 9 P 


              PI 
   pr_qx_(p2-79).r 
2y 


9 P P2 Whence, by multiplication and division,

2pga p+1 

pe-q22pqa (p-)a y 

po + q* p + a Where the indeterminates p and q; may be assumed at pleasure.




X




2
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Ex. 1.




2




Cor: If a be the sum of two squares, p 

and

9 may be so assumed that po +q* =d, or any factor of a, in which case the above expressions will be integral; and as many different integer values

may

be found for x and y as there are different ways of resolving a into the sum of two squares, or any of its factors.

Resolve 65' into two other squares. Here

(2p9 x 65)

          and 
   p+q 
(p* - 9°)65 


p+ qe And, since 65 = 8° +1°=7+4', we may take sp=8 and q=1, which gives x=16 and y=63; I p=7 and q=4, which gives x= 56 and y=33.

Also, since 13=3° +2° is a factor of 65, we may take p=3 and q=2, which gives x=60 and y=25.

And, again, 5 = 2+1° is a factor of 65, therefore we may take

p=2 and q=1, which gives x = 52 and y=39;
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so that




65° = 16+63° = 56° +33° = 60° + 25% = 52? +39.

Which are the only integral solutions that the equation admits of, but fractional answers may be obtained ad libitum. 




PROB. II. 209. To divide a number that is equal to the sum of two given squares into two other square numbers.









Let a* and be represent the two given squares, and x' and y' thie two required ones'; then we must solve the egnation

S a* + B = x + yo, or

a* – x* =yo - 62. For which purpose let us assume

plý+b) 

   4 
q(y- b) 


P 




a + x
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§ 21 -- py=pb-ag, 

Z pr+qy=qb + ap. Now, multiplying these equations by p and q, so as to eliminate x and y, we have, by the common rules,

Ş pqr -- piy=p(ph -- aq), 

pqr+q*y=9(qb + ap). Whence,

bq + 2apg - bij? y= 

pi+q and, in the same inanner,

ap' + 2bpg - 09 

p' +9 In which expressions p and q are indeterminates, and may be assined at pleasure.

Cor. If the given sum a* + bo be such as to admit of a resolution into two other integral squares, it will be better to resolve the given number, or sum, into its factors, which, in that case, will also be









the sums of two squares, then their product will give the required squares: thus, if

a + b*=(m® + n) (m" +n"), then, by art. 91,

a + b*=(mm' + nn')* + (mn' F m'n)"; therefore,

r=mm' + nn', 

y=mn' 7 mi'n. Ex. 1. It is required to resolve

85=9' + 2 into two other integral squares. Here

85=5 17=(2 + 1) × (4° +1°); whence m=2 n=1, also m' = 4 and n'=1. Whence,

Sr=2.4+1. = 9, or 7;

Ly=2.174.1=2, or 6; that is,

85= 99 + 2 = 7° +6. But, if the given number be not resolvible into factors of the form we have supposed, then it is in vain to seek for integral solutions, and we must then proceed according to the foregoing proposition. Es. 2. It is required to resolve

5 = 2 + 1 into two other

squares. Here a=2 and b=1; and, by taking p=2 and

29 q=3, we have x= and

Y= 13

13°




2









PROB. III.




210. To find three square numbers in arithmetical progression.

Let x®, y', and z, represent the three required squares; and it will then be necessary to solve the équation

x + z = 2y. In order to which, let x = m +n, and z=m-n; then

x + y'= 2m* + 2n° = 2y. And it only remains to find

m° + n°=y. We have, therefore, by form v.,

şm=p-98, 

n = 2pa. Which values, being substituted for m and n in the equations x=m+n, and y=m-n, give

x=p-9° + 2p4, 
  z=p'-7 - 279, 


y=p: +99. In which for:nula

P 
  and 


9 may be assumed at pleasure.

If, for example, we take p=2 q=1, the three squares will be 7°, 5, and 1'.

Again, assuming p=3 and q=2, we have 17, 13, 73, for the required squares. 2d Method. The equation

+2 = 24° may be put under the forin

2y' - x = z; and this again (by art. 97) may be represented by

(2y +1)* – 2(x + 1)=3°.
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Therefore, by form v., make

2y + x=p2 + 27% 

y+x=2pg. Whence, by subtraction,

ry=p? + 29% – 2P9, 
 x = 409 - p* – 29 


z=på + 29%. These results are apparently different from the former, but they are readily reducible to the same, and will, in their present form, equally answer the required conditions.

Ex. Assuming p=3 and q=1, we have y=5, r=1,

and z=7; which is the same as one of the preceding solutions.




PROB. IV. 211. To divide the sum of three square numbers, in arithmetical progression, into three other squares, which shall also be in arithmetical progression.

Let s=a* + b + c represent the sum of three square numbers in arithmetical progression, and let x", y', z, be the required squares, then it will be necessary to solve the equations

x* + y + z = s,

XP + z = 2y. And here we soon see that yo= s, and also b=s, therefore gø=bo; substituting this value of yo, the equation is reduced to that of finding the values of x and x in the equation

x +z = 2b, 




1
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the solution of which has been given at problem ii., where we find (by making o=b), in that article,

bp + 2bpq – bq? _(p* + 2p9 – 9jb 
    po + que 


                   p’ + q* 
   bq* + 2bpq – bp _ (q + 2p9 –p)b 
y = 
    p+q? 


p + q In which expressions p and q may be assumed at pleasure; and thus any number of sets of squares may be obtained, which shall be in arithmetical progression, and their sum equal to the given sum.

Ex. 1. Find three square numbers in arithmetical progression, whose sum shall be equal to

1° +5° +72 = 75. Here, since b=5, we shall have, by assuming successively

35 p=3 q=2, for the squares () + 5* +

BB'=75; p=4 9=3,

+3*+ (7)=75 

;

155 p=59=4, 

20+ 
     -)*? 


+5+4)=75; &c. &c.

Cor. If it had been required to find three integral square numbers in arithmetical progression, that should be resolvible into other integral squares having the same property, then b must be so assumed that b may be resolved into two integral squares, which may be done by making b equal to the product of any number of prime factors, each of the form 4n + 1, these having the property of being equal to the suin of two squares (cor. 2, art. 111),




85




13




&c.









and consequently their product is so likewise (art. 91); thus, if b=5 x 13 =65, then we have the following sets of squares:

13 +65 +912= 12675, 
232 +652 +89= 12675, 
35? + 65° +85° = 12675, 


47° + 65° +799 = 12675; these numbers being found by the foregoing formulæ, by assuming for p and q, so that p + q* may be a divisor of 65, as in prob. i.




PROB. V. 212. To find a number such, that two given squares being each subtracted from it, the two remainders may also be squares.

Theorem. Let a’ and bo be the two given squares, and resolve into any two unequal factors, m 
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2




a-6 




and m', and into any two unequal factors n

2 and n', then will

(m° + n°)(m" +n") be the number required. Demonstration. For, by art. 91, " + "

(mm' + nn') + (mn' – m'n),

(mm' – nn') + (mn' + m'n). a+b And since

= mm', and nn', therefore

2

a=mm' + nn', and b=mm' - nn'; and, conseqnently, the square of each being taken from the above product, will leave a square remainder.




a-6 




2









a+b 




Cor. Hence, when the two given squares are both even, or both odd, the question will admit of one or more solutions in whole numbers, according to the number of different ways in which

and a-b 

, may be resolved into unequal factors. 2

Suppose, for example, 18 and 2 were the two given squares; here

18+2

-= 2 5, or 1x10; and




2




2




18 - 2

= 2 X 4, or 1 x 8.

2 Then the number of solutions will be four, which are as follows; viz. 

(2+2) x ( 52 + 4*)=328, 
(2° +1°) x ( 5° +8°) = 445, 
(1° +2°) (10' + 4) =580, 


(1° +1°) (10% + 8) =328. Two of which values of the required quantities are equal, because the first factors of m and n are equal.

So that, in fact, we have only three solutions; namely,

328 -2°=18, 328 -18°= 2, 
445 - 2 = 21, 445 -18°=11°, 


580 -- 2 = 24, 580 - 18°= 16%. But fractional solutions may be found ad libitum. 




PROB. VI. 




213. To find two integral numbers such that, unity being added to each, as also to their snm









X + 1




and difference, the four results shall be complete squares.

Let x and y represent the required numbers, it is required to find

           =m*, 
y +1 
 x + y +1=r?, 


X – Y +1 =s?. Now here it is obrious, that the three squares go, mo, and p', are in arithinetical progression, their common difference being y. 

Let us, therefore, represent these three squares, according to prob. iii., by

= ( 4pq- pe – 29°), mø= (pe + 24° – 2pq)", 

pe = (p’ + 29°). Then we have, for their common difference,

y= 4p99-12poq* + 8pq'; and all that is required is to find this quantity, plus 1, a square, or

4pq-12pq* +8pq° +1 =no. Assume, therefore,

n=1+ 4pq'; then we have, by squaring and cancelling the like parts,

4p'q- 12poq* = 16p°4°. Whence,

p=49° +39; in which expression q may be assumed at pleasure.

And thus the general values of x and y will be determined; viz. by first making p= 49° +39, and then









$ x=(p® + 2q* – 2pq) – 1,

ly=(1 + 4p9') - 1. By taking q=1 we have p=7, whence x = 1368 and y=840; which numbers answer the required conditions: for

1368 + 1

840 +1 = 29, 1368 + 840+1=47', 1368 - 840+1=23°.




= 37,




PROB. VII.




or




214. To find three or more numbers, such that the sum of their cubes may be a square, and if from this sum the square of each of the quantities be subtracted, the remainders shall be squares.

Let x, y, and %, represent the three numbers, then the conditions required are as follows; viz.

x + y + '=0; Xʻ = po?,

0o = pi + x“, 0% - yo = s, 

de = 3 + yo, OC - 2= t; 

0= t + xo; &c. &c.

&c. &c. Which, in their present form, appear to involve considerable difficulty; they are, however, rendered very simple, as follows:

Assume any square number, A', and, by problem i., resolve into two square numbers, as many ways as the problem requires ; thus,

A®= a + b, 
 A'=' +W 
A = a +1. 


&c. &c. In which equations all the quantities that enter









are known; but these expressions will obtain also, if we introduce any indeterminate square m': thus,
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=




m?) 




2
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mo 




AR a" 6"

+ mo 

mo A

un 6 

+ mo

&c. &c. And these will evidently answer the required conditions, if we make

"? b"'2 = x®,

= z;




62 




m? 




me=y! 




mo 




providing m be so assumed that

A 7s 6' 6'' 

+ + + &c.,

т° m' mm which gives

+ b +63 + &c.




m 




A




And thus we have immediately the solution of the problem proposed.

Ex. Assume A=65, then, by problem i., we have

65°=632 + 16%, 
65o= 56° + 33, 
65°=60 + 25, 


65%= 52% +39 Whence, b=16, b=33, b"=25, b' = 39, and

169 +33° +258 +398 114977 
       65° 


                             4225 
And, therefore, from the foregoing formulæ, 





m= 









16 x 4225 67600 x 

114977 114977'

33 X 4225 139425 y = 

114977 114977 25 X 4225 105625 114977

114977 39 x 4225 164775 114977 114977




Which are four numbers, such that the sum of their cubes is a square; and if from that sum the square

of each be subtracted, the four remainders are squares.

Remark. This solution deserves particular attention, as it would be perhaps difficult to solve the problein in any other way; it is also applicable to various other questions of this kind.




PROB. VIII. 215. To find three integral square numbers, such that the sum of each two, with double the other square, may form three perfect squares.

Let x*, y’, and z*, represent the required squares, and we have to find

x? + y2 + 2z=r?, 
x* +2° + 2y' =s*, 


y® + 2? + 2x* =ť. Since these quantities are all integers, it is evident that we may suppose them prime to each other; they must also be all odd numbers, as will appear by considering the possible forin of squares to modulus 4.









X=




Let then, y=x+2p, and 2=x+ 29, and we shall have, from the first two formulæ,

c° + y° + 25°= 4c° + 4(p+2q)r+ 4( p° +24°), x' + x + 2y = 4x+ + 4(2p+q)x + 4( 2po + q°). And, by making this first quantity equal to 4(x + f), we obtain

pe + 29° – f? 

2f-p-29 And, in the same manner, the second formula, by making it = 4(x +g), gives

2p2 +9- 8 

28. – 2P-9 which expression must be equal; make, therefore,

Sp* + 2q -fo=2p? +9-8°, 

1 2f-p-29 = 24 - 2p-9, from which equations we readily deduce the following general values of f and y; viz,

f=}(59 + 3p),

g={(5p+ 39). And by substituting these values for f örg, in the above expressions, for X, we obtain

79* – 30p9 + 799 

8(P+9) This value of r will satisfy the first two conditions, and we shall have, by means of this, the corresponding values of y and z, because

y=x + 2p, and z=x+29; so that, by multiplying each of these quantities by the common divisor 8(p+9), we have

x = 7p – 30p1 + 70°, 
y=23p’ – 14p9 + 79*, 
3= 7p— 1479 +237*. 










And with these expressions, in which p and a are indeterininates, it remains for us to fulfil the third condition,

v° + + 2cost. Now, in order to simplify, make p=q +09, and we have

x=1792 – 160 - 16)9?, 
y=(230° +32° + 16)q, 


=170° + 16). And these expressions being squared, and substituted for xạ, y’, and z’, the equation becomes, when divided by q*, 

169 

256%* +¢* + 20' + 20 + 1 =ť. Now this equation agrees with our form xv., preceding chapter, whence

4m’d+ 4mbf Q =

b* F8m'f – 4mc where m= 

b=1, c=2, d=2, and f=1; there

16' fore, Q = 208, and since q may be taken at pleasure, let q=1, whence p=209; so that the required values of x, y, and 2, are

x=18719, y=62609, z=18929; and it is obvious how other answers might be obtained by changing the value of q, as well as by means of the other formulæ in form xv.
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PROB. IX.




216. To find three such square numbers, that each being subtracted from the sum of the other two, the three remainders

squares.




may be









Let x, y, and zo, be the required squares; it is réquired to find

x2 + y' - z=r?, 
c° +2°-goes”, 


go +°– cost. First, by assuining

x=po + q*, 
y=po + pq-9, 


z=po – P9-99, we shall have

x' + yo – zo=(p*— q° +2p9)”, 

x2 + x - y'=(p* - q - 2p9)". So that the first two conditions are fulfilled, and it only remains to make a square of our third equation, which becomes, by substituting for x, y, and %, as above,

y° +2° — =p* – 4poq' +q*=t*. Now in order to reduce this to our form xv., make p=(2+)9, which, being substituted for p in the above equation, we have

y+– xo =9*($* +80° + 200? + 160 + 1). Whence, again, from form xv.,

do + 8mf' – 4cf 

4bf* 7 4mdf because m=1, b=8, c=20, d=16, and f=1.

15 But p=(2+0)9, or p= 9; therefore, p= 15 and 9= -4: whence x=po + q* 

= 241, y=p?+ pq - q = 149, z=p - P4-9= 269.




- 23

3 4




4









Which numbers answer the required conditions, and others might be found, by the other formulæ given at form xv., as also by changing the value




of q *. 




PRACTICAL DIOPHANTINE PROBLEMS.




1. To find a + x and a -- x both squares, and to point out the ļimits of possibility with regard to the form of a. 

Ans. af tu. 2. To find x' + y + x =©' a cube.

Ans. 3+ 4 + 5= 69. 3. To find two numbers whose sum is a square, and also such, that each being added to the square of the other shall be a square,

Ans. Any two numbers whose sum is 4. To find three numbers in arithinctical

progression, the sum of every two of which shall be a square.

Ans. 120-4, 840, 15601. 5. To find three numbers such, that the product of every two, plus the sum of the same two, may be a square,

Ans. 4, 9, 28.




1




* It was intended to have added here the solulion of several o her Diophantine problems, but ibis work baving already exceeded the limits which the author had prescribed to himself, he is under the necessity of cancelling the solutions of several questions, and placing them among the following practical ex: amples.









6. To find three such numbers, that each being added to their product shall be a square.

1 9 40 Ans. 

9' 9' 9 7. To find two numbers, whose difference is equal to the difference of their squares, and the sum of their squares a square.

4 3 Ans. 77

or any two fractions the

sum of which is unity. 8. To find two such numbers, that their product, added to the sum of their squares, may be a square.

Ans. 5 and 3. 9. To find three rational right angled triangles having equal areas.

Perp. 

42 Ans. 

70

112, 10. To find three squares, whose sum is also a square.

144 Ans. 9, 16,

25 11. To find a quadrangle inscribed in a circle, of which the sides and area are rational.

Ans. Sides 80, 45, 100, 63. 12. To find an oblique angled triangle such, that its three sides, perpendicular, and a line bisecting the greatest angle, may be all rational numbers.

Ans. The sides are 875, 370, 145. 13. To find a triangle such, that its three sides, perpendicular, and the line drawn from one of the angles bisecting the base, may be all expressed in rational numbers.

Ans. 480, 299, 209




Нур. . Base. 
 58 40 
 74 24 
113 15 










14. To find two triangular numbers such, that their sum and difference shall be both triangular numbers.

15. To find two such squares, that their product added to the square of each shall be a square.

16. To find three square numbers in harmonical proportion.

17. To find three numbers in arithmetical progression such, that the sum of their cubes may be a cube,

18. To find three numbers such, that their sum may be a square, and the sum of their squares a fourth

power. 19. To find a cube number, which, added to the suin of its divisors, shall be a square.

20. To find a square such, that the sum of its divisors being subtracted from it the remainder shall be a cube.

21. To find a square such, that the sum of its divisors being subtracted from it the remainder




shall be a square.




22. To find a square such, that being added to the sum of its divisors the sum shall be a square.

23. To find two squares such, that each added to the sum of its divisors shall give the same number.

24. To find two square numbers such, that one of them, and its divisors, shall be equal to the divisors of the other.









479










CHAP. VII.




On the Solution of the Equation x – 1=0, n being 










a Prime Number; with its Application to the Analytical and Geometrical Division of the Circle. 




PROP. I.




217. All the imaginary roots of the equation

                                           r" -1=0 
are contained in the general formula 


         2km 
X* - 2 cos. +1=0, 





n 




1




1




k being any integer not divisible by n, and 7 representing the semicircumference. It is a known trigonometrical property, that if

2 cos. Y=x+7; 2 cos. ny = 2" + from which two equations, viz.

1 2 cos. y=x+7




1 




2 cos. ny=x" +

x" are readily deduced the two following,

2* - 2 cos. y.x + 1 = 0,

2— 2 cos. ny.X" + 1 = 0, which must necessarily have one common root, being both derived from the same value of x; and









since these are both reciprocal eqnations, if x bé

1 one root, will be another: they have therefore two

X common roots; that is, the two roots of the first equation are also roots of the second; and, consequently, from the known theory of equations, the former is a divisor of the latter.

2 kr If, now, we make y= 

or ny=2ka, these equations become

         2kt 
X2 2 cos. — X+1=0, 





[image: [ocr errors]]


n




rea 2 cos. 2kar" +1=0. But the cos. 2ka = 1, 2 representing the whole circumference; therefore, the latter equation now reduces to

c°" – 2" +1=0, or (? -1)*=0, having still for its divisor the other formula

2 kr X® — 2 cos.

X+1=0;




n 




n 




that is, the roots of the equation

(x" — 1)=0, or r" – 1=0, are all contained in the formula

2 km 2* — 2 cos.

-x + 1 = 0; and, therefore, by giving to k the successive values k=1, 2, 3, ș(n-1), the following formulæ will be obtained; viz. 

27 X* – 2 cos.

  FX+1=0, 
n 


        47 
2 - 2 cos. -1+1=0, 


n 
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we had




n 




which contain among them all the n-1 imaginary roots of the equation

2-1=0

2ka Cor. 1, If instead of making y= assumed ny = 2km ++, our second formula,

x** – 2 cos. ny.x" +1=0, would have been reduced to

noen + 2x" + i =0, or (x" +1)=0, (because cos. (2k +7)= -1), having for its general factor the formula

(2k + 1) X – 2 cos.

-3C +1=0,




n 




which is the other branch of the Cotesian theorem. Cor. 2. From the theory of equations it follows,

27 that 2 cos.

is equal to the sum of the two roots of the equation

27 - 2 cos.

-x+1=0,




n 




n 




which are also two of the roots of the proposed equation, and it is obviously the same with all the other formulæ; and hence it is manifest, that the









division of the circle depends upon the solution of the equation

x-1=0




27




n




and, conversely, by knowing the value of 2 cos. the roots of the proposed equation may be determined by the solution of a quadratic.




          PROP. il. 
All the imaginary roots of the equation 


x* – 1=0, n being a prime number, are different powers of the same imaginary quantity, and all different from each other.

Before demonstrating this property of the roots of the proposed equation, it will be proper to show that, when n is a prime number, the roots of this equation cannot be the roots of

any

other equation

2"-1=0, m being supposed prime to n. For, if this be possible, let r represent the common root, so that

R' = 1 and r* = 1; then, also,

R" = 1 and rom = 1, whatever integral values are given to a and b; and, therefore, Ran= R , or, dividing by rom, we have Ran-bm = 1; but since a and b are here indeterminates, and n and m prime to each other, such values of a and b may be found, that will make an- bm= 1; whence, also, R = 1, consequently these




bm 
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equations can have no other common root besides unity.

This being premised, it will be readily shown, that all the imaginary roots of the equation

.." -1=0, n being a prime number, are powers of the same quantity, and different from each other. For let r represent any one of these imaginary roots, then, since r"= 1, so likewise R" = 1, R$"=1, R*= 1, &c. Therefore, if x be one root, so likewise is

every term in the series

R, r', r', Rʻ, &c., r"-: for each of these quantities, raised to the nth power, is equal to unity, which is the condition of the equation.

And, in the same manner, it may be demonstrated, that, if ro be one imaginary root, so also is every term in the series

R“, R", R", Ř*, &c., RA-13 ; which roots are all different from each other. For if any two of them be equal, let them be

represented by R", and R", or R"=R", where p and q are each < n. And, since p and q are not equal, let p>q; then, dividing by R“, we have r(p-gja = 1; but since a is prime to n, and p-9<n, their product, (p-9)a, is also prime to n; and, therefore,

R\P-4,4 = 1 is impossible; for otherwise no would be a root of this last equation, and also a root of the equation R"=1, which we have shown to be impossible in the former part of the proposition, because (p-9)a 









and n are prime to one another: therefore the foregoing series of roots, which belong to the equation

N" – 1=0, are different

powers of the same imaginary quantity, and all different from each other.

Cor. Since R*=1, it is obvions, that R*+l=r; R*+?=r®, and, universally, RP+9=R'; whence it follows, that these roots may be more generally represented by the series

         Ř, Ren+, Rents, R¢'s+*, &c. 
If, therefore, g be such a number, that its suc- 





cessive powers,
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1 - 1




g, go, go, g*, &c., gay, when divided by n, leave different remainders, the same roots may be otherwise represented by

RS, R, R8, RS, &c., R$ ; under which latter form it will be convenient for us to consider them in the following proposition, because this latter series will have the property of returning upon itself, if it be produced beyond the term rs ; *-'- 1 is divisible by a (art. 87), or

g*-'an +1, 7 therefore, g"#a'n + g; and, consequently,

RS = R$" = 29+8 hence it is manifest, that in this series of roots it is indifferent which of them is considered as the first.

But if & be one root ro will be another, pro




for go? 
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viding a be not equal to 0, nor to n, nor to any multiple of n: therefore the same roots may be represented by

1, R

Ros, s, &c., &*s*"); or by
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Rag
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=R, and Rag




because g^-'#na +1, or r

=Ro &c. The above periods of roots have, as we have seen, the property of returning upon themselves, if produced; and, since n is a prime number, n-1 is a composite number; making therefore n - 1 =mk, these periods of n-1, or mk terms, may be decomposed into k periods of m terms each, which shall have the same property; viz. by being produced, the same roots will recur in the same order as at first, as appears from the following proposition.




PROP. II.




219. To decompose the n-1 imaginary roots of the equation

2-1=0, into k periods of m terms such, that each, by being produced, shall recur in the same order as at first, m and k being supposed the factors of n-1, or

n-1=mk. The whole period of roots being

R, RS, R8, RK, RS; the decomposition will stand thus :




m'ha-1). R8
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k-1




2k - 1




sk-1




mk-1




RS




4k-! RS

>
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mk R®




mk +1
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R5




k period, R* Which are such, that, being produced, they will give over again the same periods of roots; for the following terms in these periods will be,

=RS =r, because ga-luna +1;

        =R$, because or #ind' +g; 
&c. 
           &c. 


&c.; and it is exactly the same with all the other periods. The method of separation is here extremely obvious, it being only necessary to write the first k terms of the general series, in the first vertical column, the second k terms in the next column, and so on.

Cor. 1. The foregoing period of roots may be represented more simply in the following manner; ri. by making o* = h, with which substitution they become
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Hence again it follows, that any of these periods may be represented generally by

R“, Ra, Rak ROM R", &c., R" Cor. 2. If the number of terms, in this series m, be a composite number, as m=m'k', then may each of the above periods be decomposed into k' periods of m' terms each, as follows:
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2k
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Ra 




Ras
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Rh




&c. Which, by making h =h', r'=s, Ro* = so', &c., becomes
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a similar result to the former: and in the same way the decomposition may be carried on till the number of terms in each period is a prime number, after which no farther decomposition can be effected; and all these periods will have the property of returning upon themselves when produced, as may be readily shown as above.

Remark. This decomposition of the imaginary ļoots of an equation of the form









n being a prime number, into periods, and on which the solution of the equation depends, is, in prac tice, extremely simple, as will appear from the following examples; the foregoing complex appearance arising solely out of the generality that was necessary, in order to have a complete demonstration of tủe proposition. The only difficulty is in ascertaining the quantity &, so that it may be ą primitive root of the indeterminate equation

24-1-1=M(n); for which we might have given a rule, either in this place or in chapter v.; but as one, at least, of these roots is found among the first numbers, it seems equally expeditious, or more so, to find them by trying the small numbers 2, 3, &c., till we arrive at it, than by any direct general rule for that purpose: it may not, however, be amiss to observe, that, if għ>n, and g" – 1 be not divisible by n, m being a factor of 12– 1, then will g be a primitive root (art. 202), where, likewise, it is demonstrated, that there are always several such roots, except in the case n=3, in which there is only one.

Ex. 1. It is required to decompose the four imaginary roots of the equation

x-1=0, into two periods of two terms each, which, by being produced, shall recur in the same order. Here, 2 is a primitive root of the equation

X5 -1 -1 = M(5), because 2o – 1 is not divisible by 5: the first period of roots is, therefore,









R, R?, r', ro; or B, R', R, R"; by rejecting the multiples of 5; and, therefore, the required periods are,

1st period, r, ro;

2d period, r', R. Ex. 2. Decompose the six imaginary roots of the equation

x-1=0, into three periods of two terms each.

Here 6=2x3, and neither 3 – 1, nor 3'-1, is divisible by 7, therefore 3 is a primitive root of the equation

X? – 1=M(7), and the powers of the roots of the proposed equation will be

1, 3, 32, 3, 34, 39; or, rejecting the multiples of 7, the roots are

               R, R', R', r°, R", r'; 
and, therefore, the periods sòught will be, 


1st period, r, *°; 
2d period, k, Rʻ; 


3d period, r’, R'. Ex. 3. It is required to separate the twelve imaginary roots of the equation

29-130, into three periods of four terms each; and these again into two periods of two terms each, which shall have the property of recurring always in the same order. Here, 2 being a primitive root of the equation,

re-1=M(13),









10




the powers of the roots of the proposed equation will be

1, 2, 2, 2, 2", 2", 2, 2, 2, 2, 2", 2"; and, therefore, rejecting all the multiples of 13, the series of roots becomes

1, r’, ', , k', r°, r", r", r°, r", r", r’; and the first decomposition will therefore be,

1st period, R, r°, r", R; 
2d period, r°, r', r", R 


R"; 3d period, r*, r°, R', r’. And each of these will be divided into two pes riods, as follows:

FR, R? 
           2d 


SR®, R",

               R", R" 
R", Ro, 


R', R? These examples are quite sufficient for sendering the decomposition of the roots of any equation perfectly familiar,




PROP. IV. 220. The n- 1 imaginary roots of the equation

7"-1=0, being decomposed into periods, as in the foregoing proposition, then will the product of the sums of any two, or more, of these periods, or any powers of those sums, be equal to the sums of similar periods. Let

RR* 
Ro + RC + Run + R"la' 





[image: [ocr errors]]


TR




RA 
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+ R" 




represent any two periods of roots, of which the product is required, then, since we have seen that these periods being produced, give again the same roots, and in the same order, in inultiplying these quantities together, we may arrange the products in the following manner; that is, by inultiplying the whole of the upper series by each term in the lower one, only beginning always with that term of the upper line, that is over the term by which we multiply, and produce the series of the upper line accordingly; thus,
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m-1




       m-1 
      (a + b) 
+R 





+ Rah+b)h 




R(a+b)h 

+ &c. And now, taking the sums of the different vertical columns, and writing a', a", a'", a", &c., for a+b, ah+b, ah+b, &c., we have R“ + Rah + Rah

+ 
 + RA! 


+ &c. RM
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m-1
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+ R




+ &c. R**
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+R

za?" &c.
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Each of which new periods consists of m terns, and they are similar periods to those from the multiplication of which they were produced; because, if r' be any imaginary root of the equation

2"-1=0,









R® is another, providing a' be not divisible hy ni and if a' be equal to n, or to any multiple of 2, then, because Ri=1, the sum of the roots in that period will be equal to as many units as the period las terms, as is evident.

The proposition, therefore, having been demonstrated for the product of two periods, it mast necessarily be true for any number of periods; and since there is nothing in the foregoing operation to prevent us from supposing a to be equal b, or, in other words, that the two periods that we have multiplied together are equal, the saine is evidently true of any powers of those periods; namely, that they inay always be represented by the sams of simple periods similar to themselves.

Cor. We are thus furnished with the following easy method of obtaining those products, of




powers; viz. 




Let (R”), S(r"), represent the suins of

any two periods, as

S(R') = Ro + R + R" + R**

S(Ro) = R + R" + RØ" + R" Under which forin we shall have

|(Ro)= S(R") = S(R""); that is, the sum of the periods is the same, wbich, erer is the leading term, because the periods are recurring ones, and the same have place with all other periods: then will

S(K") * S(R') = f (RO+6) + S(R"+5) + S. (R"" +"); + &c. which forinula will be of particular use in the solution of the following examples, the principle of which is to subdivide the original period of roots









into two or more periods, as in the preceding proposition; then, if there are only two, the sums of these separate periods may be ascertained, by knowing the collective sum of the two, which is always giren, and the product of the same two, which is obtained from the above formula; and having thus the sum of two quantities, and their product, the quantities themselves are easily found by a quadratic; if there are three perioils, then, beside the sum of these three, we must know the sum of the products of every two of them, and the product of all three, whence the separate sums are found by means of a cubic equation, and so on.

221. We may now proceed to the solution of a few examples, to illustrate what has been demon. strated in the foregoing articles.

360° Ex. 1. Required the cos. -=72°, and the imaginary roots of the equation

-1=0. The imaginary roots of this equation being de. composed into two periods, by means of their powers (as in ex. 1, art. 219), and representing the snms of these periods by p, p'; that is,

S(R')=P = R + R",

S(RP) =p'=r? + R": it will only be necessary to find the values of p and p'; that is, the sum of the two imaginary roots & +R*, or R* +R', which is readily obtained by means of the foregoing proposition, and the known property of equations; viz. that the sum of the roots of any equation is equal to the coefficient of




5 









the second term, which, in the present case, is zero; so that

1 +R+R+R+R=0, or

P + p'+1 = 0, or p+ p' 

=-1. Again, by cor., art. 220,

Sir') * S(Ro) = pp' = S (Ro) + S (R') =p' +p; therefore, p+p'=-1, and pp' = -1; and, consequently, the equation which has for its roots the quantities p, p', will be

                po+p-1=0. 
Whence we obtain 
         1+ 75 


                       V5 
pa 
             and p => 1 


360° which expressions represent 2 cos.

and 2.360° 2.pps. : therefore,

-1+ 75 cos. 72°

= •3090170, 4

75 cos. 144o =

.8090170.

4 The first of which values alone is obviously sufficient for the division of the circle into five equal parts. And, having thus determined the values of these cosines, we have, for finding the imaginary roots of the proposed equation, the two following quadratics;




2




2




5 




5 




-1
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which, with the real root 1, completes the solution of the equation.

Ex. 2. Find the cosine of and the imagi




360°

7




nary roots of the equation

x?-1=0. v Having decomposed the powers of the imaginary roots of this equation, or, which is the same, the roots of the indeterminate equation

x-1=M(7), into three periods of two terms each (ex. 2, art. 219), and representing the sums of these periods by p, p', p"; that is,

P =R +R", 
p' = R'+R*, 


p"=R* +R'; the object of inquiry will be, to ascertain the values of p+p' +p", of pp' + pp" + p'p", and of pp'p"; for then the cubic equation, having these quantities for its coefficients, will evidently have for its roots P, p', and p". First, then,

p+p'+p"=-1, from the known theory of equations, and by cor., art. 220,

p p' =p' +p", 
p'p" =p" +p, 


pp" =p' +P; therefore,

pp' + p'p" + pp"=2(p+p+p") = – 2. Again, multiplying the first of the above products by p" gives

pp'i" =p'p" +p"p". 









Now

p'p"=p” +p; and, by cor., art. 220, and

P"p"=p' +2; that is, = S(4) + S(7), the last of which, viz. S (R')=2; by the same article; therefore,

pp'p"=p+p+pó +2= + i. Hence the cubic equation that has p, p', and p", for its roots, is

på +p? – 2p-1=0; and, therefore, conversely, the roots of this cubic will be the values p, p and p"; whence we find

1.2469796, ' p = -1.8019376,

p" = • 4450420. And hence again, 360° 1.2469796

= .6234898, 7

2 which is sufficient for the division of the circle into seven equal parts.

And by means of the above quantities p, p', p", we shall have the three following quadratics; viz.

X* - p x+1=0, 
x– p' x + 1 = 0; 


x® – pr+1=0, which contain in them all the different imaginary roots of the proposed equation.

360° Ex. 3. Find the cosine of




COS.




13., and the roots
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The solution of this problem will be effected by means of a cnbic and two quadratics, or a cubic and one quadratic, so far as it relates to the division of the circle into thirteen equal parts; observing, that we must finish with the quadratic, in order that we may know the sum of two of its roots: the period of roots must therefore be first divided into three periods of four terms each, as in ex. 3, art. 219. Whence,

p =R' + Ř® + R"? +R', 
p =R* + Ř + R" + R"°, 


p"=R* + Ro + Ro +R?. , And here, as in the foregoing example, it will be necessary to find the values of

p+ p +p", of pp' + p'p" + pp", and of ppp", in order to ascertain the cubic equation that has these quantities for its roots. Now,

p+p+p"=-1, by the theory of equations, and by cor., art. 219,

 P p = p' + P + p + p = P + 2p+p", 
p'p" =p" +p"' +p+p = p' + 2p" +p, 


pp"=p +p + p'+p"=p' + 2p+p". Whence,

pp' + p'p” + pp" =4(P+p? +p") = – 4. Again,

pp'p" =pp" + 2p'p" +p"p". But p p = p'+2p + p", 2p'p" =2p' + 4p” + 2p, p”p" =2p' + p +4= S(ro) + 2/(ro) + S (R").









Hence,

pp'p" = 5(p+p+p'') +4= -5+4= -1. Wherefore the cubic equation, having p; p, p", for its roots, is

på + p* – 4p +1=0: and hence these values become known, each of which is the sum of four roots. And now, in order to get the sum of each pair of roots, the foregoing periods must be again subdivided into periods of two, the stims of wbich, for distinction sake, are represented by q, g', &c., as follows; viz. Period

     Ş9 = R'+R", 
     itito 
P, 


    lg =R® +R'. 
' 


q'" =R' + R". 9" =R* +R'




Now,

9+'=p, which is known from the preceding equation, and

90' =qi' +'=p", which is also known.

Whence, the equation containing the roots q, q', is determined, being

q* -P9 +p" =0; and the value of q in this will be equal to

360°

; and, by means of this, the roots of the proposed equation will be determined.

It does not appear, from what has been done, which of these periods ought to represent the




2 COS.




13









13




&c.'s




13




360° cos. ; but this becomes immediately evident from considering, that the cos. of this angle will be positive, and greater than the cos. of any of the other angles,

2.360° 3.360°

13 and, therefore, that period q must be assumed into which p enters positively: and; in the same way, we readily discover the particular period which represents the cos. of any other angles, as, likewise, the negative from the positive, &c., by which means the apparent ambiguity is avoided. These observations must be particularly attended to in the following example.

360° Ex. 4. Find the cosine of and the roots

17 of the equation

r"? - 1=0. Since 17 is a prime number of the form 2" + 1, or 17 = 2* +1, the roots of the above equation may be obtained by four quadratic equations, and the

360° cosine of by three quadratic equations; in

17 order to which, the imaginary roots of the equation

x"? - 1=0 must be decomposed, first, into two periods of eight terms each, then these into two periods of four, itd these again into two periods of two terms each. Now 3 being a primitive root of the equation

25-1=M(17),









the whole period of powers will be, 1, 3, 3, 3, 34, 3, 3°, 3°, 3°, 3°, 3, 3", 3',

3', 3', 3'; or 1, 3, 9, 10, 13, 5, 15, '11, 16, 14, 8, 7, 4,

12, 2, 6; by rejecting the multiples of 17.

Whence (by art. 219) the first two periods will be

p=R'+R9 + R" + R"S + R" + R$ +R* + ro,

p'= R' + R" + R' +R" + R" + R2 + R' + Ro. Now

p+p'=-1; and pr’=p+p+p+p+p+p+p' + p'=4(p+p') = -4.

Hence the quadratic equation containing the roots p, p', will be

pe +p-4=0. Whence,

p= -1++ v17, and p'=-4-4717. Again, the periods of roots p,p', must be now decomposed into the four following periods, the sums of which are, for distinction sake, represented by




q, q'; viz. 




+R?.




19




Period p', {




Period

  =R' +R" + R" + R", 
9 


  = R' + + 
q" =r' + R' +R" + R" 


9'' =R" + R" +R? + Ro. And here we have

q+q=p=-}+v17, 
99'=4'' +9" +9+9=p+p'=-1. 










9 




Whence the quadratic equation containing the roots q, q', is

q* – P9-1=0: consequently,

q=+p+v(4+p), and q=1p-(4+po).

In the same way, q"' = 1p' +ě v(4+p%), and q'" = {p'-(4+p).

Again, the above periods of q, (, q", &c., are each decomposed into two periods of two terms each, which new periods are represented by t, t', t', &c.; viz. 

t =R' +R', Period into {

ť =R" + R.

t =R9 +R®, ,

t"=R" + R*,

                   tiv =R% +R", 
, 


t = R' +R". 
tri = R'' + R', 


til =R" + Ro, Now

t + t =q=+p+++(4+po), and

tt = ti' + t' =9" =*p'+* -(4+p“). Therefore the quadratic equation containing the roots t, ť', is

ť - qt +9"=0. Whence,

st=9+vlq* – 49''),

{ t = 19-vlq – 49"'). The first of these is the greatest positive root,




Period q", into {
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360° and is, therefore, the value of 2 cos. ; which,

17 by substituting for q and q”, their respective values,

360° in terms of p and p', becomes ? cos.

17 ${+P + { v(4+ p') } +*vítp+*+(4+ p) }: –

4{+p' + v(4 + p^)}. Again, reestablishing the values of p,p', we have,

360° in numbers, 2 cos.

                  17 
fil-+įv17) + į (17- 17)} + 


įv{}(-{+ įv17)+7+(17- 17) - 
4{}(-+-+ V17) +} }(17 + (17)}, 


360° which is the true numeral value of 2 cos.

17 whence it is manifest, that, by the construction of three quadratic equations, a 17 sided polygon may be inscribed geometrically in a circle.

We might have added here the solution of the equations,

X:"9 – 1=0, 2007 – 1=0, 279 – 1=0, and many others; but they are left as exercises for the reader.

222. Scholium. From what has been demonstrated, it appears, that the equations by which the circle may be divided into a prime number of equal parts n, depend upon the factors of n-1; that is, upon the subdivision of its n-1 imaginary roots into periods; so, if n-1=@@UB.7, then the solution will be effected by a equations of the degree a, B of the degree b, and g of the degree c: thus, if n=11, then 10= 2'5'; and, therefore, the solution depends upon one equation of the fifth de




7









gree, and one of the second. For, in this case, we can only decompose the ten imaginary roots into five periods of two terms each, or into two periods of five terms each; and, in the first instance, it is obvious, that in order to get the sum of all the p's, as p+p+p" +p", &c., the sum of the product of every two, of every three, &c., the equation must necessarily rise to the fifth degree. And if, according to the other division, the roots were resolved into two periods of five terms each, though the values of these periods would be found by a quadratic, yet this would be of no use, as we shonld thus have only the value of the sum of five of the roots, whereas it appears, from cor. 2, art. 117, that it is only by knowing the sum of two roots the solution of the equation can be determined rationally. It is necessary, therefore, in all cases, to manage the subdivisions so, that the final equation may be a quadratic; that is, so that the number of terms in each period, in the last instance, shall not exceed two; which may always be done, because n being a prime number, n-1 is always even; and thus, when n– 1 is any power of 2 (as we can then at every step divide each period into two others), it follows, that the solution of such an equation may always be effected by means of quadratic equations only: and, consequently, a polygon of such a number of sides may be inscribed geometrically in a circle. Now, 5, 17, 257, 65537, are prime numbers of this form, and therefore each of these admits of a geometrical construction. We know also, from other principles, that if any two polygons of an unequal number of sides, prime to each other, can be in
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a 




scribed geometrically in a circle, that the polygon, the number of sides of which is equal to the product of these two, can also be inscribed geometrically.

For let a and b represent the number of sides of two polygons, each inscribable in a circle, a and b being prime to each other; then it is to be demonstrated, that the polygon, the number of whose sides is equal to ab, is also inscribable. Now the angles at the centre of these polygons, will be 360° 360°

360°

b ab and if it can be shown that the difference of any multiples of the two first, can be made equal to the third, the truth of what is advanced will be evident.

360°n 360°m Let, then, and

6 

, represent any multiples of the angles of the two first, then the dif

360°(nb – ma) ference will be equal to

which is to

ab 360° be equal to ; we have, therefore,

ab 360°(nb -- ma) = 360°, or nb – ma=1; and, since a and b are prime to each other, such values of m and n may be found, <a and b, as will answer this condition; and, consequently, the third polygon, of which the number of sides is ab, inay be inscribed by means of the two first. Also all polygons, of which the number of sides is any power of 2, may be inscribed by continual bisections: and again, all those whose number of sides is equal to the product of any inscribable polygon, into any power of 2. And hence we have




a 









                    507 
Table containing the least Values of p and q in the Equa- 


tion p’-Nqo=1, for every Value of s, from 2 to 102. 
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country. Public domain books are our gateways to the past, representing a
wealth of history, culture and knowledge that's often difficult to discover.
Marks, notations and other marginalia present in the original volume may appear
in this file - a reminder of this book's long journey from the publisher to a
library and finally to you.




Google Book Search has digitized millions of physical books and made them
available online at the Google Books web site. The digitization at
the most basic level is based on page images of the
physical books. To make this book available as an ePub formated file we have
taken those page images and extracted the text using Optical Character
Recognition (or OCR for short) technology. The extraction of text from page
images is a difficult engineering task. Smudges on the physical books' pages,
fancy fonts, old fonts, torn pages, etc. can all lead to errors in the
extracted text. Imperfect OCR is only the first challenge in the ultimate goal
of moving from collections of page images to extracted-text based books. Our
computer algorithms also have to automatically determine the structure of the
book (what are the headers and footers, where images are placed, whether text
is verse or prose, and so forth). Getting this right allows us to render the
book in a way that follows the format of the original book.




Despite our best efforts you may see spelling mistakes, garbage characters,
extraneous images, or missing pages in this book. Based on our estimates, these
errors should not prevent you from enjoying the content of the book. The
technical challenges of automatically constructing a perfect book are daunting,
but we continue to make enhancements to our OCR and book structure extraction
technologies.




We hope you'll enjoy these books as much as we do.



Usage guidelines 



Google is proud to partner with libraries to digitize public domain
materials and make them widely accessible. Public domain books belong
to the public and we are merely their custodians. Nevertheless, this
work is expensive, so in order to keep providing this resource, we
have taken steps to prevent abuse by commercial parties, including
placing technical restrictions on automated querying.




We also ask that you:



	 Make non-commercial use of the files: We designed Google Book
Search for use by individuals, and we request that you use these files
for personal, non-commercial purposes.



	 Refrain from automated querying: Do not send automated queries
of any sort to Google's system: If you are conducting research on
machine translation, optical character recognition or other areas
where access to a large amount of text is helpful, please contact
us. We encourage the use of public domain materials for these purposes
and may be able to help.



	 Maintain attribution: The Google "watermark" you see on
each file is essential for informing people about this project and
helping them find additional materials through Google Book Search.
Please do not remove it.



	 Keep it legal: Whatever your use, remember that you are responsible
for ensuring that what you are doing is legal. Do not assume that
just because we believe a book is in the public domain for users in
the United States, that the work is also in the public domain for
users in other countries. Whether a book is still in copyright varies
from country to country, and we can't offer guidance on whether any
specific use of any specific book is allowed. Please do not assume
that a book's appearance in Google Book Search means it can be used
in any manner anywhere in the world. Copyright infringement liability
can be quite severe.





About Google Book Search



Google's mission is to organize the world's information and to make
it universally accessible and useful. Google Book Search helps readers
discover the world's books while helping authors and publishers reach
new audiences.
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