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Abstract

Thispaperarguesthattwoapparentlydistinctmodesof generalizingcon-
cepts– abstractingrulesandcomputingsimilarity to exemplars– should
bothbeseenasspecialcasesof amoregeneralBayesianlearningframe-
work. Bayesexplainsthespecificworkingsof thesetwo modes– which
rulesareabstracted,howsimilarity is measured– aswell aswhy gener-
alizationshouldappearrule- or similarity-basedin differentsituations.
This analysisalsosuggestswhy the rules/similaritydistinction,evenif
not computationallyfundamental,maystill beusefulat thealgorithmic
level aspartof a principledapproximationto fully Bayesianlearning.

In Advances in Neural Information Processing Systems 12, S. A. Solla, T. K. Leen, K.-R. Müller
(eds.), 59–65. MIT Press, 2000.

1 Introduction

In domainsrangingfrom reasoningto languageacquisition,a broadview is emerging of
cognitionasahybridof two distinctmodesof computation,onebasedonapplyingabstract
rulesandtheotherbasedonassessingsimilarity to storedexemplars[7]. Muchsupportfor
this view comesfrom thestudyof conceptsandcategorization.In generalizingconcepts,
people’sjudgmentsoftenseemtoreflectbothrule-basedandsimilarity-basedcomputations
[9], anddifferentbrainsystemsarethoughtto beinvolvedin eachcase[8]. Recentpsycho-
logical modelsof classificationtypically incorporatesomecombinationof rule-basedand
similarity-basedmodules[1,4]. In contrastto this currentlypopularmodularityposition,I
will argueherethatrulesandsimilarityarebestseenastwo endsof acontinuumof possible
conceptrepresentations.In [11,12],I introducedageneraltheoreticalframeworktoaccount
for howpeoplecanlearnconceptsfrom justafewpositiveexamplesbasedontheprinciples
of Bayesianinference.HereI explorehowthisframeworkprovidesaunifying explanation
for thesetwoapparentlydistinctmodesof generalization.TheBayesianframeworknotonly
includesbothrulesandsimilarity asspecialcasesbut alsoaddressesseveralquestionsthat
conventionalmodularaccountsdo not. Peopleemployparticularalgorithmsfor selecting
rulesandmeasuringsimilarity. Why thesealgorithmsasopposedto anyothers?People’s
generalizationsappearto shift from similarity-like patternsto rule-like patternsin system-
aticways,e.g.,asthenumberof examplesobservedincreases.Why theseshifts?

This shortpaperfocuseson a simplelearninggameinvolving numberconcepts,in which
bothrule-likeandsimilarity-likegeneralizationsclearlyemergein thejudgmentsof human
subjects.ImaginethatI havewrittensomeshortcomputerprogramswhich takeasinput a
naturalnumberandreturnasoutputeither“yes” or “no” accordingto whetherthatnumber



satisfiessomesimpleconcept.Somepossibleconceptsmightbe“ � is odd”, “ � is between
30and45”, “ � is a powerof 3”, or “ � is lessthan10”. Forsimplicity, weassumethatonly
numbersunder100areunderconsideration.Thelearneris showna few randomlychosen
positive examples– numbersthat theprogramsays“yes” to – andmustthenidentify the
othernumbersthat theprogramwould accept.This task,admittedlyartificial, nonetheless
drawsonpeople’srich knowledgeof numberwhile remainingamenableto theoreticalanal-
ysis. Its structureis meantto parallelmorenaturaltasks,suchasword learning,thatoften
requiremeaningfulgeneralizationsfrom only a few positiveexamplesof a concept.

Section2 presentsrepresentativeexperimentaldatafor this task. Section3 describesa
Bayesianmodelandcontrastsits predictionswith thoseof modelsbasedpurelyon rulesor
similarity. Section4 summarizesanddiscussesthemodel’sapplicabilityto otherdomains.

2 The number concept game

Eightsubjectsparticipatedin anexperimentalstudyof numberconceptlearning,underes-
sentiallythesameinstructionsasthosegivenabove[11]. Oneachtrial, subjectswereshown
oneor morerandompositiveexamplesof a conceptandaskedto ratetheprobabilitythat
eachof 30 testnumberswould belongto thesameconceptastheexamplesobserved.

�
denotesthesetof examplesobservedona particulartrial, and � thenumberof examples.

Trialsweredesignedto fall into oneof threeclasses.Figure1apresentsdatafor two repre-
sentativetrialsof eachclass.Barheightsrepresenttheaveragejudgedprobabilitiesthatpar-
ticulartestnumbersfall undertheconceptgivenoneor morepositiveexamples

�
, marked

by “*”s. Barsareshownonly for thosetestnumbersratedby subjects;missingbarsdo not
denotezeroprobabilityof generalization,merelymissingdata.

OnclassI trials,subjectssawonly oneexampleof eachconcept:e.g.,
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and
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��	����
. To minimizebias,thesetrials precededall othersonwhich multipleexampleswere

given.Givenonly oneexample,peoplegavemosttestnumbersfairly similarprobabilities
of acceptance.Numbersthatwereintuitively moresimilar to theexamplereceivedslightly
higherratings:e.g.,for

�������
	��
, 8 wasmoreacceptablethan9 or 6, and17 morethan

87; for
�����	����

, 50wasmoreacceptablethan51,and63morethan43.

The remainingtrials eachpresentedfour examplesandoccuredin pseudorandomorder.
On classII trials, the exampleswereconsistentwith a simplemathematicalrule:
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or
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. Notethat theobviousrules,“powersof two” and
“multiplesof ten”, arein noway logically impliedby thedata.“Multiples of five” is apos-
sibility in thesecondcase,and“evennumbers”or “all numbersunder80” arepossibilities
in both,notto mentionotherlogicallypossiblebutpsychologicallyimplausiblecandidates,
suchas“all powersof two,except32or4”. Nonetheless,subjectsoverwhelminglyfollowed
anall-or-nonepatternof generalization,with all testnumbersratednear0 or 1 accordingto
whetherthey satisifiedthe singleintuitively “correct” rule. Thesepreferredrulescanbe
looselycharacterizedasthemost specific rules(i.e., with smallestextension)that include
all theexamplesandthatalsomeetsomecriterionof psychologicalsimplicity.

On classIII trials, the examplessatisifiedno simplemathematicalrule but did havesim-
ilar magnitudes:

� �!���
	��������
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and
�$�!��	�����%����&%�'���%�%��

. Generalizationnow
followed a similarity gradientalongthedimensionof magnitude.Probabilityratingsfell
below0.5 for numbersmorethana characteristicdistance( beyondthelargestor smallest
observedexamples– roughlythetypical distancebetweenneighboringexamples( ) � or
3). Logically, thereis no reasonwhy participantscouldnot havegeneralizedaccordingto



variouscomplexrulesthathappenedto pick out thegivenexamples,or accordingto very
differentvaluesof ( , yetall subjectsdisplayedmoreor lessthesamesimilarity gradients.

To summarizethesedata,generalizationfrom asingleexamplefolloweda weaksimilarity
gradientbasedon bothmathematicalandmagnitudepropertiesof numbers.Whenseveral
moreexampleswereobserved,generalizationevolvedinto eitheranall-or-nonepatternde-
terminedby themostspecificsimplerule,or, whenno simplerule applied,a morearticu-
latedmagnitude-basedsimilarity gradientfalling off with characteristicdistance( roughly
equalto the typical separationbetweenneighboringexamples.Similar patternswereob-
servedon severaltrials not shown(includingonewith a differentvalueof ( ) andon two
otherexperimentsin quitedifferentdomains(describedbriefly in Section4).

3 The Bayesian model

In [12], I introduceda Bayesianframeworkfor conceptlearningin the contextof learn-
ing axis-parallelrectanglesin amultidimensionalfeaturespace.HereI showthatthesame
frameworkcanbeadaptedto themorecomplexsituationof learningnumberconceptsand
canexplainall of thephenomenaof rulesandsimilarity documentedabove.Formally, we
observe� positiveexamples

� �!� �+*-,#. ��/
/�/#� �0*21�. � of concept3 andwant to compute46587:9 3<; �>= , theprobabilitythatsomenewobject 7 belongsto 3 giventheobservations�
. Inductiveleverageis providedby ahypothesisspace? of possibleconceptsandaprob-

abilisticmodelrelatinghypotheses@ to data
�

.

The hypothesis space. Elementsof ? correspondto subsetsof theuniverseof objectsthat
arepsychologicallyplausiblecandidatesfor theextensionsof concepts.Heretheuniverse
consistsof numbersbetween1 and100,andthehypothesescorrespondto subsetssuchas
theevennumbers,thenumbersbetween1 and10, etc. Thehypothesescanbe thoughtof
in termsof eitherrulesor similarity, i.e., aspotentialrulesto beabstractedor asfeatures
enteringinto asimilarity computation,butBayesdoesnotdistinguishtheseinterpretations.

Becausewe cancaptureonly a fractionof thehypothesespeoplemight bring to this task,
wewould like anobjectiveway to focuson themostrelevantpartsof people’shypothesis
space.Onesuchmethodisadditive clustering (ADCLUS) [6,10],whichextractsasetof fea-
turesthatbestaccountsfor subjects’similarity judgmentson a givensetof objects.These
featuressimply correspondto subsetsof objectsandarethusnaturallyidentifiedwith hy-
pothesesfor conceptlearning. Applicationsof ADCLUS to similarity judgmentsfor the
numbers0-9 revealtwo kinds of subsets[6,10]: numberssharinga commonmathemati-
calproperty, suchas

�����A�0�����
and
������	���"��

, andconsecutivenumbersof similarmagnitude,
suchas

�������������A���
and
���������A�0��%��#	��

. Applying ADCLUS to thefull setof numbersfrom
1 to 100is impractical,butwecanconstructananalogoushypothesisspacefor thisdomain
basedon the two kindsof hypothesesfoundin theADCLUS solutionfor 0-9. Onegroup
of hypothesescapturessalientmathematicalproperties:odd,even,square,cube,andprime
numbers,multiplesandpowersof smallnumbers( B ��� ), andsetsof numbersendingin the
samedigit. A secondgroupof hypotheses,representingthedimensionof numericalmag-
nitude,includesall intervalsof consecutivenumberswith endpointsbetween1 and100.

Priors and likelihoods. Theprobabilisticmodelconsistsof aprior 465 @ = over ? andalike-
lihood 465 � ; @ = for eachhypothesis@ 9>C . Ratherthanassigningpriorprobabilitiesto each
of the5083hypothesesindividually, I adoptedahierarchicalapproachbasedontheintuitive
divisionof ? into mathematicalpropertiesandmagnitudeintervals.A fraction D of theto-
tal probabilitywasallocatedto themathematicalhypothesesasagroup,leaving 5 �FE D = for



themagnitudehypotheses.The D probabilitywasdistributeduniformly acrossthemathe-
maticalhypotheses.The 5 �GE D = probabilitywasdistributedacrossthemagnitudeintervals
asa functionof intervalsizeaccordingto anErlangdistribution, 4H5 @ =JI 5 ; @G; K�L6M =#NPORQ SPQ T�U ,
to capturethe intuition that intervalsof someintermediatesizearemorelikely thanthose
of very largeor smallsize. D and L aretreatedasfreeparametersof themodel.

The likelihood is determinedby theassumptionof randomlysampledpositiveexamples.
In the simplestcase,eachexamplein

�
is assumedto be independentlysampledfrom a

uniformdensityovertheconcept3 . For � exampleswe thenhave:

465 � ; @ =V� � K0; @W; 1YX[Z]\�^ � � *`_
. 9 @ (1)� �ba�cAd�egf#h Xji e��
where ; @W; denotesthesizeof thesubset@ . Forexample,if @ denotestheevennumbers,then
; @W; �k%�� , becausethereare50evennumbersbetween1 and100.Equation1 embodiesthe
size principle for scoringhypotheses:smallerhypothesesassigngreaterlikelihoodthando
largerhypothesesto thesamedata,andtheyassignexponentiallygreaterlikelihoodasthe
numberof consistentexamplesincreases.The sizeprincipleplaysa key role in learning
conceptsfrom only positiveexamples[12], and,aswe will seebelow, in determiningthe
appearanceof rule-likeor similarity-like modesof generalization.

Giventhesepriorsandlikelihoods,theposterior465 @G; �>= follows directlyfrom Bayes’rule.
Finally, we computethe probabilityof generalizationto a newobject 7 by averagingthe
predictionsof all hypothesesweightedby theirposteriorprobabilities4H5 @G; �>= :

465l7m9 3<; �n=G��oS�p�q
465l7m9 3<; @ = 465 @G; �>=g/ (2)

Equation2 follows from theconditionalindependenceof
�

andthemembershipof 7r9 3 ,
given @ . To evaluateEquation2,notethat 465l7s9 3<; @ = is simply1 if 7s9 @ , and0 otherwise.

Model results. Figure1b showsthe predictionsof this Bayesianmodel(with D �t� K � ,
L �u�
� ). Themodelcapturesthemainfeaturesof thedata,includingconvergenceto the
mostspecificruleonClassII trialsandto appropriatelyshapedsimilaritygradientsonClass
III trials. Wecanunderstandthetransitionsbetweengraded,similarity-likeandall-or-none,
rule-likeregimesof generalizationasarisingfromtheinteractionof thesize principle (Equa-
tion 1) with hypothesis averaging (Equation2). Becauseeachhypothesis@ contributesto
theaveragein Equation2 in proportionto its posteriorprobability 465 @G; �>= , thedegreeof
uncertaintyin 465 @W; �>= determineswhethergeneralizationwill besharpor graded.When465 @W; �>= is veryspreadout,manydistincthypothesescontributesignificantly, resultingin a
broadgradientof generalization.When4H5 @G; �>= is concentratedona singlehypothesis@0v ,
only @0v contributessignificantlyandgeneralizationappearsall-or-none.Thedegreeof un-
certaintyin 465 @W; �>= is in turnaconsequenceof thesizeprinciple.Givenafewexamplescon-
sistentwith onehypothesisthatis significantlysmallerthanthenext-bestcompetitor– such
as
�������	�����������	����

,where“powersof two” is significantlysmallerthan“evennumbers”
– thenthesmallesthypothesisbecomesexponentiallymorelikely thananyotherandgener-
alizationappearsto follow thismostspecificrule. However, givenonly oneexample(such
as
�w�Y����	��

), orgivenseveralexamplesconsistentwith manysimilarlysizedhypotheses–
suchas

�������	��������
��"��#�����
,wherethetopcandidatesareall verysimilarintervals:“num-

bersbetween16 and23”, “numbersbetween15 and24”, etc. – thesize-basedlikelihood
favorsthe smallerhypothesesonly slightly, 465 @G; �>= is spreadout over manyoverlapping
hypothesesandgeneralizationappearsto follow agradientof similarity. ThattheBayesian



modelpredictstherightshapefor themagnitude-basedsimilaritygradientsonClassIII trials
is no accident.Thecharacteristicdistance( of theBayesiangeneralizationgradientvaries
with theuncertaintyin 465 @G; �>= , which(for intervalhypotheses)canbeshowntocovarywith
theintuitively relevantfactorof averageseparationbetweenneighboringexamples.

Bayes vs. rules or similarity alone. It is instructiveto considertwo specialcasesof the
Bayesianmodelthatareequivalentto conventionalsimilarity-basedandrule-basedalgo-
rithmsfrom theconceptlearningliterature.WhatI call theSIM algorithmwaspioneered
by [5] andalsodescribedin [2,3] asa Bayesianapproachto learningconceptsfrom both
positiveandnegativeevidence.SIM replacesthesize-basedlikelihoodwith abinarylikeli-
hoodthatmeasuresonlywhetherahypothesisis consistentwith theexamples:4H5 � ; @ =G�x�
if \�^ � � *y_�. 9 @ , and0 otherwise.GeneralizationunderSIM is just a countof the features
sharedby 7 andall theexamplesin

�
, independentof the frequencyof thosefeaturesor

thenumberof examplesseen.As Figure1c shows,SIM successfullymodelsgeneraliza-
tion fromasingleexample(ClassI) butfails to capturehowgeneralizationsharpensupafter
multipleexamples,toeitherthemostspecificrule(ClassII) or amagnitude-basedsimilarity
gradientwith appropriatecharacteristicdistance( (ClassIII). WhatI call theMIN algorithm
preservesthesizeprinciplebutreplacesthestepof hypothesisaveragingwith maximization:46587r9 3<; �>=z�{� if 7|9]} f#~�� }�� S 465 � ; @ = , and0 otherwise.MIN is perhapstheoldestal-
gorithmfor conceptlearning[3] and,asamaximumlikelihoodalgorithm,is asymptotically
equivalentto Bayes.Its successfor finite amountsof datadependsonhowpeaked465 @G; �>=
is (Figure1d). MIN alwaysselectsthemostspecificconsistentrule, which is reasonable
whenthathypothesisis muchmoreprobablethananyother(ClassII), but tooconservative
in othercases(ClassesI andIII). In quantitativeterms,thepredictionsof Bayescorrelate
muchmorehighlywith theobserveddata( ��M �Y��/y"�� ) thandothepredictionsof eitherSIM
( ��M �{��/y'P� ) or MIN ( ��M ����/ ��' ). In sum,only thefull Bayesianframeworkcanexplain
thefull rangeof rule-likeandsimilarity-like generalizationpatternsobservedon this task.

4 Discussion

Experimentsin two otherdomainsprovidefurthersupportfor Bayesasa unifying frame-
work for conceptlearning. In thecontextof multidimensionalcontinuousfeaturespaces,
similarity gradientsarethe defaultmodeof generalization[5]. Bayessuccessfullymod-
elshow theshapeof thosegradientsdependson thedistributionandnumberof examples;
SIM andMIN do not [12]. Bayesalsosuccessfullypredictshow fast thesesimilarity gra-
dientsconvergeto themostspecificconsistentrule. Convergenceis quiteslow in this do-
main( �|) %�� ) becausethehypothesisspaceconsistsof denselyoverlappingsubsets– axis-
parallelrectangles– muchlike theintervalhypothesesin theClassIII numbertasks.

Anotherexperimentengageda word-learningtask,usingphotographsof real objectsas
stimuli anda coverstoryof learninga newlanguage[11]. On eachtrial, subjectssawei-
theroneexampleof a novelword (e.g.,a toy animallabeledwith “Here is a blicket.”), or
threeexamplesat oneof threedifferentlevelsof specificity: subordinate(e.g.,3 dalma-
tianslabeledwith “Here arethreeblickets.”),basic(e.g.,3 dogs),or superordinate(e.g.,3
animals). They thenwereaskedto pick the otherinstancesof thatconceptfrom a setof
24 testobjects,containingmatchesto the example(s)at all levels(e.g.,otherdalmatians,
dogs,animals)aswell asmanynon-matchingobjects.Figure2 showsdataandpredictions
for all threemodels.Similarity-likegeneralizationgivenoneexamplerapidlyconvergedto
themostspecificrule afteronly threeexampleswereobserved,just asin thenumbertask
(ClassesI andII) but in contrastto the axis-parallelrectangletaskor the ClassIII num-



bertasks,wheresimilarity-likerespondingwasstill thenormafterthreeor four examples.
For modelingpurposes,a hypothesisspacewasconstructedfrom a hierarchicalclustering
of subjects’similarity judgments(augmentedby anapriori preferencefor basic-levelcon-
cepts)[11]. TheBayesianmodelsuccessfullypredictsrapidconvergencefrom a similarity
gradientto theminimalrule,becausethesmallesthypothesisconsistentwith eachexample
setissignificantlysmallerthanthenext-bestcompetitor(e.g.,“dogs” issignificantlysmaller
than“dogsandcats”,justaswith “multiplesof ten” vs. “multiplesof five”). Bayesfits the
full dataextremelywell ( ��M ����/y"�� ); by comparison,SIM ( ��M ����/y��� ) successfullyac-
countsfor only the � ��� trials andMIN ( ��M �Y��/y'�	 ), the � �k� trials.

In conclusion,a Bayesianframeworkis ableto accountfor both rule- andsimilarity-like
modesof generalization,aswell asthedynamicsof transitionsbetweenthesemodes,across
severalquite different domainsof conceptlearning. The key featuresof the Bayesian
modelarehypothesis averaging andthesize principle. Theformerallowseitherrule-like
or similarity-like behaviordependingon the uncertaintyin theposteriorprobability. The
latterdeterminesthis uncertaintyasa functionof thenumberanddistribution of examples
andthestructureof thelearner’shypothesisspace.With sparsely overlapping hypotheses
– i.e., the mostspecifichypothesisconsistentwith the examplesis muchsmallerthanits
nearestcompetitors– convergenceto a singlerule occursrapidly, after just a few exam-
ples.With densely overlapping hypotheses– i.e.,manyconsistenthypothesesof compara-
blesize– convergenceto asingleruleoccursmuchmoreslowly, andagradientof similar-
ity is thenormafterjusta few examples.Importantly, theBayesianframeworkdoesnotso
muchobviatethedistinctionbetweenrulesandsimilarity asexplainwhy it mightbeuseful
in understandingthebrain. As Figures1 and2 show, specialcasesof Bayescorrespond-
ing to the SIM andMIN algorithmsconsistentlyaccountfor distinctandcomplementary
regimesof generalization.SIM, withoutthesizeprinciple,worksbestgivenonlyoneexam-
pleor denselyoverlappinghypotheses,whenEquation1 doesnotgeneratelargedifferences
in likelihood. MIN, without hypothesisaveraging,works bestgiven manyexamplesor
sparselyoverlappinghypotheses,whenthemostspecifichypothesisdominatesthesumover
? in Equation2. In light of recentbrain-imagingstudiesdissociatingrule-andexemplar-
basedprocessing[8], theBayesiantheorymaybestbethoughtof asa computational-level
accountof conceptlearning,with multiplesubprocesses–perhapssubservingSIM andMIN
– implementedin distinctneuralcircuits. I hopeto explorethispossibilityin futurework.
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Figure 1: Data and model predictions for the number concept task. 
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(b) Bayesian model:

(c) Pure similarity model (SIM):

(d) Pure rule model (MIN): 
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Figure 2: Data and model predictions for the word learning task. 
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